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Preface

Incidence geometry has a long tradition starting with Euclid [25] and his predeces-
sors and is at the same time a central part of modern mathematics. The main progress
in incidence geometry until about 1900 are the axioms of affine and projective
geometries and the two fundamental theorems of affine and projective geometries as
described in David Hilbert’s “Grundlagen der Geometrie” [27]. The specific value
of the fundamental theorems is due to the fact that a few geometric axioms give rise
to algebraic structures as vector spaces and groups.

Starting from these results, modern incidence geometry has been developed
under the strong influence of Jacques Tits and Francis Buekenhout. Jacques Tits
developed the fascinating theory of buildings and classified the buildings of spher-
ical types. The main representatives of buildings of spherical type are projective
spaces and polar spaces.

Starting from the theory of buildings, Francis Buekenhout laid the foundations
for modern incidence geometry, also called diagram geometry or Buekenhout–
Tits-geometry, and contributed a number of outstanding results such as the
classification of quadratic sets or (together with Ernest Shult) the Theorem of
Buekenhout–Shult about polar spaces.

The objective of this book is to give a comprehensible insight into this fascinating
and complex matter. The book provides an introduction into affine and projective
geometry, into polar spaces and into quadratic sets and quadrics.

The book is mainly directed to students who are interested in a clear and
comprehensible introduction into modern geometry and to lecturers who offer
courses and seminars about incidence geometry. However, the book may also be
of interest for researchers since there are many results in this book which were up
to now only available in the original research literature.

The book is organized as follows:
Chapter I introduces the terminology of geometries and diagrams and deals with

projective and affine spaces. The main results of Chap. I are:

• The assignment of subspaces and dimensions to projective and affine spaces (see
Sects. 4 and 5).
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• The relation between affine and projective spaces (see Sect. 5).
• The characterization of affine spaces by Buekenhout (see Sect. 6).
• The introduction of diagrams and the Theorem of Tits about the existence of

specific paths in residually connected geometries (see Sect. 7).
• The classification of projective and affine geometries by their diagrams (see

Sect. 7).
• The introduction of finite geometries (see Sect. 8).

Chapter 2 is devoted to the study of isomorphisms and collineations. Among
the collineations, the central collineations are of particular importance. They are
investigated in detail. The main results of Chap. II are:

• The fact that (parallelism-preserving) collineations of projective and affine
spaces are isomorphisms (see Sect. 4).

• The fact that collineations admitting a centre or an axis are already central
collineations (see Sect. 5).

• The fact that every projective space of dimension at least 3 satisfies the Theorem
of Desargues (see Sect. 6).

• The fact that every Desarguesian projective space admits as many central
collineations as possible (see Sect. 6).

Chapter III provides the introduction of coordinates for affine and projective spaces
and the classification of all Desarguesian affine and projective spaces. The main
results of Chap. III are:

• The introduction of projective and affine spaces defined by means of vector
spaces (see Sects. 2, 3 and 5).

• The introduction of collineations of affine and projective spaces defined by
linear and semilinear transformations of the underlying vector space (see Sects. 4
and 6).

• The first fundamental theorem of affine and projective spaces classifying all
Desarguesian projective and affine spaces (see Sect. 7).

• The second fundamental theorem of affine and projective spaces determining the
automorphism group of Desarguesian projective and affine spaces (see Sect. 8).

Chapter IV deals with polar spaces and polarities. The classification of buildings of
spherical type by Tits [50] and the work of Veldkamp [56] (for Char K ¤ 2) also
provides a classification of all polar spaces of rank at least 3 such that all planes
are Desarguesian. In Chap. IV these polar spaces are introduced. Unfortunately, an
inclusion of the proof of the classification theorem would go beyond the scope of
this book. The main results of Chap. IV are:

• The Theorem of Buekenhout–Shult providing the current definition of polar
spaces (see Sect. 2).

• The classification of polar spaces by means of their diagrams (see Sect. 3).
• The discussion of the Neumaier geometry (see Sect. 3).
• The introduction of polar spaces defined by a polarity (see Sect. 4).



• The Theorem of Birkhoff and von Neumann classifying the polarities by means
of sesquilinear forms (see Sect. 5).

• The introduction of polar spaces defined by a pseudo-quadratic form (see Sect. 6).
• The introduction of the Kleinian polar space defined by the lines of a

3-dimensional projective space (see Sect. 7).
• The Theorem of Buekenhout and Parmentier classifying projective spaces as

linear spaces with polarities (see Sect. 8).

Chapter V is devoted to the study of quadrics and quadratic sets. Quadrics are special
cases of pseudo-quadrics (polar spaces defined by a pseudo-quadratic form). They
have been studied long before polar spaces appeared. The main subject of Chap. V
is the Theorem of Buekenhout stating that every quadratic set of a d-dimensional
projective space is either an ovoid or a quadric. In fact, this theorem is a special case
of the classification of polar spaces mentioned above. The main results of Chap. V
are:

• The fact that every quadratic set defines a polar space (see Sect. 2).
• The fact that every quadric defines a quadratic set (see Sect. 3).
• The classification of quadratic sets in a 3-dimensional projective space (see

Sect. 4).
• The fact that every quadratic set is perspective (see Sect. 5).
• The Theorem of Buekenhout stating that every quadratic set of a d-dimensional

projective space is either an ovoid or a quadric (see Sect. 6).
• The relation between the Kleinian quadric and the Kleinian polar space (see

Sect. 7).
• The Theorem of Segre stating that every oval of a finite Desarguesian projective

plane of odd order is a conic (see Sect. 8).
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Chapter 1
Projective and Affine Geometries

1 Introduction

The present chapter deals mainly with projective and affine geometries. In Sect. 2,
the notions pregeometry and geometry are introduced. In Sects. 3–6, affine and
projective spaces are discussed in detail. In particular, the affine and projective
spaces are endowed with a structure of subspaces, and the relation between affine
and projective spaces is explained.

One can assign a little pictogram to a geometry often indicating important
information about this geometry. These pictograms are called diagrams. They are
introduced in Sect. 7. Finally, in Sect. 8, we will turn to finite geometries, that is,
geometries consisting of finitely many elements.

2 Geometries and Pregeometries

The notions geometry and pregeometry are fundamental in the theory of modern
incidence geometry. In the present section, we shall define these two notions, and we
shall illustrate them by considering simple geometries like n-gons or the geometry
of a cube. The whole strength of the concept of geometries will become clearer in
the forthcoming sections and chapters.

Definition. Let I be a non-empty set whose elements are called types. A prege-
ometry over I is a triple � D .X; �; type/ fulfilling the following conditions:

(i) X is a non-empty set whose elements are called the elements of the pregeom-
etry � .

(ii) type is a surjective function from X onto I . It is called the type function of � .
(iii) � is a reflexive and symmetric relation on X , the so-called incidence relation.

It fulfils the condition: If x and y are incident elements of the same type, that
is, x � y and type.x/ D type.y/, we have x D y.

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-20972-7 1, © Springer-Verlag Berlin Heidelberg 2011
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2 1 Projective and Affine Geometries

The rank of � is the cardinality of I . If jI j D n; � is called a pregeometry of
rank n.

Definition. (a) Let �n be an n-gon with the set V of vertices and the set E

of edges. The geometry �n D .Xn; �; type/ over I D f0; 1g or I D
fvertex; edgeg of an n-gon is defined as follows: The set Xn consists of the
vertices and the edges of �n. A vertex x and an edge k are called incident if the
vertex x lies in �n on the edge k.

The pregeometry �n is called an n-gon.
(b) Let � be a polyhedron with the set V of vertices, the set E of edges and the

set F of faces. The geometry � D .X; �; type/ over I D f0; 1; 2g or I D
fvertex; edge; faceg is defined as follows: The set X consists of the vertices,
the edges and the faces of �. Two elements of X are called incident if, in �,
one of the two elements is contained in the other one.

1 2

34

5 6

78The geometry of the cube with notations as in the figure
has the following vertices, edges and faces:

Vertices: f1, 2, 3, 4, 5, 6, 7, 8g
Edges: f12, 23, 34, 14, 15, 26, 37, 48, 56, 67, 78, 58g
Faces: f1234, 1256, 2367, 3478, 1458, 5678g

Definition. Let � D .X; �; type/ be a pregeometry over a type set I .

(a) A flag of � is a set of pairwise incident elements of � . The empty set is a flag
of � as well.

(b) Two flags F and G are called incident if every element of F is incident with
every element of G.

(c) Let F be a flag of � . The set ftype.x/ j x 2 F g is called the type of F and is
denoted by type(F). The rank of F is the cardinality of the set type(F).

(d) The corank of F is the cardinality of the set I n type.F/.
(e) A chamber is a flag of type I .

The geometry of the cube with notations as in the
figure has the following flags through the vertex 1:

f1g, f1, 12g, f1, 14g, f1, 15g,
f1, 1234g, f1, 1256g, f1, 1458g,
f1, 12, 1234g, f1, 12, 1256g, f1, 14, 1234g,
f1, 14, 1458g, f1, 15, 1256g, f1, 15, 1458g.

1 2

34

5 6

78

g

F

An incident vertex-face-pair is an example of a flag
of the pregeometry defined by the cube. The cham-
bers of the cube are the sets of pairwise incident
elements consisting of exactly one vertex, one edge
and one face.

If a line g and a face F of a flag fg, Fg are drawn as in the above figure, the origin
of the name flag becomes clear.



2 Geometries and Pregeometries 3

2.1 Theorem. Let � D .X; �; type/ be a pregeometry, and let F be a flag of � .

(a) The sets F and type(F) are of the same cardinality, that is, jF j D jtype.F/j. In
particular, the cardinality of F equals the rank of F .

(b) If C is a chamber of � , C and I are of the same cardinality, that is, jC j D jI j.
If � is of finite rank n, we have jC j D n.

Proof. The proof is obvious. ut
Definition. A pregeometry � over a type set I is called a geometry if every flag of
� is contained in a chamber of � .

The n-gons and the polyhedra are examples of geometries. Often, a geometry can be
constructed as a set of points and a set of subspaces (lines, planes, etc.) which are
subsets of the point set. This approach is reflected by the definition of a set geometry.

Definition. Let � D .X;� ; type/ be a pregeometry over the type set I D f0; 1; : : : ;

d � 1g where the elements of type 0 are called points and all elements are called
subspaces. For a subspace U of � , denote by U0 the set of points incident with U .

(a) � is called a set pregeometry if any two subspaces U and W of � with
type.U/ < type.W/ are incident if and only if U0 is contained in W0 and if
U0 ¤ W0 whenever U ¤ W .

(b) � is called a set geometry if � is a set pregeometry and a geometry.

Remark. Let � be a set pregeometry over the type set I D f0; 1; : : : ; d � 1g.
The subspaces of � can be seen as subsets of the point set of � . The incidence
relation is defined by set-theoretical inclusion. For set pregeometries, we often use
the terminology “U is contained in W ” or “W is contained in U ” instead of “U and
W are incident”.

2.2 Examples. (a) The geometries of a polyhedron or an n-gon are examples of set
geometries.

(b) Consider the tiling of the Euclidean plane with black and white squares such
that two squares with a common edge have different colours. We shall define
a geometry � of rank 3 over the type set fpoint, white, blackg as follows: The
point set of � consists of the vertices of the squares. The white elements are the
white squares, the black elements are the black squares.

A point and a square are incident if the point is a corner of the square. A black
and a white element are incident if they share an edge. The so-defined geometry
is a geometry, but not a set geometry.

In this book, we shall mostly deal with set geometries.



4 1 Projective and Affine Geometries

Definition. Let � D .X; �; type/ be a geometry over a type set I .

(a) Let F be a flag of � . F is called co-maximal if there exists an element x of
X n F such that F [ fxg is a chamber.

(b) The geometry � is called thin (respectively thick, respectively firm) if every
co-maximal flag of � is contained in exactly two (respectively in at least three,
respectively in at least two) chambers.

2.3 Theorem. Let � be a geometry of finite rank n over a type set I . A flag F of �

is co-maximal if and only if F is of rank n � 1.

Proof. The proof is obvious. ut
The n-gons and the geometries of the polyhedra are thin geometries. We shall
illustrate this fact by the geometry of the cube:

1 2

34

5 6

78
The co-maximal flags of � consist of a vertex and an
edge, a vertex and a face or an edge and a face. Con-
sidering as an example the co-maximal flag f1; 12g,
we see that there are the two chambers f1, 12, 1234g
and f1, 12, 1256g through this flag.

Definition. Let � D .X; �; type/ and � 0 D .X 0; �0; type0/ be two geometries over
the type sets I and I 0, respectively. � 0 is called a subgeometry of � if the following
two conditions are fulfilled:

(i) We have I 0 � I; X 0 � X and type0 D typejx0 .
(ii) Two elements x0 and y0 of � 0 are incident in � 0 if and only if they are incident

in � .

3 Projective and Affine Planes

The main result of the present section is the following relation between projective
and affine planes:

Starting from a projective plane, an affine plane can be constructed by deleting
one line and all of its points (Theorem 3.7). Conversely, by adding points and
one line, the so-called projective closure of an affine plane is constructed. The
projective closure of an affine plane is a projective plane (Theorem 3.8).

Definition. A linear space is a geometry L of rank 2 over the type set fpoint, lineg
satisfying the following conditions:

.L1/ For every two points x and y of L, there exists exactly one line which is
incident with x and y.
.L2/ Every line is incident with at least two points; there are at least two
(distinct) lines.



3 Projective and Affine Planes 5

3.1 Theorem. Let L be a linear space. For every two lines g and h, there is at most
one point of L which is incident with g and with h.

Proof. The proof is obvious. ut
For linear spaces, we use the following terminology: If a point x is incident with a
line g, we say that x is on g or that g goes through x.

A line, being incident with two points x and y, is called the line through x and
y. It is denoted by xy.

Conversely, a point, which is incident with two lines g and h, is called the
intersection point of g and h. It is denoted by g \ h.

Definition. Let L be a linear space, and let U be a set of points of L. U is called
a subspace of L if for any two points x and y of U , all points of the line xy are
contained in U .

Examples of subspaces of a linear space L are the empty set, a single point, a line
or the whole point set of L. In linear spaces, we identify the point set of a subspace
with the subspace itself. If all points of a line g are contained in a point set M , we
say that the line g itself is contained in M .

3.2 Theorem. Let L be a linear space. The intersection of an arbitrary family of
subspaces of L is a subspace of L.

Proof. Let .Ui /i2I be a family of subspaces of L, and let x and y be two points
contained in Ui for all i of I . Since Ui is a subspace for all i of I , the line xy is
contained in Ui for all i of I . ut
Definition. Let L be a linear space.

(a) A set M of points of L is called collinear if all points of M lie on a common
line of L.

(b) Let M be a set of points of L, and let

hM i WD \ U jU is a subspace of L containing M:

hM i is the smallest subspace of L containing M . It is called the subspace
generated by M .

(c) Let x, y and z be three non-collinear points of L. The subspace hx; y; zi
generated by x, y and z is called a plane of L.

3.3 Lemma. Let L be a linear space, and let U be a subspace of L. Furthermore,
let M be a set of points of U . Then, hM i is contained in U .

Proof. The proof is obvious. ut
Definition. Let L be a linear space. A maximal proper subspace of L is called a
hyperplane of L.

3.4 Theorem. Let L be a linear space, and let H be a subspace of L with the
property that every line of L has at least one point in common with H . Then, H is
a hyperplane of L.
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x

y

z

U

H

Proof. Assume that there exists a proper subspace U

of L such that H is a proper subspace of U . Let x be
a point of U outside of H , and let y be a point of L
outside of U . Finally, let g be the line joining x and y.
By assumption, the line g and H meet in a point z ¤
x. It follows that the line g D xz is contained in U ,
in contradiction to the fact that the point y is on g but
not contained in U . ut

Definition. (a) A projective plane is a geometry P of rank 2 over the type set
fpoint, lineg satisfying the following conditions:

.PP 1/ Every two points of P are incident with exactly one line.

.PP 2/ Every two lines of P meet in exactly one point.

.PP 3/ Every line is incident with at least three points. There are at least two
(distinct) lines.

(b) If the geometry P satisfies the conditions .PP1/, .PP2/ and the weaker
condition

�
PP 0

3

�
Every line is incident with at least two points, and there are at least

two lines,

the geometry P is called a generalized projective plane.

Remark. Obviously, a projective plane is a linear space. In order to verify Axiom
.PP 2/ of a projective plane, it suffices to show that any two lines meet in a point.
The uniqueness of the intersection point then follows from Theorem 3.1.

3.5 Theorem. Let P be a generalized projective plane. Then, one of the following
cases occurs:

(i) P consists of three points and three lines. Every
line has exactly two points.

(ii) All lines except one line have exactly two points
The point set of P consist of the points on the
“long” line and one further point.1

(iii) P is a projective plane.

Proof. Suppose that P has at least two lines g and h with at least three points. We
shall show that every line of P is incident with at least three points:

1This structure is sometimes called a near-pencil.
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x1
g 

h 
x2

y1 y2

p
m 

z

Let z be the intersection point of g and h,
and let x1 and x2 be two further points on g and
y1 and y2 be two further points on h. The lines
x1y1 and x2y2 meet in a point p which is neither
incident with g nor with h.

Let m be the line through z and p. If l is a line of P not incident with z, the line l

intersects the lines g, h, and m in three different points. If l is a line of P through z
different from g, the line l is incident with the three different points z, l \ x1y1 and
l \ x1y2. ut
Definition. (a) An affine plane is a geometry A of rank 2 over the type set fpoint,

lineg satisfying the following conditions:
.AP 1/ Every two points of A are incident with exactly one line.

x 

g 

h 

.AP 2/ Parallel axiom. Let g be a line and
let x be a point not on g. Then, there exists
exactly one line h through x which has no
point in common with g.

.AP 3/ Every line is incident with at least two points. There are at least two
(distinct) lines.

(b) Two lines g and h of an affine plane are called parallel if g D h or if g and h

have no point in common. The parallelism of two lines g and h is denoted by
g jj h.

(c) Let g be a line of an affine plane, and let �.g/ be the set of lines parallel to g.
Then, every set � of the form � D �.g/ is called a parallel class of A.

Obviously, an affine plane is a linear space.

3.6 Theorem. Let A be an affine plane. The relation jj is an equivalence relation.

Proof. Since every line is parallel to itself, the relation jj is reflexive. Obviously, the
relation jj is symmetric. In order to show the transitivity, we consider three lines g,
h and l such that g and h are parallel and such that h and l are parallel.

x

h

g

l

Assume that g and l are not parallel.
Then, g and l meet in a point x. Therefore,
x is incident with two lines parallel to h,
namely g and l , in contradiction to the parallel
axiom. ut
Remark. It follows from Theorem 3.6 that a parallel class �.g/ is independent of
the choice of the line g, that is, �.g/ D �.h/ for all h of �.g/.

The following two theorems show that projective and affine planes are strongly
related.

3.7 Theorem. Let P be a projective plane, and let l be a line of P. Let A be the
geometry of rank 2 over the type set fpoint, lineg defined as follows:
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The points of A are the points of P not on l .
The lines of A are the lines of P different from l .
The incidence and the type function of A are induced by the incidence and the
type function of P.

The geometry A is an affine plane.

Proof. Axiom .AP 1/ follows from Axiom .PP 1/.
For the verification of the parallel axiom .AP 2/, let g be a line and let x be a

point of A not on g. Let y WD g \ l be the intersection point of g and l in P, and let
h WD xy be the line joining x and y.

(i) Existence: By construction, the point x lies on
the line h, and g and h do not have a
point of A in common. x

g 

h
l

y

(ii) Uniqueness: Let m be a line through x

which has (in A) no point in common
with g. Since m and g intersect in P, the
intersection point lies on l . It follows that
m\g D g\ l D y. Hence, m D xy D h.

Axiom .AP 3/ finally follows from Axiom .PP 3/. Note that Axiom .PP 3/

provides the existence of a third line of P. ut
Definition. Let P be a projective plane, and let A be the affine plane obtained from
P by deleting a line l and the points on l as described in Theorem 3.7. The affine
plane A is denoted by P n l .

In general, the affine plane P n l depends on the choice of the line l . It can occur
that for two distinct lines l and m of a projective plane P, the affine planes P n l and
P n m are not isomorphic.2

Every parallel class of P n l corresponds to the set of lines of P through a point
of l . This fact motivates the following definition and the subsequent theorem.

Definition. Let A be an affine plane, and let P (A) be the geometry of rank 2 over
the type set fpoint, lineg defined as follows:

π(g)

xh
l

π(g)

A
The points of P (A) are the points of A

and the parallel classes of A.
The lines of P (A) are the lines of A and

an additional line l . This line is called the
line at infinity.

The incidence between points and lines is defined as follows:

2For the definition of “isomorphic”, see Chap. 2.
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Line h of A Line l at infinity

Point x of A Incidence as in A x and l are not incident

Parallel class �.g/ �.g/ and h are incident
if and only if h is con-
tained in �.g/

�.g/ and l are for every
parallel class �.g/ inci-
dent (The points of l

are exactly the parallel
classes of A)

P (A) is called the projective closure of A.

3.8 Theorem. Let A be an affine plane. The projective closure P (A) of A is a
projective plane.

Proof. Verification of .PP 1/: Let x and y be two points of P (A).
If x and y both are contained in A, the line joining x and y in A is the unique

line joining x and y in P (A).
If x is a point of A and if y D �.g/ is a parallel class of A, by the parallel

axiom, there exists exactly one line h of �.g/ through x. This line h is the unique
line joining x and y in P (A).

If x D �.g/ and y D �.h/ are two parallel classes of A, the line l is the unique
line joining x and y in P (A).

Verification of .PP 2/: Let g and h be two lines of P (A).
If g and h both are lines of A, one has to distinguish whether g and h are parallel

or not. If they are not parallel, there exists an intersection point in A and therefore
also in P (A). If g and h are parallel, g and h both are contained in �.g/ D �.h/,
therefore, g and h intersect in P (A) in the point �.g/.

If g is a line of A and if h D l is the line at infinity of P (A), g and h meet in the
point �.g/ of P (A).

Verification of .PP 3/: Since there are at least two lines in A, there are at least
two lines in P (A) as well.

If g is a line of A, �.g/ is an additional point on g in P (A), therefore, g is
incident with at least three points.

g 

mh

x y

zIt remains to show that the line l has at least three
points. For, let g and h be two lines of A intersecting in
a point x. Let y and z be two further points (different
from x) on g and h, respectively, and let m be the line
joining y and z. Then, the lines g, h and m mutually
intersect, hence, the parallel classes �.g/; �.h/ and
�.m/ are pairwise distinct.

Consequently, the line l has at least three points. ut
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4 Projective Spaces

The present section is devoted to the discussion of projective spaces. Besides the
definition of projective spaces, the notions subspace, basis and dimension will be
introduced.

The main results of this section are the description of a subspace generated
by a subspace and a point (Theorem 4.2), the existence of bases (Theorem 4.7),
the Exchange Lemma (Theorem 4.9), the Exchange Theorem of Steinitz (Theo-
rem 4.10) and the dimension formula (Theorem 4.15).

Finally, it is shown that projective spaces are thick geometries (Theorem 4.20).

Definition. (a) A projective space is a geometry P of rank 2 over the type set
fpoint, lineg satisfying the following conditions:

.PS1/ Any two points are incident with exactly one line.

p a b 

x y 

.PS2/ Axiom of Veblen–Young. If p, x, y, a

and b are five points of P such that the lines
xy and ab meet in the point p, the lines xa and
yb also intersect in a point.
.PS3/ Every line is incident with at least three
points. There are at least two (distinct) lines.

(b) If the geometry P satisfies the conditions .PS1/, .PS2/ and the weaker
condition

�
PS 0

3

�
Every line is incident with at least two points, and there are at least

two lines,

the geometry P is called a generalized projective space.

Sometimes, the empty set, a point, or a line together with the points on that line are
also called projective spaces.

4.1 Theorem. Let P be a projective space, and let U be a subspace of P such that
there are at least two lines in U . Then, U is a projective space.

Proof. Verification of .PS1/: If x and y are two points of U , there exists the line
xy in P. By definition of a subspace, this line is contained in U .

Verification of .PS2/: Let p, x, y, a and b be five points such that the lines
xy and ab meet in the point p. Since P is a projective space, the lines xa and yb

intersect in a point s. Since x and a are points of U , it follows that the point s on xa

is contained in U .
Verification of .PS3/: Since every line in P is incident with at least three points,

every line of U is incident with at least three points. By assumption, U contains at
least two lines. ut

The following theorem describes the subspace generated by a subspace and a
point. It is an essential step on the way to introduce the notions dimension and basis.

4.2 Theorem. Let P be a projective space, let U be a subspace of P, and let p be a
point of P outside of U . We have hU; pi D [fpu j u 2 U g.
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p
U 

z In other words, the subspace hU; pi consists
of the point p and all points z such that the line
pz meets the subspace U in a point.

Proof. Let M WD [fpu j u 2 U g.

(i) M is a subspace of P: Let x and y be two points of M , and let z be an arbitrary
point on the line xy. We need to show that the point z is contained in M .
1st case. Suppose that the points x and y are contained in U . Then, the line xy is
contained in U . Since U is contained in M , it follows that z 2 xy is contained
in M .
2nd case. Suppose that the point x is contained in U and that the point y is not
contained in U . If y is incident with the line px, z is incident with px and
therefore contained in M .

p y b

x
z

ULet y … px. Since y is a point
of M , the line py intersects the subspace U

in a point b. Since the lines pb and xz meet
in the point y, it follows from the axiom
of Veblen–Young that the lines pz and xb

intersect in a point. Since xb is contained
in U , the point z is a point of M .

3rd case. Suppose that neither the point x nor the point y is contained in U . If
the points p, x and y are collinear,3 the line pz D py meets the subspace U

since y is contained in M . It follows that z is contained in M .

p 
g

y
b 

a 

z

x
Let p, x and y be non-collinear. Since x

and y are contained in M , the lines px and
py meet the subspace U in two points a

and b. The line g WD ab is contained in
U . We shall apply the axiom of Veblen–
Young twice.

p 
g

y
b 

a 

z

x
s

First, we shall construct an auxiliary
point s: Since the lines pb and xz meet
in the point y, it follows from the axiom
of Veblen–Young that the lines px and bz
intersect in a point s.

In particular, the lines pa and bz inter-
sect in s, thus, it follows again from the
axiom of Veblen–Young that the lines pz
and ab D g intersect. Since g is contained
in U , it follows that z is a point of M , therefore, M is a subspace.

3This includes the case x D p or y D p. W.l.o.g., let y ¤ p.
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(ii) We have M D hU; pi: Since M is a subspace of P containing p and U , it
follows from Theorem 3.3 that hU; pi is contained in M .

In order to show that M is contained in hU; pi, we consider a point z of M . If
z D p, z is contained in hU; pi. If z ¤ p, the line pz intersects the subspace U

in a point c. Since z is incident with pc, it follows that z is contained in hU; pi.
ut

4.3 Theorem. Let P be a projective space, and let W D hU; pi be a subspace of
P which is generated by a subspace U of P and a point p of P outside of U .

Let q be a further point of W outside of U . Then, we have

W D hU; pi D hU; qi:
Proof. (i) Since U and q are contained in W , it follows that hU; qi is contained

in W .
(ii) Since q is a point of W , it follows from Theorem 4.2 that the line pq intersects

the subspace U . By Theorem 4.2, it follows that p is contained in the subspace
hU; qi. Thus, W D hU; pi is contained in hU; qi. ut

Definition. Let P be a projective space, and let U be a subspace of P. Furthermore,
let B be a set of points of U .

(a) B is called a point set generating U if hBi D U .
(b) B is called independent if for any point x of B , we have: hB n fxgi ¤ hBi.
(c) B is called a basis of U if B is independent and if B is generating U .

4.4 Theorem. Let P be a projective space, and let U be a subspace of P. Further-
more, let B be a set of points of U . The following conditions are equivalent:

(i) The set B is a basis of U .
(ii) The set B is a minimal point set generating U .

(iii) The set B is a maximal independent subset of U .

Proof. (i) ) (ii): If B is a basis of U , B generates U . Assuming that B is not a
minimal point set generating U , there would exist a proper subset B 0 of B with
hB 0i D U . Let x be a point of B n B 0. It follows that hB n fxgi contains hB 0i D U ,
in contradiction to the independency of B .
(ii) ) (iii): Let B be a minimal point set generating U . Since B is minimal, it
follows that B is independent. The assumption that B is not maximal implies the
existence of an independent subset B 0 of U such that hBi is strictly contained in
hB 0i, contradicting the fact that hBi D U .
(iii) ) (i): Since B is maximal, it follows that B is generating U . Since B is
independent, it follows that B is a basis of U . ut
4.5 Theorem. Let P be a projective space, and let U be a subspace of P with a
basis B .

(a) Let B 0 be a subset of B , and let W WD hB 0i.

(i) B 0 is a basis of W .
(ii) The point x is not contained in W for all x of B n B 0.

(b) If p is a point of P outside of U , B [ fpg is a basis of hU; pi.
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Proof. (a) (i) By definition, the subspace W is generated by B 0. Assume that
B 0 is dependent. Then, there exists a point z of B 0 with hB 0 n fzgi D W . It
follows that

hB n fzgi D h.B 0 n fzg/ [ B n B 0i D hW; B n B 0i � hB 0; B n B 0i D hBi D U;

in contradiction to the independency of B .

(ii) Assume that there is an element x of B n B 0 contained in W . Then, it follows
that x is contained in hB 0i. Since hB 0i is a subset of hB n fxgi, it follows that
hB n fxgi D hB n fxg; xi D hBi D U , in contradiction to the independency
of B .

(b) Let X WD hU; pi, and let C WD B [ fpg. We need to show that C is a basis of
X . Obviously, we have hC i D hB [ fpgi D hU; pi D X .
In order to show that C is independent, let x be a point of C .
If x D p, it follows that hC n fxgi D hBi D U ¤ X D hC i.

Let x ¤ p. It follows from the independency of B that W WD hB n fxgi ¤ hBi D
U . Let z be a point of U outside of W . We will show that z is not contained in
hC nfxgi. Then, it will follow that hC nfxgi ¤ X D hC i, that is, the indepen-
dency of C .

W

U z 

p 

The line pz meets the subspace U

in the point z. Since z is not contained in
W , the line pz and the subspace W do not
have a point in common.

Because C D B[fpg and W D hB n fxgi,
it follows that hC n fxgi D hW; pi.
By Theorem 4.2, it follows that z is not contained in hW; pi D hC n fxgi. ut

In order to prove the existence of a basis in an arbitrary projective space, we need
the Lemma of Zorn. For details about the Lemma of Zorn, see for example Lang
[34].

Lemma of Zorn 4.6. Let (M , �) be a non-empty partially ordered set such that
every chain, that is, every totally ordered subset of M , admits an upper bound in
M . Then, M has a maximal element.

4.7 Theorem. Let P be a projective space, and let U be a subspace of P. Let X be
a set of points of U generating U . Then, there exists a basis of U which is contained
in X . In particular, there exists a basis of U .

Proof. We shall apply the Lemma of Zorn. Let M be the set of independent subsets
of X . Since M contains at least the empty set, M is not empty. Obviously, M is
partially ordered by inclusion.

Let .Ci /i2I be a chain of independent subsets of X , and let A WD [ fCi j i 2
I g. We claim that A is independent: Assume that A is dependent. There exists an
element x of A such that hA n fxgi D A.
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Step 1. The point x is not contained in hCj n fxgi for all j of I .
1st case. Suppose that x is contained in Cj for some j of I . Since Cj is

independent, it follows that hCj n fxgi ¤ Cj . In particular, x is not contained in
hCj n fxgi.

2nd case. Suppose that x is contained in hCj n fxgi, but not contained in Cj for
some j of I . Since x is contained in A D [ fCi j i 2 I g, there exists an index k

of I such that x is contained in Ck . Since .Ci /i2I is a chain, it follows that Cj is
contained in Ck. It follows that

hCj i D hCj n fxgi � hCk n fxgi:

In view of Case 1, the point x is not contained in hCk n fxgi, hence x is not
contained in hCj n fxgi.

Step 2. Let .Ui /i2I be a chain of subsets of P. Then, U WD [ fUi j i 2 I g is also
a subspace of P:

For, let x and y be two elements of U . There exist two indices i and j of I such
that x is contained in Ui and y is contained in Uj . Since .Ui/i2I is a chain, we
may assume w.l.o.g. that the subspace Ui is contained in Uj . Hence the line xy is
contained in Uj and therefore in U .

Step 3. The set A is independent.
We have

A D hA n fxgi
D h.

[

i2I

Ci/ n fxgi .Definition of A/

D h
[

i2I

.Ci n fxg/i

D h
[

i2I

hCi n fxgii .By Step 1; the point x is not contained
inhCj n fxgifor all j of I:/

D
[

i2I

hCi n fxgi .By Step 2; the union of a chain of sub-
spaces is a subspace:/

Since x is contained in A, but not in
S

i2I

hCi n fxgi, this equation yields a contradic-

tion. Hence, A is independent.
Step 4. There exists a basis of U which is contained in X :
In view of Step 3, we can apply the Lemma of Zorn. Hence, there exists a

maximal independent set B in X . Since B is a maximal independent subset of X , it
follows that X is contained in hBi. Hence, U D hXi is contained in hBi, that is, B

generates U . Hence, B is a basis of U . ut
In the following, we shall show that all bases of a subspace U of a projective
space either have infinitely many elements or that all bases of U have finitely
many elements. In the finite case, we shall show that any two bases are of the same
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cardinality. In the infinite case, this is also true, but we do not give a formal proof.
This number of elements of a base will be called the dimension of U .

Major steps to prove this assertion are the Exchange Lemma (Theorem 4.9) and
the Exchange Theorem of Steinitz (Theorem 4.10).

4.8 Theorem. Let P be a projective space, and let U be a subspace of P with basis
B . For every point x of U , there exists a finite subset C of B such that x is contained
in hC i.

Proof. W.l.o.g., we may assume that B is infinite. Let

A WD [ .hC i j C � B; C is finite/

and assume that A ¤ hBi .D U /.
A is a subspace of U : For, let x and y be two points of A. There exist two finite

subsets C and D of B such that x is contained in hC i and y is contained in hDi.
Hence, x and y are contained in hC [ Di � A. Hence, the line xy is contained in A.

There exists a point x of B not contained in A: Otherwise, hBi would be
contained in A, a contradiction.

Finally, the subspace A contains the subspace hxi, a contradiction. ut
4.9 Theorem (Exchange Lemma). Let P be a projective space, and let U be a
subspace of P admitting a basis B . For every point p of U , there exists an element
x of B such that B n fxg [ fpg is a basis of U .

“In the basis B , the point x is exchanged by the point p.”

Proof. Let p be a point of U , and let r be the minimal number of points x1; : : : ; xr

of B such that p is contained in W WD hx1; : : : ; xr i. The number r exists in view of
Theorem 4.8.

By definition of r , the point p is not contained in W 0 WD hx1; : : : ; xr�1i.
Since p is not contained in W 0, it follows from Theorem 4.3 that W D hp; W 0i.

In particular, the point xr is contained in hx1; : : : ; xr�1; pi. Let X WD hB n fxrgi.
Note that the point p is not contained in X : Otherwise, the point xr would be
contained in X , contradicting the fact that hB n fxrgi ¤ hBi.

It follows from Theorem 4.5 that .B n fxrg/ [ fpg is a basis of hX; pi D U . ut
4.10 Exchange Theorem of Steinitz. Let P be a projective space, and let U be a
subspace with a finite basis B . Furthermore, let C be an independent set of points
of U . If r WD jBj and s WD jC j, it holds:

(a) C is finite, and we have s � r .
(b) There is a subset B 0 of B with jB 0j D r � s such that B 0 [ C is a basis of U .

Proof. Let C be a finite set. We shall prove the assertions (a) and (b) by induction
on s.

(i) If s D 1, U contains at least one point. It follows that jBj � 1 D s. This shows
Part (a). Part (b) is a consequence of the Exchange Lemma.
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(ii) s � 1 ! s: Let p be a point of C , and let C 0 WD C n fpg. By induction (applied
on the set C 0), we have s � 1 � r , and there is a subset B 00 of B with jB 00j D
r � .s � 1/ such that B 00 [ C 0 is a basis of U .

(a) We have s � r : Since, by induction, we have s � 1 � r , we have to show that
s � 1 ¤ r . Assuming s � 1 D r , it follows that jB 00j D r � .s � 1/ D 0, that is,
B 00 D ¿. Hence, C 0 D B 00 [ C 0 is a basis of U , and it follows that

p 2 hC 0i D hC n fpgi;

in contradiction to the independency of C .
(b) By induction, B 00 [ C 0 is a basis of U where jB 00j D r � .s � 1/ and C 0 D

C n fpg. We need to show that there exists a point x of B 00 such that .B 00 n fxg/[
C is a basis of U .
For, let t WD jB 00j D r �.s �1/, and let B 00 D fx1; : : : ; xt g. For i D 1; : : : ; t , let

Wi WD hC 0; x1; : : : ; xi i and W0 WD hC 0i:

Wj+1

Wj

p 
xj+1

Then, hC 0i D W0 � W1 � : : : �
Wt D U is a sequence of subspaces.
Each subspace Wi has the basis C 0 [
fx1; : : : ; xi g, and we have WiC1 D
hWi; xiC1i. Since p is not contained
in hC 0i and since p is contained in U ,
there exists an index j of f0; : : : ; t �1g
such that p is not contained in Wj , but
p is contained in Wj C1.

Since Wj C1 D hWj ; xj C1i, it follows from Theorem 4.3 that Wj C1 D
hWj ; pi. It follows from Theorem 4.5 that C 0 [ fx1; : : : ; xj g [ fpg is a basis
of Wj C1. Repeated application of Theorem 4.5 yields that

C 0 [ fx1; : : : ; xj ; xj C2; : : : ; xt g [ fpg D C [ .B 00 n fxj C1g/

is a basis of Wt D U .
It remains to show that the set C is finite. Otherwise, C would contain an

independent subset C 0 with r C1 elements. It follows from Part (a) that r C1 D
jC 0j � r , a contradiction. ut

Note that the Exchange Theorem of Steinitz is also valid for a subspace U with an
infinite basis, but we do not include a formal proof.

4.11 Theorem. Let P be a projective space, and let U be a subspace of P. One of
the following two cases occurs:

(i) All bases of U have infinitely many elements.
(ii) All bases of U have finitely many elements. Every two bases of U have the same

cardinality.
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Proof. Suppose that U has a basis B with finitely many elements. Let B 0 be a
second basis of U . Since B 0 is an independent set in U , it follows from the Exchange
Theorem of Steinitz (Theorem 4.10) that B 0 is finite and that the relation jB 0j � jBj
holds. Since B 0 is a finite basis, the same argument shows that jBj � jB 0j. ut
As mentioned earlier, note that any two bases of U are of the same cardinality, not
only in the finite case.

Definition. Let P be a projective space, and let U be a subspace of P.

(a) Let B be a basis of U . If B has d C 1 elements, d is called the dimension of U

and is denoted by dim U . If B has infinitely many elements, the subspace U is
called infinite-dimensional.

(b) A d-dimensional projective space is a projective space of the finite dimen-
sion d .

For the empty set ¿, a point x, a line g and a plane E , we have dim ¿ D
�1; dim x D 0; dim g D 1, and dim E D 2.

From now on, we will mainly consider projective spaces of finite dimension d .

4.12 Theorem. Let P be a projective space, and let U be a finite-dimensional
subspace of P. If W is a subspace of U with a basis C , the set C can be extended
to a basis of U .

Proof. Let B be a basis of U . Since C is a basis of W � U , the set C

is an independent set in U . It follows from the Exchange Theorem of Steinitz
(Theorem 4.10) that there is a subset B 0 of B such that .B n B 0/ [ C is a basis
of U . ut
Note that the above theorem is also valid for an infinite-dimensional subspace U

of P.

4.13 Theorem. Let P be a projective space.

(a) If U and W are two finite-dimensional subspaces of P with U � W , we have
dim U � dim W with equality if and only if U D W .

(b) Let U be a subspace of P, and let x be a point outside of U . Then, dim hU; xi D
dim U C 1.

Proof. (a) The assertion follows from the fact that every basis of U can be extended
to a basis of W (Theorem 4.12).

(b) Let B be a basis of U . Then, by Theorem 4.5, B [ fxg is a basis of hU; xi. It
follows that dim hU; xi D dim U C 1. ut

Note that Theorem 4.13 is not valid in the infinite case: If W is an infinite-
dimensional subspace with basis fxi j i 2 Ng, the subspace U WD hx2i j i 2 Ni
is strictly contained in W , however, the dimension of U equals the dimension of W .

4.14 Theorem. Let P be a projective space, and let U and W be two non-empty
subspaces of P. If U D fxg and W D fyg are two points, suppose that x ¤ y. Then,

hU; W i D [ fuw j u 2 U; w 2 W; u ¤ wg:



18 1 Projective and Affine Geometries

Proof. Let M WD [ fuw j u 2 U; w 2 W; u ¤ wg. Obviously, M is contained in
hU; W i.

It remains to show that hU; W i is contained in M : For, let B be a basis of W .
For every integer s � �1, let As be the set of points x of hU; W i such that x is
contained in hU; w1; : : : ; wsi for some points w1; : : : ; ws of B .

Step 1. We have hU; W i D S

s2N

As : Let x be a point of hU; W i, and let C be a

basis of U .
Since hC; Bi D hU; W i, by Theorem 4.7, there exist a subset C 0 of C and

a subset B 0 of B such that C 0 [ B 0 is a basis of hU; W i. By Theorem 4.8, there
exist a finite subset fu1; : : : ; urg of C 0 and a finite subset fw1; : : : ; wsg of B 0 such
that x is contained in hu1; : : : ; ur ; w1; : : : ; wsi. In particular, x is contained in
hU; w1; : : : ; wsi.

Step 2. The subspace hU; W i is contained in M : In view of Step 1, we shall
show that the set As is contained in M for every integer s � �1.

For s D �1, we have A�1 D U , and the assertion is obvious.
For s D 0, the assertion follows from Theorem 4.2.
s�1 ! s: Let x be a point of As not contained in As�1. By definition of As , there

exist some elements w1; : : : ; ws of B such that x is contained in hU; w1; : : : ; wsi.
Let X WD hw1; : : : ; wsi and X 0 WD hw1; : : : ; ws�1i. Since x is not contained in As�1,
x is not contained in hU; X 0i.

wsxy 

X'

U 

<U, X'>

Since hU; Xi D hhU; X 0i; wsi, it
follows from Theorem 4.2 that there is
a point y of hU; X 0i such that x lies on
the line yws .

If y is contained in X 0, it follows that
x is contained in hX 0; wsi D X and
hence in M .

If y is contained in U , it also follows that x is contained in M .

y

x ws

x'
u

z

If y is neither contained in U nor in
X 0, there exist by induction two points u
of U and x0 of X 0 such that y is incident
with ux0. The lines ux0 and xws intersect
in the point y.

By the axiom of Veblen–Young, the
lines xu and x0ws meet in a point z.

Since the point z lies on the line x0ws , it follows that z is contained in X . Since x

lies on the line zu, it follows that z is contained in M . ut
4.15 Theorem (Dimension Formula). Let P be a projective space, and let U and
W be two finite-dimensional subspaces of P. Then,

dim hU; W i D dim U C dim W � dim .U \ W /:
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Proof. Let B WD fx1; : : : ; xr g be a basis of U \ W . By Theorem 4.12, the base
B can be extended to two bases C WD fx1; : : : ; xr ; y1; : : : ; yag of U and D WD
fx1; : : : ; xr ; z1; : : : ; zbg of W .

(i) We shall prove by induction on a that fx1; : : : ; xr ; y1; : : : ; ya; z1; : : : ; zbg is a
basis of hU; W i.

If a D 0; U D U \ W , that is, U � W and hU; W i D W . It follows that
hU; W i D W has the basis fx1; : : : ; xr ; z1; : : : ; zbg.

Let a > 0, and let U 0 WD hfx1; : : : ; xr ; y1; : : : ; ya�1gi. By induction, the
subspace hU 0; W i has the basis fx1; : : : ; xr ; y1; : : : ; ya�1; z1; : : : ; zbg.

U'

u

Ww

ya

The point ya is not contained
in hU 0; W i: Otherwise, by
Theorem 4.14, there is a point u
of U 0 and a point w of W such
that u ¤ w and such that ya lies
on the line uw. This point w is not
contained in U since, otherwise, it
would follow that

w 2 U \ W D U 0 \ W � U 0;

implying that the point ya 2 uw is contained U 0.

On the other hand, the point w lies on the line yau contained in U .
It follows from this contradiction that ya is not contained in hU 0; W i.

By Theorem 4.5, the set fx1; : : : ; xr ; y1; : : : ; ya; z1; : : : ; zbg is a basis of
hU 0; W; yai D hU; W i.

(ii) We have dim hU; W i D dim U C dim W � dim .U \ W /: For the different
subspaces, we have:

Subspace Basis Dimension

U \ W fx1; : : : ; xrg r � 1

U fx1; : : : ; xr ; y1; : : : ; yag r C a � 1

W fx1; : : : ; xr ; z1; : : : ; zbg r C b � 1

hU; W i fx1; : : : ; xr ; y1; : : : ; ya; z1; : : : ; zbg r C a C b � 1

It follows that

dimhU; W i D r C a C b � 1

D .r C a � 1/ C .r C b � 1/ � .r � 1/

D dim U C dim W � dim .U \ W /: ut

4.16 Theorem. Let P be a projective space. Then, every plane of P is a projective
plane.

Proof. Let E be a plane of P. Axiom .PP 1/ follows from Axiom .PS1/.
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In order to verify Axiom .PP 2/, let g and h be two lines of E . Since hg; hi D E ,
it follows from the dimension formula (Theorem 4.15):

dim.g \ h/ D dim g C dim h � dim hg; hi
D 1 C 1 � 2 D 0:

Thus, g \ h is a point.
Axiom .PP 3/ follows from the fact that a plane of P contains at least two lines

and that already in P, every line is incident with at least three points. ut
4.17 Theorem. Let P be a linear space. P is a projective space if and only if every
plane of P is a projective plane.

Proof. (i) Let P be a projective space. In view of Theorem 4.16, every plane of P
is a projective plane.

(ii) Let P be a linear space such that every plane of P is a projective plane. We just
have to verify the axiom of Veblen–Young.

For, let p, x, y, a and b be five points of P such that the lines xy and ab

meet in the point p.
The lines xa and yb are contained in the plane E WD hp; x; yi. Since E is

a projective plane, the lines xa and yb meet in a point. ut
Hyperplanes play a crucial role among the subspaces of a projective space. They are
characterized by the fact that every line of the projective space is either contained in
the hyperplane or meets the hyperplane in a point (Theorem 4.18).

Definition. Let P be a projective space, and let U and W be two subspaces of P.

(a) U and W are called complementary if U \ W D ¿ and hU; W i D P.
(b) Suppose that U and W are complementary and that W is of finite dimension r .

Then, U is called a subspace of codimension r C 1.

4.18 Theorem. Let P be a projective space, and let W be a proper subspace of P.

(a) The subspace W is a hyperplane if and only if every line of P contains at least
one point of W .

(b) The subspace W is a hyperplane of P if and only if W is of codimension 1. If P
is of finite dimension d , then every hyperplane of P is of dimension d � 1.

(c) Let H be a hyperplane of P. If U is a t-dimensional subspace of P, which is not
contained in H , then dim .U \ H/ D t � 1.

Proof. (a) Step 1. Let W be a hyperplane of P. Every line of P contains at least one
point of W : Assume that there exists a line g disjoint to W . Let x and y be two
arbitrary points on g.

The point y is not contained in the subspace hW; xi: Otherwise, by
Theorem 4.2, the line g D xy would intersect W in a point, contradicting the
fact that W and g are disjoint.
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The fact that hW; xi is a proper subspace of P contradicts the maximality
of W .
Step 2. Suppose that every line of P contains at least one point of W . By
Theorem 3.4, W is a hyperplane of P.

(b) Step 1. If W is maximal, we have hW; xi D P for all points x outside of W ,
hence W is of codimension 1.
Step 2. If W is a subspace of codimension 1, W is obviously maximal.
Step 3. If dim P D d and if H is a hyperplane of P, we have dim H D
d � 1: Consider a basis B of H and a point x outside of H . It follows from
Theorem 4.5 that B [ fxg is a basis of P.

(c) Let g be a line of U . By (a), either the line g is contained in U \ H , or the line
g meets U \ H in a point. It follows from Part (a) that U \ H is a maximal
subspace of U . Hence, we can apply Part (b). ut

4.19 Theorem. Let P be a d-dimensional projective space, and let U and W be
two subspaces of P with U \ W D ¿. Then, there exists a subspace W 0 through W

such that U and W 0 are complementary.

Proof. Let fb1; : : : ; bng and fbnC1; : : : ; bnCmg be two bases of U and W , respec-
tively. It follows from the dimension formula (Theorem 4.15) that

dim hU; W i D dim UCdim W�dim.U \W / D n�1Cm�1�.�1/ D nCm�1;

hence, fb1; : : : ; bnCmg is a basis of hU; W i. By Theorem 4.12, this basis can be
extended to a basis fb1; : : : ; bdC1g of P.

Let W 0 WD hbnC1; : : : ; bdC1i. Then, W 0 contains the subspace W , and we have

dim .U \W 0/ D dim UCdim W0�dim hU; W 0i D n�1C.d C1�n�1/�d D �1;

that is, U \ W 0 D ¿. ut
We will conclude this section with Theorem 4.20 stating that the subspaces of a
d-dimensional projective space define a thick geometry of rank d over the type set
f0; 1; : : : ; d � 1g.

Definition. Let P be a d-dimensional projective space. Let X be the set of the
subspaces of P with X ¤ ¿ and X ¤ P. Furthermore, let I WD f0; 1; : : : ; d � 1g.
The type function type: X ! I is defined by type.U/ WD dim U. Two subspaces U

and W of X are incident (that is, U � W ) if and only if either U is contained in W

or W is contained in U .
Then, � WD .X; �; type/ is called a projective geometry over I .

4.20 Theorem. Let P be a d-dimensional projective space. Then, P defines a thick
geometry of rank d over I WD f0; 1; : : : ; d � 1g.

Proof. Let � D .X; �; type/ be the projective geometry defined by P. In order to
verify that � is a pregeometry, we consider two incident subspaces U and W of P
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(w.l.o.g., let U be contained in W ) of the same type. Since type.U/ D dim U, it
follows that dim U D dim W. By Theorem 4.13, we get U D W .

In order to show that � is a geometry, we consider a flag F D fU1; : : : ; Urg.
Since F is a flag, w.l.o.g., we can assume that U1 � : : : � Ur . Repeated application
of Theorem 4.12 yields a basis B D fx0; : : : ; xd�1g of P such that for i D 1; : : : ; r ,
we have:

Ui D hx0; : : : ; xdim.Ui/i:
For j D 0; 1; : : : ; d � 1, let Wj D hx0; : : : ; xj i. Then, W WD fW0; : : : ; Wd�1g is a
chamber of � containing F . Thus, � is a geometry.

In order to verify that � is thick, we consider a co-maximal flag F of type I n fig.
Let F D fUj j j 2 I n figg with dim Uj D j.

1st case: Let i D 0: Then, F consists of a chain of subspaces of the form

U1 � : : : � Ud�1:

Since every line is incident with at least three points, there exist three points x, y

and z on the line U1. Hence, F is contained in the chambers fxg [ F; fyg [ F and
fzg [ F .

2nd case: Let 0 < i < d �1. Then, F consists of a chain of subspaces of the form

U1 � : : : � Ui�1 � UiC1 � : : : � Ud�1:

By Theorem 4.19, there exists a line g in UiC1 such that g and Ui�1 are
complementary subspaces.4 Let x, y, and z be three points on g, and let Ux WD
hUi�1; xi; Uy WD hUi�1; yi and Uz WD hUi�1; zi. Then, F is contained in the
chambers fUxg [ F; fUyg [ F and fUzg [ F .

3rd case: Let i D d � 1. Then, F consists of a chain of subspaces of the form

U1 � : : : � Ud�2:

By Theorem 4.19, there exists a line g in P such that g and Ud�2 are complementary
subspaces. From now on, the proof is analogous to Case 2. ut
4.21 Theorem. Let � be a projective geometry. Then, � is a set geometry.

Proof. The proof is obvious since the subspaces of � are defined as subsets of the
point set of the underlying projective space P. ut

4Theorem 4.19 is applied as follows: Set PWDUiC1; U WDUi and W WD ¿. Then, W 0 is the line g.
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5 Affine Spaces

Affine and projective spaces are related in the same way as affine and projective
planes (see Sect. 3). In the present section, we shall introduce affine spaces and we
shall show that an affine space A can be constructed from a projective space P by
deleting all points and lines of a hyperplane of P (Theorem 5.4).

Conversely, a projective space can be obtained from an affine space by adding
points and lines at infinity. This process will be explained in Theorem 5.5.

Due to this correlation between affine and projective spaces, the notions basis,
dimension, etc. can be transferred from projective to affine spaces.

Finally, we will introduce the notion of parallelism for the affine subspaces of
an affine space and we will show that for any t-dimensional affine subspace U and
any point x of an affine space, there is exactly one t-dimensional affine subspace
through x parallel to U (Theorem 5.8).

Definition. Let L be a linear space.

(a) A parallelism of L is an equivalence relation jj on the set of lines of L such that
for every line g and every point x of L, there is exactly one line h through x

with g jj h.5

(b) If g and h are two lines of L with g jj h, the lines g and h are called parallel.
(c) If g is a line, the set of the lines parallel to g is called a parallel class.
(d) A subspace U of L is called closed with respect to jj if for every line g of U

and every point x of U , the following holds: The (uniquely determined) line h

of L through x with g jj h is contained in U .
(e) A subspace U of L is called an affine subspace of L if U is closed with respect

to jj.
5.1 Theorem. Let L be a linear space with parallelism jj. Then, for any two parallel
lines g and h, we have either g D h, or g and h do not have a point in common.

Proof. Let g and h be two distinct parallel lines. Assume that g and h intersect in
a point x. By assumption, h is a line parallel to g through x. Since jj is reflexive, it
follows that g jj g. Hence, g and h are two distinct lines through x parallel to g, a
contradiction. ut
The converse of Theorem 5.1 is not true. In general, there exist disjoint lines which
are not parallel. Two disjoint lines, that are not parallel, are called skew.

5.2 Theorem. Let L be a linear space with parallelism jj. The intersection of an
arbitrary family of affine subspaces is also an affine subspace of L.

Proof. Let .Ui/i2I be a family of affine subspaces of L, and let x and g be a point
and a line contained in Ui for all i of I . Then, the line through x parallel to g is
contained in Ui for all i of I . Hence,

T

i2I

Ui is closed with respect to jj. ut

5Since jj is an equivalence relation, jj is in particular reflexive, that is, g jj g. If the point x is
incident with g, it follows that h D g.
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Definition. Let L be a linear space with parallelism jj, and let M be a set of points
of L. Furthermore, let

hM ijj WD \ U jU is an affine subspace of L with M � U:

Then, hM ijj is the smallest affine subspace of L containing M . hM ijj is called
the affine subspace generated by M .

Definition. Let A be a geometry of rank 2 over the type set fpoint, lineg.

(a) A is called an affine space if A fulfils the following conditions:

.AS1/ Every two points of A are incident with exactly one line.

.AS2/ A admits a parallelism jj.

.AS3/ Every affine subspace E of A generated by three non-collinear points is
an affine plane. In particular, two lines g and h of E are parallel if and only if
g \ h D ¿.
.AS4/ Every line of A is incident with at least two points. There are at least
two lines.

(b) Let A be an affine space. An affine subspace of A generated by three non-
collinear points of A is called an affine (sub-)plane of A.

5.3 Theorem. Let A be an affine space.

(a) If every line of A is incident with at least three points, every subspace of A is an
affine subspace, that is, it is closed with respect to jj.

(b) If every line of A is incident with exactly two points, every subset of A is a
subspace of A. There are subspaces of A which are not closed with respect to jj.6

Proof. (a) Let U be a subspace of A. Let g be a line of U , and let x be a point of U

not incident with g. Furthermore, let h be the line through x parallel to g. We
have to show that h is contained in U .

For, let y be an arbitrary point on g, and let z be a further point on the line xy

different from x and y. Furthermore, let y1 and y2 be two points on g different
from y.

x x1x2

z

y y2y1

h

g
E

Let E be the affine subspace
of A generated by g and x. By
Axiom .AS3/, E is an affine plane
containing the line h. Since g and
h are parallel, the lines zy1 and
zy2 intersect the line h in two
points x1 and x2.7 Since z, y1 and
y2 are contained in U , the points
x1 and x2 are also contained in U .
Thus, h D x1x2 is contained in U , that is, U is closed with respect to jj.

6We shall see in Corollary 8.3 that any two lines of an affine space have the same cardinality.
7Otherwise, g and zy1 would be two lines through y1 parallel to h, a contradiction.
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(b) Since every line is incident with exactly two points, every subset of A is a
subspace of A.

g

h

x y

z u

Let U WD fx; y; zg be a set of three
points. Then, U is a subspace of A. By
assumption, there exists a line h through z
parallel to the line g WD xy. By Theorem 5.1,
the lines g and h do not have a point in
common. Let u be the point on h different from z. Since u is not contained
in U , the line h is not contained in U . Hence, U is not closed with respect to jj,
that is, U is not an affine subspace of A. ut

5.4 Theorem. Let P be a projective space, and let H be a hyperplane of P. We
define the geometry A WD PnH over the type set fpoint, lineg as follows:

The points and lines of A are the points and lines of P not contained in H .
A point and a line of A are incident if and only if they are incident in P.
Then, A is an affine space.

Proof. Verification of .AS1/: Since any two points of P are incident with exactly
one line of P, any two points of A are incident with exactly one line of A.

Verification of .AS2/: We first define a parallelism on the lines of A: For any two
lines g and h, let g jj h if g \H D h\H .8 Obviously, jj is reflexive and symmetric.
If g jj h and h jj l , it follows that g \ H D h \ H D l \ H , hence, g jj l . Therefore,
jj is transitive and, consequently, an equivalence relation.

x 
h 

g 

H 

z 

Let x be a point and let g be a line of A. Let z be
the intersection point of g and H , and let h be the
line joining x and z. Then,

h \ H D z D g \ H;

that is, g jj h, and h is the only line with this property.

Verification of .AS3/: Let x, y and z be three non-collinear points of A, and let
EP and EA be the projective plane in P and the affine plane in A generated by x, y

and z. By Theorem 4.18, EP \ H is a line l , and it follows that EA D EP n l . By
Theorem 3.7, EA is an affine plane and for any two lines g and h of EA, we have
g jj h if and only if g \ h D ¿.

Verification of .AS4/: The assertion follows from the fact that every line of P has
at least three points and that there are at least two lines in P which are not contained
in H . ut
5.5 Theorem. Let A be an affine space. Then, there exists a projective space P and
a hyperplane H of P such that A D P n H .

8Note that, in view of Theorem 4.18, every line of P meets the hyperplane H in a point.
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Proof. In order to define the geometry P, we first construct the hyperplane H : Let
H be the set of all parallel classes of A. The point set of P is the (disjoint) union of
the point set of A and the set H .

We will define the lines of P as subsets of the point set of P. The incidence will
be defined by the set-theoretical inclusion.

π πg

g H
For a line g of A, let � D �g be the

parallel class with respect to jj contain-
ing g. Then, �g is an element of H . �g

is called the point at infinity of g. The
set g [ f�gg is called the projective
closure of g. It will be denoted by gP .

Let E be an affine plane of A, and let E1 be the set of the points at infinity of E ,
that is,

E1 WD f� j 9 line g of E with g 2 �g:
The set E1 is called the line at infinity of E .

The line set of P is defined as follows: The lines of P are the projective closures
of the lines of A and the lines at infinity defined by the affine planes of A.

The incidence between points and lines is defined as follows:

Projective closure of a
line g of A

Line at infinity E1 of
an affine plane E of A

Point x of A x and g are incident in
A

Never

Point at infinity � g is contained in � � is contained in E1,
that is, there is a line
g of E such that g is
contained in � .

We shall show that P is a projective space.
Verification of .PS1/: Let x and y be two points of P.
If x and y are points of A, the projective closure of the line of A joining x and y

is the (unique) line of P incident with x and y.
Let x be a point of A, and let y D � be a point at infinity. By Axiom .AS2/,

there exists a unique line g of � through x. The projective closure of g is the unique
line through x and y D � .

Let x D �x and y D �y be two points at infinity. First, we will show the
existence of a line through x and y:
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p

h

g
x

y

H

E

E∞

Let p be an arbitrary point of A. By Axiom
.AS2/, there exist two lines g of �x and h of
�y through p. The lines g and h generate an
affine plane E of A. The line at infinity

E1 D f� j 9 line l of E with l 2 �g

contains the points x D �x and y D �y .

In order to verify the uniqueness of the line through x and y, let E 01 be a
second line through x and y. Let E 0 be an affine plane of A such that E 01 is the
line at infinity of E 0. Let p0 be a point of E 0, and let g0 and h0 be the lines of �x

and �y , respectively, through p0. We have to show that E1 D E 01. In view of
symmetry, it suffices to verify that E1 is contained in E 01.

For, let z D �z be a point of E1. By definition of E1, there exists a line l of E

such that z is the point at infinity of l .

p
h
g

x

y

H

E

z

l a

b

W.l.o.g., we can assume p is not incident
with l , since, otherwise, we can replace l by a
line of E parallel to l .

Since E is an affine plane and since l is
neither parallel to g nor parallel to h,9 the line
l intersects the lines g and h in two points a

and b.

Next, we will construct a line l 0 D a0b0 in E 0 parallel to the line l D ab.

H
p'

p 

a'

a 

x g'

g 

For, consider the affine subplane
hp; p0; ai of A. Since g0 and g D pa

admit the point x as their point at infinity,
we have g0jjg D pa. Since the affine plane
hp; p0; ai is closed with respect to jj, the
line g0 is contained in the plane hp; p0; ai.

Hence, the line through a parallel to pp0 intersects the line g0 in a point a0.
Analogously, the line h0 is contained in the affine plane hp; p0; bi generated

by p; p0 and b, and the line of hp; p0; bi through b parallel to pp0 meets h0 in a
point b0.

Let l 0 WD a0b0 be the line joining a0 and b0. Since a0; b0 are contained in E 0, the
line l 0 is also contained in E 0. We will show that l and l 0 are parallel.

For, we first will show that l and l 0 are contained in a common affine plane: Since
aa0 and bb0 both are parallel to pp0, it follows that aa0 and bb0 are parallel, hence,
there exists an affine subplane F such that aa0 and bb0 are contained in F . Since
l D ab and l 0 D a0b0, the lines l and l 0 are also contained in the plane F .

9Otherwise, we would have z D x or z D y.



28 1 Projective and Affine Geometries

Assume that l and l 0 are not parallel. Then, l and l 0 have a point s in common. It
follows that s is contained in l \ l 0 � E \ E 0.

Let mx and my be the lines through s with x and y as points at infinity. Then, mx

is parallel to g and to g0. Since E and E 0 both are closed with respect to jj, it follows
that mx is contained in E \ E 0. In the same way, it follows that my is contained in
E \ E 0.

In summary, we have E D hmx; myi D E 0, a contradiction.
Hence, the lines l and l 0 are parallel, that is, l 0 admits z as point at infinity. This

means that z is contained in E 01, and it follows that E1 is contained in E 01. In
view of the symmetry of E1 and E 01, it follows that E1 D E 01. Hence, E1 is
the unique line joining x and y.

Verification of .PS2/: We start the verification of the axiom of Veblen–Young
with the proof of the following assertion (note that we have already seen that P is a
linear space):

(A) Let EP WD hx; y; zi be a plane of P such that x is contained in A. Then, EP

is a projective plane.
Since every line of P either is the projective closure of a line of A or is contained

in H , the lines xy and xz are projective closures of lines of A. Hence, there is a point
a of A on xy different from x and a point b of A on xz different from x. The points
x, a and b generate an affine subplane E of A. By construction of P, EP is the
projective closure of E . By Theorem 3.8, EP is a projective plane.

p a b 

y x 
EP

In order to verify the axiom of Veblen–
Young, we consider five points p, x, y, a

and b such that the points p, x, y and p,
a, b are collinear.

Let EP be the plane of P generated by
p, x and a. Note that y, b are contained
in EP .

1st case: Outside of EP WD hp; x; ai, there exists no point of A.
Then, A is an affine plane, and P D EP is the projective closure of A. By

Theorem 3.8, EP is a projective plane. In particular, the lines xa and yb intersect
in a point.

z 

p'

p 

x'
y'

a' b'

x 

y 

a b 

2nd case: There is a point z of A
outside of EP .

Let p0; x0 and a0 be three points
of A on the lines zp, zx and za
different from z.

Let FP WD hz; p; xi be the
plane of P generated by z, p and x.
By .A/, FP is a projective plane.

Since the points z, p, x, p0; x0
and y are contained in FP , the
lines p0x0 and zy intersect in a point y0.

In the same way, it follows that the lines p0a0 and zb meet in a point b0.
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p' a'

b'

y' 
x' 

s'

Next, we consider the plane E 0
P of

P generated by p0; x0 and a0. Again, it
follows from assertion (A) that E 0

P is
a projective plane. Hence, the lines x0a0
and y0b0 meet in a point s0.

Furthermore, the points z, x, a, x0; a0 and s0 are contained in the plane GP WD
hz; x; ai generated by z, x and a. By assertion (A), GP is a projective plane. Hence,
the lines zs0 and xa intersect in a point s1. Analogously, the lines zs0 and yb intersect
in a point s2.

We have s1 D s2, since, otherwise, z is contained in s1s2 � EP D hp; x; ai,
a contradiction. Hence, the lines xa and yb intersect in the point s1 D s2, and the
axiom of Veblen–Young is verified.

Verification of Axiom .PS3/: By assumption, there exist at least two lines. Since
on every line of A there are at least two points, there are at least three points on
every line of P not contained in H . Since the lines of H are the lines at infinity
of the affine subplanes of A, it follows from Theorem 3.8 that the lines of H are
incident with at least three points, too. ut
5.6 Theorem. Let A be an affine space, and let P D P.A/ be the projective closure
of A. Furthermore, let U be an affine subspace of A and let UP be the projective
closure of U .

(a) UP consists of the points of U and the points at infinity of the lines in U .
(b) We have U D UP n.H \ UP / where H is the hyperplane at infinity of A.

Proof. (a) and (b) follow from of the proof of Theorem 5.5. ut
Theorems 5.5 and 5.6 allow to transfer the notions basis and dimension to affine
spaces.

Definition. Let A be an affine space, and let P be a projective space with a
hyperplane H such that A D PnH .

(a) P is called the projective closure of A. It is denoted by P (A). The hyperplane
H is called the hyperplane at infinity of A.

(b) If U is an affine subspace of A, there exists a subspace UP of P such that

U D UP n.UP \ H/:

The subspace UP is called the projective closure of U .

Definition. Let A be an affine space, and let U be an affine subspace of A.
Furthermore, let B be a set of points of U .

(a) B is called a point set generating U if hBi D U .
(b) B is called independent if for any point x of B , it holds that hBnfxgi ¤ hBi.
(c) B is called a basis of U if B is independent and if B generates U .
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(d) If B is a basis of U with d C 1 elements, d is called the dimension of U and is
denoted by dim U .

(e) A d-dimensional affine space is an affine space of finite dimension d .

5.7 Theorem. Let A be an affine space, and let P D P.A/ be the projective closure
of A. Furthermore, let U be an affine subspace of A and let UP be the projective
closure of U . Finally, let B be a set of points of U .

(a) B generates U if and only if B generates UP .
(b) B is independent in A if and only if B is independent in P.
(c) B is a basis of U if and only if B is a basis of UP . There exists a basis of UP

which is completely contained in U .
(d) We have dim U D dim UP .

Proof. (a) follows from the fact that in P the relation hU i D hUP i is valid.
(b) follows from (a).
(c) follows from (a) and (b). Note that since hU i D hUP i, by Theorem 4.7, there

exists a basis of UP contained in U .
(d) follows from (c). ut
Definition. Let A be an affine space, let P D P.A/ be the projective closure of A,
and let H be the hyperplane at infinity.

(a) Two t-dimensional affine subspaces U and W of A are called parallel if U \
H D W \ H .

(b) Two arbitrary affine subspaces U and W of A are called parallel if U is parallel
to an affine subspace of W or if W is parallel to an affine subspace of U .

For an affine subspace X of A, we occasionally use the notation XA to emphasize
that X is an affine subspace. For the projective closure of X , we occasionally use
the notation XP .

5.8 Theorem. Let A be an affine space. If U is a t-dimensional affine subspace of
A and if x is a point of A, there exists a unique t-dimensional affine subspace W of
A parallel to U such that x and W are incident.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
that A D PnH . For an affine subspace X of A, we shall use the notation XA and
XP , respectively, to indicate whether X is considered as an (affine) subspace of A
or as a subspace of P.

H 

Z = UP∩H = WP∩H

x

UP WPLet Z WD UP \ H (in P). Since UA is an
affine subspace of A, the subspace UP is not
contained in H . Hence, dim Z D t � 1.

Let WP WD hx; ZiP . Since x is not con-
tained in H , it follows that WP \ H D Z D
UP \ H . Hence, WA is a t-dimensional affine
subspace of A through x parallel to UA.10

10Note that it may occur that U D W .
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On the other hand, for any t-dimensional affine subspace W 0
A of A parallel to

UA, we have W 0
P \ H D Z, hence, W 0

P D hx; ZiP D WP . In summary, there is
one and only one t-dimensional affine subspace through x parallel to U . ut
5.9 Theorem. Let A D PnH be an affine space. If g and L are a line and a
hyperplane of A, then g and L are parallel, or they intersect in a point.

Proof. Let g and L be non-parallel. Then, g is not contained in L. We have to show
that g and L meet in a point of A.

x

y 

H

L

g 

Since g (as a line of A) is not contained in H ,
by Theorem 4.18, there exist the intersection
points x WD H \ g and y WD L \ g (in P).

It remains to show that y is a point of A.
Assume on the contrary that y is not contained
in A. Then, y is contained in H .

If x ¤ y, the points x and y both are contained in H , hence, g is contained in H , a
contradiction. If x D y, then g \ H is contained in L \ H , hence, g is parallel to
L contradicting the assumption that g and L are not parallel. ut
At the end of this section, we shall see that the subspaces of a d-dimensional affine
space define a firm geometry of rank d over the type set f0; 1; : : : ; d � 1g.

Definition. Let A be a d-dimensional affine space. Let X be the set of the subspaces
of A with X ¤ ¿ and X ¤ A. Furthermore, let I WD f0; 1; : : : ; d � 1g. The type
function type W X ! I is defined by type.U/ WD dim U. Two subspaces U and W

of X are incident (that is, U � W ) if and only if U � W or W � U .
Then, � WD .X; �; type/ is called an affine geometry over I .

As for projective geometries, we will often use the notions “affine space” and “affine
geometry” synonymously.

5.10 Theorem. Let A be a d-dimensional affine space. Then, A defines a firm
geometry of rank d over I WD f0; 1; : : : ; d � 1g.

Proof. The proof of Theorem 5.10 is similar to the proof of Theorem 4.20 for
projective geometries. The fact that A defines a firm and not necessarily a thick
geometry is due to the fact that for an affine space, we only assume that the lines are
incident with at least two points. ut

6 A Characterization of Affine Spaces

In Theorem 4.17 we have seen that a linear space P is a projective space if and only
if every plane of P is a projective plane. The analogous result for affine spaces is
true if one assumes that every line is incident with at least four points. However, the
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proof of this result due to F . Buekenhout [12] is much more complex. It is the main
subject of the present section. Readers who do not want to invest too much time at
this point are recommended to skip its proof at a first reading.

6.1 Theorem (Buekenhout). Let A be a linear space, fulfilling the following
conditions:

(i) Each line of A is incident with at least four points.
(ii) Each plane of A is an affine plane.

(iii) A contains at least two lines.

Then, A is an affine space.

Proof. We shall define a relation jj on the lines of A of which we shall show that it
is a parallelism.

For two lines g and h of A, we define g jj h if g and h are contained in a common
plane of A and if they are parallel in this (affine) plane. Two lines fulfilling the
relation jj are called parallel.

Verification of .AS1/: Axiom .AS1/ is fulfilled, since A is a linear space.
Verification of .AS3/: Axiom .AS3/ would immediately follow from Property

(ii) and Axiom .AS2/. However, we need Axiom .AS3/ to verify Axiom .AS2/.
We need to show that if E is a plane of A and if g is a line of E , then every line

of A parallel to g and intersecting E in at least one point is contained in E . We first
will prove the following assertion (A):

(A) Let g be a line of A, and let x be a point of A outside of g. Then, there
exists exactly one line h through x parallel to g:

Existence: Let E WD hx; gi be the plane generated by x and g. Since E is an
affine plane, there exists in E a line through x parallel to g.

Uniqueness: Let h1 and h2 be two lines through x parallel to g. By definition of
the relation jj, the lines g and h1 are contained in a plane E1, and the lines g and h2

are contained in a plane E2. By Theorem 5.3 (a), it follows that

E1 D hg; h1i D hg; xi D hg; h2i D E2:

Hence, h1 and h2 are two lines through x parallel to g in the affine plane E1. It
follows that h1 D h2. The assertion (A) is proved.

In order to verify Axiom .AS3/, we consider a plane E of A, a line g and a point
x of E . Since E is an affine plane, there exists in E a line h through x parallel to
g. By assertion (A), the line h is the only line through x parallel to g. Hence, every
line through x parallel to g is contained in E , that is, E is closed with respect to jj.

Verification of .AS4/: The validity of Axiom .AS4/ follows from Assumptions
(i) and (iii).

Verification of .AS2/: Obviously, the relation jj is reflexive and symmetric. The
verification of the transitivity is rather elaborate. The main part of the proof is to
verify the following assertion (B):
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x
g

a

E

<x, g>

<x, g> ∩ E

(B) Let E be a plane of A, and let g be a
line of A, intersecting the plane E in a point a.
Furthermore, let U be the set of all points x of
A such that x is either incident with g, or the
planes hx; gi and E have a line in common.

Then, U is a subspace of A.11

We will prove Assertion (B) in several steps.

Step 1. Definition of a projection: Let u be a point of U not on g. By assumption,
the planes hg; ui and E intersect in a line h.

ug

g

a

E

u

p(u)

h

p
Let ug be the intersection point of g and the

line through u parallel to h.12

For any point p on g different from ug, let
p.u/ be the intersection point of the lines pu
and h. Since h is contained in E , the point
p.u/ is contained in E .

If p is different from a, it follows that
p.u/ ¤ a since the point u is not on g.

The mapping u ! p.u/ is the projection of the point u from p into the plane E .
This mapping only exists for p ¤ ug.13

In the proof of Assertion (B), we will repeatedly project points and lines into the
plane E and use the fact that E is an affine plane.

In order to verify Assertion (B), we will consider two points x and y of U , and
we will show that each point on the line m WD xy is contained in U . W.l.o.g., we
may assume that m ¤ g.

Step 2. If m and g are contained in a common plane, m is contained in U :
For, let F WD hg; mi be the plane generated by m and g, and let z be an arbitrary

point on m. If z is incident with g, z is contained in U . Let z be a point not on g.
W.l.o.g., the point x is also not incident with g.

Since x is a point of U , the plane hg; zi D F D hg; mi D hg; xi intersects
the plane E in a line. Hence, z is contained in U . It follows that m is also contained
in U .

In the following, we will assume that the lines m and g are not contained in a
common plane. In particular, Ep WD hp; mi is a plane for all points p on g.

Step 3. Let p be a point on g outside of fa; xg; ygg. The point p exists since,
by assumption, all lines of A have at least four points. Then, the planes E and
Ep D hp; mi intersect in a line hp:

11In fact, it will turn out that U is the 3-dimensional affine subspace of A generated by E and g.
12Since the plane hg; ui is closed with respect to jj, the line l through u parallel to h is contained
in hg; ui. Since g and h meet in a point, l and g also meet in a point ug .
13We will study projections in some more detail in Sect. 3 of Chap. 2.
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p
g

a
E

y

p(x) = p(y)

x

mFor, we first will show that p.x/ ¤
p.y/. Assume that p.x/ D p.y/. Then, the
points x and y both lie on the line pp.x/.
Hence, the lines g and m D xy intersect in
the point p, contradicting the assumption of
Step 2 that m and g are not contained in a
common plane.

Since both p.x/ and p.y/ are contained
Ep \ E , it follows that hp D Ep \ E is the
line p.x/p.y/.

Step 4. Let p be a point on g outside of fa; xg; ygg. If the lines m and hp are
parallel, the line m is contained in U .
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g 

a E 

p(z)

z 
m 

hp

Ep
Let z be an arbitrary point on m

different from x and y. Since, by
assumption, the lines m and hp are
parallel lines in the plane Ep D
hp; mi, the lines pz and hp meet in a
point p.z/. Hence, the planes hg; zi
and E intersect in the line ap.z/. It
follows that z is contained in U , and, consequently, m is contained in U .

In view of Step 4, we may assume in the following that the lines m and hp meet
in a point b.14

Since hp is contained in E , the point b is contained in E . It follows that
b D m \ E .

Step 5. We have a ¤ b:
Assume on the contrary that a D b. Then, the lines g and m intersect in the point

a D b, in contradiction to the assumption of Step 2 saying that m and g are not
contained in a common plane.

Step 6. Let p be a point on g outside of fa; xg; ygg. Let cp be the unique point
on m D xy such that the line pcp is parallel to the line hp . Then, every point of m

different from cp is contained in U .

cp

b

p

g

a E

p(z)

z
m

hp

Ep

In the plane Ep D hp; mi gener-
ated by p and m, there exists exactly
one line through p parallel to hp .
This line intersects m in the point cp .
For each point z of m different from
cp , the lines pz and hp intersect in a
point p.z/ contained in E . Since the
point p is different from a, we have
p.z/ ¤ a (see Step 1). Hence, the
planes hg; zi and E intersect in the line ap.z/. It follows that z is contained in U .

14Note that in view of Step 3, both m and hp are contained in the (affine) subplane Ep .
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In Steps 7 and 8, we will investigate the case that xg D yg .
Step 7. If xg D yg , the planes hx; y; xgi and E meet in the point b.

b 

<x, y, xg>

r 

x 

y 

xg

m

h 

Assume that the planes hx; y; xgi and E

intersect in a line h. In the plane hx; y; xgi,
at most one of the two lines xxg and yxg

is parallel to h. W.l.o.g., we assume that the
lines xxg and h meet in a point r on h. Note
that the line h is contained in E .

On the other hand, the line xxg is parallel
to the line hg; xi \ E D ra.15 Since r is on
two parallel lines ra and xxg , it follows that ra D xxg . Thus, the point x on ra is
contained in E , in contradiction to the choice of x.

Step 8. If xg D yg , m is contained in U .
By Step 7, the planes hx; y; xgi and E intersect in the point b. Since every line

of A is incident with at least four points, there exist two points x0 and x00 on the line
xxg different from x and xg .

g

x'' x' x

y

b a

z s

E

xg

The line x0y is contained in U :
Otherwise, it follows from Step 4
that the line x0y and the plane E

intersect in a point b0. It follows that

b0 D x0y\E � hx; y; xgi\E D b;

thus, b D b0. Hence, the point x0
lies on the line b0y D by D xy, a
contradiction.

In the same way, it follows that the line x00y is contained in U .
Let z be a point on m different from x, y and b. Then, at most one of the lines

x0y or x00y is parallel to the line xgz.
W.l.o.g., we assume that xgz and x0y meet in a point s. Since the line x0y is

contained in U , the point s is contained in U as well, that is, the planes hg; si and
E intersect in a line. Since hg; si D hg; zi, the point z is contained in U . It follows
that m is contained in U .

Step 9. It follows from Step 8 that we can assume for all points r , s of m \ U

that rg ¤ sg .
Step 10. For every point p on g different from a, the planes Ep WD hp; mi and

E intersect in a line hp:

15Note that the line xxg is contained in the plane hg; ui (see Step 1), hence the point r is contained
in hg; ui. Therefore, the points a and r are contained in both planes hg; ui and E .
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By Step 6, there exists at most one point
cp on m which is not contained in U . Since
m is incident with at least four points, there
are at least two points u, v of m\U different
from b and cp . By Step 9, we may assume
that ug ¤ vg. W.l.o.g., let ug ¤ p. By Step
1, the line pu and the plane E intersect in a
point p.u/.

Since the lines pu and m are distinct, it
follows that p.u/ ¤ b. Hence, hp D Ep \ E is the line p.u/b.
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hp
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Step 11 (Definition of two aux-
iliary lines l1 and l2). Let p be a
point on g different from a. Consider
the line of Ep D hp; mi through p

parallel to m. This line intersects the
line hp D Ep \ E in a point p0.

Let l1 be the line ap0, and let l2 be
the line through a parallel to hp .16

Step 12. Let F be a plane through g meeting the plane E in a line l . If F and m

are disjoint, then l D l1 or l D l2:
In particular, there exist at most two planes through g intersecting the plane E in

a line and being disjoint to m, namely the planes hg; l1i and hg; l2i.

p

p'
s

r b

m

Ep

hp

Since g \ E D a, the point a is incident
with the line l D F \ E . Let l ¤ l1 and
l ¤ l2. Then, l meets the line hp in a point
r different from p0.

Consider the plane Ep D hm; pi. Since
the line pp0 is the line through p parallel to
m (Step 11), the lines pr and m meet in a point s. It follows that

F \ m � pr \ m D s:

Hence, F and m are not disjoint.
Step 13. For a point p ¤ a of g, let

F.p/ WD hg; l2i be the plane generated by g and l2 D l2.p/. Then, either m is
contained in U or F.p/ \ m D ¿:

16Note that the lines l1 and l2 depend on the choice of the point p. More precisely, the lines should
be denoted by l1.p/ and l2.p/.
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Let s be a point of F.p/\m. We first
will show that s D cp (see Step 6).

Assume that s ¤ cp . By definition,
cp is the unique point on m such that the
line pcp is parallel to the line hp .

Since s ¤ cp , the lines ps and hp

intersect in a point p.s/. We have

p.s/ 2 F.p/ \ E D l2:

Since l2 and hp are parallel and since p.s/ is contained in l2 \ hp, it follows that
l2 D hp .

Thus, the point a is contained in l2 D hp D E \ hm; pi, hence, the line g D pa

is contained in the plane Ep D hm; pi. It follows that g and m are co-planar, a
contradiction (see Step 2).

It follows that cp D s is contained in F.p/. It follows from F D hg; l2i that cp

is contained in U . By Step 6, the whole line m is contained in U .
Step 14. Assume that the line m is not contained in U .
This assumption will lead to a contradiction, finalizing the proof of Assertion (B).
By Step 12, there exist at most two planes through g disjoint to m and intersecting

E in a line.
Let p, p0 and p00 be three points on g different from a. By Step 13, we can

assume that the planes F(p), F.p0/ and F.p00/ are disjoint to m. (Otherwise, m

is contained in U , and the assertion (B) is proven.) Since any of the planes F(p),
F.p0/ and F.p00/ intersects the plane E in a line, at least two of the three planes
F(p), F.p0/ and F.p00/ must be identical. W.l.o.g., let F.p/ D F.p0/. It follows
that l2.p/ D l2.p

0/.17 As before, let hp WD hp; mi \ E and hp0 WD hp0; mi \ E .
Since hp is parallel to l2(p), since hp0 is parallel to l2.p

0/ and since l2.p/ D
l2.p

0/, it follows that hp is parallel to hp0 (jj is an equivalence relation in E).
Since b is contained in hp \ hp0 , it follows that hp D hp0 . Hence, the points p

and p0 are contained in the plane hm; hpi.18 It follows from g D pp0 that m and g

are co-planar, a contradiction.
The assertion (B) is proven.
In order to verify the transitivity of jj, let g1; g2 and g3 be three lines of A such

that g1 is parallel to g2 and such that g2 is parallel to g3. We have to show that g1 is
parallel to g3.

If the lines g1; g2 and g3 are contained in a common plane, it follows that g1 and
g3 are parallel since every plane of A is an affine plane. In the following, we will
assume that the lines g1; g2 and g3 are not contained in a common plane.

17By, assumption, the planes F(p) and F.p0/ are disjoint to m. By definition, we have F.p/ D
hg; l2.p/i and F.p0/ D hg; l2.p

0/i. Since l2(p) and l2.p0/ are lines contained in E , we have
l2.p/ D E \ F.p/ D E \ F.p0/ D l2.p0/.
18Note that in view of Step 10, the line hp is contained in the plane Ep D hp; mi. Hence, the point
p is contained in the plane Ep D hp; mi D hm; hpi.
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U

g3
g2g1

E 

m

h 

x y 

Let E be the plane generated by the
lines g1 and g2, and let x and y be two
points on the lines g2 and g3, respectively.
Furthermore, let m WD xy be the line
through x and y, and let U be the subspace
generated by E and m. Finally, let h be the
line through y parallel to g1 (this line exists
in view of assertion (A)). We shall prove the
parallelism of g1 and g3 in several steps:

Step 1. The line h is contained in U :

Since U is a subspace of A, the plane hg1; yi is contained in U . Since the planes
of A are closed with respect to jj, it follows that h is contained in hg1; yi, hence h

is contained in U .
Step 2. We have h \ E D ¿:
Otherwise, the line h would be a line through h \ E parallel to g1. Since the

plane E is closed with respect to jj, it follows that h is contained in E . In particular,
the point y is contained in E . Hence, g3 is a line through the point y contained in
E which is parallel to g2. Again, since E is closed with respect to jj, it follows that
g3 is contained in E , in contradiction to the assumption that the lines g1; g2 and g3

are not contained in a common plane.
Step 3. Let l be the line of A through x parallel to h. Furthermore, let F WD

hm; hi be the plane generated by m and h. Then, E \ F D l :
Since U is a subspace of A, F is contained in U . In view of Assertion (B), the

planes F and E intersect in a line l 0.19 Since h \ E D ¿ (Step 2), it follows that

h \ l 0 � h \ E D ¿:

Hence, l 0 is a line through x in F parallel to h, that is, l 0 D l .
Step 4. We have l D g2:

g1

g2

g3h

m
x 

z 

y
l

E F

Assume that l ¤ g2. Then, l and g2 meet
in the point x. Since g1 and g2 are parallel
and since there is exactly one line through
x parallel to g1, the lines g1 and l are not
parallel. On the other hand, the lines g1 and
l both are contained in the plane E , hence,
they meet in a point z.

Since E \ h D ¿ (Step 2), it follows that z is not incident with h.

19Let s be an arbitrary point on h different from y D h \ m. By Assertion (B), the subspace U

consists of all points t of A such that t is either incident with m, or the planes ht; mi and E have a
line in common. Since the line h is contained in U , the point s is contained in U as well. Since the
point s is not incident with m, it follows that the planes hs; mi D hh; mi D F and E have a line
in common. This line is denoted by l 0.
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Since g1 and h are parallel, they generate a common plane. It follows that
hg1; hi D hz; hi D hh; li (since the lines h and l are parallel, they generate a plane).

In particular, it follows that h is contained in hg1; li D E , in contradiction to the
fact that E \ h D ¿.

Step 5. We have g1 jj g3:
By Step 4, we have l D g2. By construction (Step 3), the line h is parallel to

l , and the line g3 is parallel to g2. Since l D g2, it follows that h and g3 are lines
through y parallel to l . Hence, h D g3. Since h is parallel to g1, it follows that g1

and g3 are parallel, and the proof is completed. ut

7 Residues and Diagrams

“J. Tits has achieved a far-reaching generalization of projective geometry, including
a geometric interpretation of all simple groups of Lie type .: : :/. One of the most
fascinating features of this theory is that each of its geometries is essentially
determined by a diagram (the Coxeter diagram). These nice and simple pictures
with an enormous potential of information might very well appear as pieces of that
universal language that some people want to elaborate in order to communicate with
hypothetical extraterrestrial beings.” [14]

These diagrams are the subject of the present section. They are ideograms of
geometries containing essential information about the structure of the geometry.
Strongly connected to diagrams are the so-called residues which are also introduced
in this section.

The main results are as follows: The diagrams of the projective and affine spaces
are determined (Theorem 7.6 and Theorem 7.7). Conversely, it will be seen that
residually connected geometries with these diagrams are projective and affine spaces
(Theorem 7.15 and Theorem 7.16).

Definition. Let � D .X; �; type/ be a geometry over a type set I , and let F be a
flag of � of type InJ ¤ I .20

(a) The residue of F in � is the pregeometry

�F D .XF ; �jF ; typejF /

over the type set J D Intype.F/ where XF WD fx 2 XnF j x � F g is the set
of all elements x of XnF such that x is incident with every element of F .

(b) If �F is a geometry of rank n, �F is called a rank-n-residue over J of � .
(c) If the flag F D fxg consists of one element, the residue �F D �fxg is also

denoted by �x .

20For a residue �F , we will from now on always assume that type.F/ ¤ I . Otherwise, XF is the
empty set. Conversely, F may be the empty set. In this case, we have �F D � .
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7.1 Example. Let � be the geometry of the cube with notations as in the figure
below.

1 2

34

5 6

78

The residue �1 consists of the edges 12, 14 and 15 and of the faces 1234, 1458
and 1256. Hence, the residue �1 is the following triangle:

12 14 

15 

1234

14581256

7.2 Theorem. Let � D .X; �; type/ be a geometry over the type set I , and let F

be a flag of � of type InJ .

(a) A subset A of X is a flag of �F if and only if A \ F D ¿ and if A [ F is a flag
of � .

(b) �F is a geometry.
(c) Let A be a flag of �F . Then, .�F /A D �F [A.

Proof. The proof is obvious. ut
7.3 Theorem. Let P D .X; �; type/ be a d-dimensional projective geometry, and
let d � 3.

(a) If H is a hyperplane of P, �H is a .d � 1/-dimensional projective space.
(b) If x is a point of P, �x is a .d � 1/-dimensional projective space. The points,

lines, planes, etc. of �x are the lines, planes, 3-dimensional subspaces, etc. of
� through x.

Proof. (a) By Theorem 4.1, �H is a projective space. By Theorem 4.18, we have
dim H D d � 1.

(b) We shall apply Theorem 4.17.
Step 1. �x is a linear space: Let g and h be two points of �x , that is, two lines of

P through x. The unique plane of P generated by g and h is the unique line joining
g and h in �x .
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x

a b c

E

l
Step 2. Every line of �x is incident

with at least three points: Let E be a line
of �x . Then, E is a plane of P through
x. Let l be a line of E , not containing
x, and let a, b, c be three points on l .
Then, the lines xa, xb and xc are three
distinct lines of E through x, that is,
three distinct points of �x on the line E .

Step 3. Every plane of �x is a projective plane: Let E and F be two lines of �x

which are contained in a common plane U . Then, E and F are planes of P through
x which are contained in the 3-dimensional subspace U of P. By the dimension
formula (Theorem 4.15), it follows that

dim .E \ F / D dim E C dim F � dim hE; F i D 1:

Hence, the planes E and F intersect in a line g (through x). This means that in �x ,
the lines E and F meet in the point g.

In order to show that �x contains at least two lines, consider a line g of P through
x. By Theorem 4.20, P is a thick geometry, hence, there are at least three planes
through g (dim P � 3). In �x , these three planes are lines, it follows that there exist
at least three lines in �x . ut
7.4 Theorem. Let A D � D .X; �; type/ be a d-dimensional affine geometry, and
let d � 3.

(a) If H is a hyperplane of A, �H is a .d � 1/-dimensional affine space.
(b) If x is a point of A, �x is a .d � 1/-dimensional projective space. The points,

lines, planes, etc. of �x are the lines, planes, 3-dimensional subspaces, etc. of
A through x.

Proof. Let P D P.A/ be the projective closure of A with hyperplane H1 at
infinity.

(a) For a subspace U of A, we denote by UP the corresponding subspace in P. Then,
HP is a .d � 1/-dimensional subspace of P, it follows that HP is a projective
space that we denote by H.

Let H 01 WD HP \ H1. Then, H 01 is a hyperplane of H. Since �H

consists of the subspaces of A that are contained in H , we have �H D HnH 01.
Hence, �H is a .d � 1/-dimensional affine space.

(b) Since x is a point of A, x is not contained in H1. Since every subspace of �x

contains the point x, the subspaces of �x are the subspaces of P through x. By
Theorem 7.3, �x is a .d � 1/-dimensional projective space. ut

As mentioned in the introduction of this section many geometries can be described
by a small ideogram, the so-called diagram of the geometry. These ideograms are
not only graphic representations of the geometries, but also they often contain a lot
of information about the structure of the geometries. Before introducing diagrams,
we shall introduce the notion of a generalized digon.
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Definition. Let � be a geometry of rank 2 over the type set f0, 1g. � is called
a generalized digon if every element of type 0 is incident with every element of
type 1.

Definition. Let � be a geometry of rank 2 over the type set f0, 1g.

(a) � has the diagram
x 

0 1

(b) If � is a generalized digon, � has the diagram
0 1

(c) If � is a linear space, � has the diagram
L 

0 1

(d) If � is an affine plane, � has the diagram
Af

0 1

(e) If � is a generalized projective plane, � has the diagram
0 1

If the type set of � is endowed with an ordering, the diagram is often used

without an explicit labelling. The diagram
x 

0 1
is then abbreviated by

x 

The definition that every rank-2-geometry has the diagram
x 

guarantees that every rank-2-geometry has at least one diagram. Often, a geometry
has more than one diagram. For example, a projective plane has the following
diagrams:

x L 

So far, we have assigned diagrams only to a small class of geometries. During the
rest of this book we shall introduce further diagrams.

Definition. (a) Let I be a non-empty set. A diagram is a weighted graph D with
I as set of vertices. Every edge of D is of the form

X

i j

where i and j are different elements of I and where X is an arbitrary sequence
of numbers or letters that can be empty.
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(b) Let � be a geometry over the type set I , and let D be a diagram over I . The
geometry � belongs to the diagram D if for any two elements i and j of I and
for every flag F of type Infi; j g, the following holds: If i and j are joined by
the edge

γ

i j

in D (this includes the case that i and j are not joined by an edge), the geometry
�F has the diagram

γ

i j

If the set I is endowed with an ordering, the diagram often is used without an
explicit labelling.

7.5 Theorem. Let � D .X; �; type/ be a geometry over a type set I with the
diagram D. Furthermore, let �F be a residue of � over the type set J � I .

Then, �F has a diagram DJ . The diagram DJ arises from D by deleting all
vertices of InJ and all edges through these vertices.

Proof. The proof is obvious. ut
Theorem 7.5 is useful to determine the diagram of a geometry of higher rank. We

shall illustrate this technique with the example of projective spaces.

7.6 Theorem. Let P be a d-dimensional projective space. Then, P has the following
diagram:

0 1 d-2 d-1

Proof. We shall prove the assertion by induction on d . If d D 2, P is a projective
plane and belongs to the diagram

Let d � 3. If x is a point of P, by Theorem 7.3, the residue Px is a projective
space of dimension d � 1. By induction, Px has the diagram

1 2 d-2 d-1

with d � 1 vertices.
If H is a hyperplane of P, the residue PH , again by Theorem 7.3, is a projective

space of dimension d � 1 and has the diagram

0 1 d-3 d-2
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Finally, let F D fU1; : : : ; Ud�2g be a flag of type f1; : : : ; d �2g D Inf0; d �1g.
Then, (with a suitable numbering) the elements U1; : : : ; Ud�2 are subspaces of P
with dim Ui D i and U1 � U2 � : : : � Ud�2. The residue PF consists of the
points contained in U1 and the hyperplanes of P through Ud�2. It follows that PF is
a generalized digon. From the diagrams

Px

PH

PF

0 1 2 3 d-2

0 d-1
,

1 2 3 d-2 d-1

it follows together with Theorem 7.5 that P has the diagram

0 1 2 3 d-2 d-1
.

ut
7.7 Theorem. Let P be a d-dimensional affine space. Then, P has the following
diagram:

0 1 2 3 d-2 d-1

Af

Proof. The proof is similar to the proof of Theorem 7.6. ut
At the end of this section, we shall deal with the question whether the converse of
Theorems 7.6 and 7.7 is true, that is, whether every geometry � with the diagram of
a projective space (respectively an affine space) is a projective space (respectively
an affine space).

In order to answer this question, we need the notion of a residually connected
geometry.

Definition. Let G be a graph.

(a) Let x0; : : : ; xr be a sequence of vertices such that for i D 1; : : : ; r , the vertices
xi�1 and xi are joined by an edge and such that xi�2 ¤ xi for i D 2; : : : ; r . If
x0 ¤ xr , the sequence x0; : : : ; xr is called a path of length r from x0 to xr .

(b) The graph G is called connected if for any two vertices x and y of G, there
exists a path from x to y.

Definition. Let � be a pregeometry over a type set I . The incidence graph I.�/

of � is defined as follows: The vertices of I.�/ are the elements of � . Two distinct
vertices x and y of I.�/ are joined by an edge if and only if x and y are incident.
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7.8 Example. Let � be a 3-gon, and let I.�/ be the incidence graph of � . Then, �

and I.�/ are of the following form:

x 

y z 

a 

b 

c 

Γ
x a

y

bz

c

I(Γ)

Definition. Let � be a pregeometry of rank d over a type set I .

(a) � is called connected if the incidence graph I.�/ of � is connected.
(b) � is called residually connected if all rank-m-residues .2 � m � d/ of � are

connected.

If � is a pregeometry and if F is the empty flag of � , we have �F D � . It follows
that residually connected pregeometries are connected. For pregeometries of rank 2,
the notions connected and residually connected are identical.

7.9 Theorem. (a) Let P be a d-dimensional projective space. Then, P is a residu-
ally connected geometry.

(b) Let A be a d-dimensional affine space. Then, A is a residually connected
geometry.

Proof. (a) We will prove the assertion by induction on d .
Let d D 2. We have to show that P is connected.
Let X and Y be two elements of P. If X and Y are two points, there exists a
line g through X and Y . In the incidence graph I.P/, the sequence X � g � Y

is a path from X to Y . If X and Y are two lines and if p is the intersection point
of X and Y , X � p � Y is a path from X to Y .

X

g

p Y

Finally, let X be a point, and let Y be a line.
If X is on Y , X and Y are joined by an edge
in I (P). If X is not on Y , let p be an arbitrary
point on Y , and let g be the line joining X and
p. Then, X �g �p �Y is a path from X to Y .

Let d > 2. Let F be a flag of P of corank at least 2, and let X and Y

be two elements of the residue PF . With a suitable numbering we have F D
fU1; : : : ; Ur ; UrC1; : : : ; UrCs; UrCsC1; : : : ; UrCsCtg with

U1 � : : : � Ur � X � UrC1 � : : : � UrCs � UrCsC1 � : : : � UrCsCt and

U1 � : : : � Ur � UrC1 � : : : � UrCs � Y � UrCsC1 � : : : � UrCsCt :
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1st case. Let s ¤ 0. Then, X � UrC1 � : : : � UrCs � Y . It follows that X is
contained in Y , that is, X and Y are incident. In the incidence graph I.P/, the
elements X and Y are joined by an edge.
2nd case. Let s D 0. W.l.o.g., let dim X � dim Y. We distinguish three cases:

(i) Let r � 1. In this case, the subspace U1 of F is contained in X and
in Y . If p is a point of U1, the flag F and the subspaces X and Y are
contained in the residue Pp. By Theorem 7.3, Pp is a .d � 1/-dimensional
projective space. By induction, Pp is residually connected. It follows that
there exists a path from X to Y in .Pp/F D PF [fpg. Obviously, this path
is also contained in PF .

(ii) Let t � 1. In this case, the subspaces X and Y are contained in the
subspace UrCsCt . Let H be a hyperplane of P through UrCsCt . The flag F

and the subspaces X and Y are contained in the residue PH . As in Part (i),
we use the fact that PH is a .d � 1/-dimensional projective space which
is, by induction, residually connected.

(iii) Let r D 0 and t D 0. Since r D s D t D 0, the flag F is the empty
flag. Let x be a point of X , let y be a point of Y , and let g WD xy be the
line joining x and y. Then, X � x � g � y � Y is a path from X to Y in
P D PF .

(b) The proof is similar to the proof of Part (a). Instead of Theorem 7.3, we apply
Theorem 7.4. ut

7.10 Theorem (Tits). Let � D .X;� ; type/ be a residually connected geometry of
rank r over a type set I . Let x and y be two elements of � , and let i and j be two
types of I .

There exists a path from x to y such that all elements of this path different from
x and y are of type i or j (for short: there is an fi; j g-path from x to y).

Proof. We shall prove the assertion by induction on r . If r D 2; � is a connected
geometry over a type set fa; bg. It follows that fi; j g D fa; bg, and there exists an
fi; j g-path from x to y.

i

xa+1

x 

xa

xa-1

j

kLet r � 3. Since � is connected, there
exists a path x D x0; x1; : : : ; xn D y from x

to y. If every element x1; : : : ; xn�1 is of type
i or j , there is nothing to show. Otherwise,
let a be the smallest index of f1; : : : ; n � 1g
such that xa is not of type i or j . Let k be
the type of xa. The residue �xa is a residually
connected geometry over Infkg of rank r � 1.
By induction, in �xa , there exists an fi; j g-path from xa�1 to xaC1.

We replace the path xa�1 � xa � xaC1 by this fi; j g-path. Successive application
of this procedure on all elements xb of the path x D x0; x1; : : : ; xn D y which are
not of type i or j yields an fi , j g-path from x to y. ut
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7.11 Theorem (Tits). Let � be a residually connected geometry of rank r over a
type set I with a diagram D which is not connected.

If i and j are two types of I contained in different connected components of D,
every element of type i is incident with every element of type j .

Proof. We prove the assertion by induction on r .
Let r D 2. Since the diagram consists of two vertices and since the diagram is

not connected, D is the diagram of a generalized digon. It follows that every element
of type i is incident with every element of type j .

Let r > 2, and let x and y be two elements of type i and j , respectively. We
have to show that x and y are incident. By Theorem 7.10, there exists an fi; j g-path

x D x0; x1; : : : ; xn D y

from x to y. Let x D x0; x1; : : : ; xn D y be such a path of minimal length. If
n D 1, x and y are incident, and the assertion is proven.

Assume that n > 1. Let k be a type of I different from i and j . W.l.o.g., let k be
contained in another connected component of D than i . Furthermore, let

x1 D z0; z1; : : : ; zm D x3

be a fj; kg-path from x1 to x3.

x x2

x1

z1

x3 y 

k

j

i

z2

By Theorem 7.5, the geometry �x1 has a diagram D1. Since the types i and k are
in different connected components of D, the types i and k are in different connected
components of D1. By induction, it follows that x and z1 are incident in �x1 . It
follows that x and z1 are incident in � .

Hence, x and z2 are elements of the residue �z1 , and by induction, x and z2 are
incident. By successive application of this argument, it follows that x and zm D x3

are incident. Therefore,
x D x0; x3; : : : ; xn D y

is an fi; j g-path of length n � 2 from x to y, in contradiction to the fact that n is
minimal. It follows that x and y are incident. ut
Definition. Let � be a geometry over the type set f0; 1; : : : ; d �1g with the diagram

γ1 γ2 γd-1γ3

d-1d-23 2 1 0 

The geometry � and the diagram of � are called linear.
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7.12 Theorem. Let � D .X;� ; type/ be a residually connected geometry over the
type set f0; 1; : : : ; d � 1g with the following linear diagram:

γ1 γ2 γd-1γ3

d-1d-23 2 1 0 

(a) Let x, y and z be three elements of � with type.x/ < type(y) < type.z/. If x and
y and y and z are incident, x and z are also incident.21

(b) Let U be an element of � of type i, and let �1 and �2 be the following two
pregeometries over I1 WD f0; 1; : : : ; i �1g and I2 WD fi C1; i C2; : : : ; d �1g,
respectively:

The elements of �1 are the elements of � of type 0, 1, : : : or i � 1 which
are incident with U .

The elements of �2 are the elements of � of type i C1; i C2; : : : or d � 1

which are incident with U .
The incidence relation and the type function of �1 and �2 are induced

by � .
If i > 1; �1 is a geometry with the diagram

γ1 γi-1γ2

i-1i-2210

If i < d � 2; �2 is a geometry with the diagram

γi+2 γd-1γi+3

d-1d-2i+3i+2i+1

Proof. (a) Let i WD type.y/. Then, the residue �y has the diagram

γ1

i-110

γi+2

d-1i+2i+1

By Theorem 7.11, every element of �y of type 0; 1; : : : ; i � 1 is incident with
every element of � of type i C 1; : : : ; d � 1. In particular, x and z are incident.

(b) Let i > 0, and let F D fU; U iC1; : : : ; Ud�1g be a flag of � of type fi; : : : ; d �
1g containing U . By (a), the elements of � of type 0; 1; : : : ; i �1 being incident
with U are exactly the elements of � being incident with U , UiC1; : : : ; Ud�1.
Since �F has the diagram

21This means that one can imagine incident elements of � as subspaces, where one subspace is
contained in the other one. If the point x lies on the line y and if the line y lies in the plane z, x

lies in z. For geometries with non-linear diagrams, this idea normally is false.
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γ1 γi-1γ2

i-1i-2210

the assertion follows. The second assertion of (b) follows in the same way. ut
There is the following relation between set geometries and linear geometries:

7.13 Theorem. (a) Every set geometry over the type set I D f0; 1; : : : ; d � 1g is
a linear geometry.

(b) Let � be a linear geometry over the type set I D f0; 1; : : : ; d � 1g fulfilling the
following two conditions:

(i) For any two non-incident elements U and W , there exists a point (element of
type 0) of U non-incident with W and a point of W non-incident with U .

(ii) For an element X of � , denote by X0 the set of points incident with X .
Suppose that U0 ¤ W0, whenever U ¤ W .

Then, � is a set geometry.

Proof. (a) Let � be a set geometry, and let V be an element of � with 0 < type.V/ <

d � 1. We have to show that every two elements U and W of �V with type(U )
< type(V) < type(W ) are incident. Since � is a set geometry, it follows from U
� V that U0 is contained in V0. In the same way, it follows that V0 is contained in
W0. Hence, U0 is contained in W0. Since � is a set geometry, it follows that U0

and W0 are incident.

(b) Let U and W be two subspaces of � with 0 � type.U/ < type.W/.
Step 1. If U and W are incident, U0 is contained in W0: Let x be a point of

U0. Since x and W are incident with U , it follows from the linearity of � that
x and W are incident. Hence, U0 is contained in W0.

Step 2. If U0 is contained in W0, U and W are incident: Assume that U and
V are not incident. By assumption (i), there exists a point x of U0 not contained
in W0, in contradiction to the assumption that U0 is contained in W0.

Step 3. We have U0 ¤ W0, whenever U ¤ W : This follows from assump-
tion (ii). ut

7.14 Theorem. Let � be a residually connected geometry over the type set I D
f0; 1; : : : ; d � 1g with the diagram

L L LL

d-1d-23 2 1 0 

where the elements of type 0, 1, 2 are called points, lines and planes, respectively.
Then, any two points of � are joined by exactly one line.
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Proof. We will prove the assertion by induction on d .
If d D 2; � is a linear space, and the assertion is obvious.
Let d > 2, and let x and y be two points of � . We first shall prove the existence

of a line through x and y. By Theorem 7.10, there exists a f0, 1g-path

x D x0; x1; : : : ; xn D y

from x to y in � . Let x D x0; x1; : : : ; xn D y be such a path of minimal length.
If n D 1; x � x1 � y is a f0; 1g-path from x to y, that is, x and y are incident

with the line x1.

x
r

s

h

g

Assume that n > 1. We consider the path x D
x0 � x1 � x2 � x3 � x4. Then, x; r WD x2; s WD x4

are points, and g WD x1 and h WD x3 are lines
of � .

Since �r is residually connected, since �r has the diagram

L LL

d-1d-23 2 1 

and since g and h are points of �r , by induction, there is a line E of �r through g

and h. In � , E is a plane containing the lines g and h. By Theorem 7.12 (b), the
points and lines of E form a linear space, that is, in E there exists a line l through
x and s. It follows that

x D x0; 1; s D x4; : : : ; xn D y

is a path of length n � 2 from x to y, in contradiction to the minimality of n.
Next, we will show the uniqueness of the line through x and y: Assume that

there are two lines g and h through the points x and y. Considering the residue �x

it follows by induction that there is a plane E of �x through g and h. Since y is
incident with g (and h), by Theorem 7.12 (a), y is incident with E . It follows from
Theorem 7.12 (b) that the points and lines of E form a linear space, in contradiction
to the fact that there are two lines g and h of E incident with x and y. ut
7.15 Theorem (Tits). Let � be a residually connected geometry over the type set
I D f0; 1; : : : ; d � 1g .d � 2/ with the diagram

d-1d-22 1 0 

If every line of � contains at least three points, � is a d-dimensional projective
geometry.

Proof. Step 1. Let L be the geometry of rank 2 whose point set is the point set of �

and whose line set is the line set of � . The incidence in L shall be induced by the
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incidence in � . By Theorem 7.14, there is exactly one line through any two points of
� . Hence, L is a linear space. By assumption, every line of � (and of L) is incident
with at least three points.

Step 2. The planes of L (that is, the subspaces of L generated by three non-
collinear points) are exactly the point sets of the elements of type 2 of �:

(i) Let E be an element of � of type 2, and let F be the point set of E . Then, F

is a plane of L: For, let x and y be two points of F . By definition, x and y are
two points incident with E . By Step 1, there is exactly one line g of � through
x and y. Since �E is a projective plane, the line g must belong to �E , that is, g

is incident with E . Since � is a residually connected linear geometry, it follows
that the points of g are incident with E . Hence, every point of g is contained in
F , that is, F is a linear subspace of L. Since �E is a projective plane, it follows
that the points and lines of F form a projective plane. In particular, the subspace
F of L is generated by any three non-collinear points of F .

(ii) Conversely, let F be a subspace of L generated by three non-collinear points x,
y and z. Consider the lines g D xy and h D xz. In the residue �x , g and h are
two points. By Theorem 7.14, there is exactly one line E through g and h, that
is, there is an element E of type 2 through g and h.

Since � is a residually connected linear geometry, it follows from Theorem 7.12
that the points x, y and z are incident with E . By Step (i), it follows that the point
set of E is a subspace of L generated by x, y and z. It follows that the point set of
E equals F .

Step 3. It follows from Steps 1 and 2 that L is a linear space with the property
that every line of L is incident with at least three points and that every plane of L is
a projective plane. By Theorem 4.17, L is a projective space.

Step 4. For i D 0; : : : ; d � 1, the point sets of the elements of � of type i are the
i-dimensional subspaces of L:

We shall prove the assertion by induction on i .

i D 0, 1: The assertion follows from the definition of L.
i D 2: The assertion follows from Step 2.
i � 1 ! i :

(i) Let U be an element of � of type i . By induction, �U is an i-dimensional
projective geometry. As in Step 2, Part (i), it follows that the point set W of U

is a subspace of L. Since �U and W are projective spaces defined over the same
point and line sets, it follows that W is an i-dimensional subspace of L.

(ii) Conversely, let W be an i-dimensional subspace of L. Let W 0 be an .i � 1/-
dimensional subspace of W , let x be a point of W 0, and let g be a line of
W through x not contained in W 0. By induction, there is an element U 0 of
� of type i � 1 such that W 0 is the point set of U 0. By induction, �x is a
.d � 1/-dimensional projective space, hence, there exists an element U of type
i through U 0 and g. By Part (i), the point set of U is an i-dimensional subspace
of L containing W 0 and g. Hence, W is the point set of U . ut
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7.16 Theorem. Let � be a residually connected geometry over the type set I D
f0; 1; : : : ; d � 1g .d � 2/ with the diagram

d-1d-22 1 0 

Af

If every line of � is incident with at least four points, � is an affine geometry.

Proof. The proof is similar to the proof of Theorem 7.15. Instead of Theorem 4.17,
we make use of Theorem 6.1. ut

8 Finite Geometries

In the present section, we shall consider finite geometries, that is, geometries
consisting of finitely many elements. The main results are as follows:

• Principle of Double Counting (Theorem 8.1)
• Introduction of the order of a projective or an affine space (Theorem 8.2 and

Corollary 8.3)
• Determination of the number of subspaces of a projective or an affine space

(Theorem 8.6).

Definition. A pregeometry � D .X; �; type/ is called finite if the set X is finite.

8.1 Theorem (Principle of Double Counting). Let � D .X; �; type/ be a finite
pregeometry of rank 2 over the type set f0, 1g. For an element x of X , let [x] be the
number of elements of Xnfxg incident with x. Let A and B be the sets of elements
of type 0 and type 1 of X , respectively. Then,

X

a2A

Œa� D
X

b2B

Œb�:

Proof. Let M WD f.a; b/ja 2 A; b 2 B such that a and b are incidentg. Then,

X

a2A

Œa� D jM j D
X

b2B

Œb�:

ut
8.2 Theorem. Let P be a projective space of dimension at least 2, and let g and
h be two lines of P. If Pg and Ph are the sets of points incident with g and h,
respectively, the sets Pg and Ph have the same cardinality.

Proof. Step 1. If g and h have a point in common, the sets Pg and Ph have the same
cardinality:
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For, let g and h be two lines of P intersecting in a point z, and let E be the plane
generated by g and h. Furthermore, let p be a point of E which is neither incident
with g nor with h.

x
p

α(x)

g h

E
z

Let the mapping ˛ W Pg ! Ph

be defined by ˛.x/ WD px \ h. Note
that ˛.z/ D z. Then, ˛ is a bijective
mapping of the point set of g onto
the point set of h.

Step 2. The sets Pg and Ph have the same cardinality: Let g and h be two arbitrary
lines of P. If g and h meet in a point, the assertion follows from Step 1. Otherwise,
choose a point x on g and a point y on h and consider the line l through x and y.
Let Pl be the set of points incident with l . Since g and l meet in a point, the sets Pg

and Pl have the same cardinality. Similarly, Ph and Pl have the same cardinality. It
follows that Pg and Ph have the same cardinality. ut
8.3 Corollary. Let A be an affine space of dimension at least 2, and let g and h be
two lines of A. If Pg and Ph are the sets of points incident with g and h, respectively,
the sets Pg and Ph have the same cardinality.

Proof. Let P be the projective closure of A. The projective closure of any line of A
consists of the points of A and the point at infinity. Thus, the assertion follows from
Theorem 8.2. ut
Definition. (a) Let P be a finite projective space such that every line of P is incident

with exactly q C 1 points. The number q is called the order of P.
(b) Let A be a finite affine space such that every line of A is incident with exactly q

points. The number q is called the order of A.
If A is a finite affine space of order q and if P is the projective closure of

A, P is a projective space of order q.

8.4 Theorem. Let P be a finite projective space of order q, and let U be a subspace.
Furthermore, let x be a point of P.

(a) U is a finite projective space of order q.
(b) If dim P � 3, the residue Px is a finite projective space of order q.

Proof. (a) is obvious.
(b) By Theorem 7.3, Px is a projective space. Let E be a plane of P through x. Let

h be a line of E , not containing the point x. Since every line of E through x

intersects the line h, the number of lines of E through x equals the number of
points on h. In E , there are q C 1 lines incident with x. Thus, every line of Px

contains q C 1 points, that is, Px is of order q. ut
8.5 Theorem. Let A be a finite affine space of order q, and let U be a subspace.
Furthermore, let x be a point of A.

(a) U is a finite affine space of order q.
(b) If dim A � 3, the residue Ax is a finite projective space of order q.
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Proof. (a) is obvious.
(b) Let P be the projective closure of A. Then, P is a projective space of order q.

Since Ax D Px, the assertion follows from Theorem 8.4. ut
8.6 Theorem. Let P be a finite d-dimensional projective space of order q, and let
U be a t-dimensional subspace of P.

(a) U has qt C : : : C q C 1 points. In particular, P has exactly qd C : : : C q C 1

points.
(b) In U , there are qt C : : : C q C 1 subspaces of dimension t � 1. In particular, P

contains exactly qd C : : : C q C 1 hyperplanes.
(c) Let t WD dim U � 1, and let W be a .t � 2/-dimensional subspace of U . Then,

U contains exactly qC1 subspaces of dimension t �1 through W . In particular,
there are exactly qC1 hyperplanes of P through a .d�2/-dimensional subspace
of P.

(d) Any point of U is incident with exactly qt�1C: : :CqC1 lines of U . In particular,
any point of P is incident with exactly qd�1 C : : : C q C 1 lines.

(e) The number of lines of U is

�
qt C qt�1 C � � � C q C 1

� �
qt�1 C � � � C q C 1

�

q C 1
:

Proof. (a) We will prove the assertion by induction on t . For t D 0, the subspace
U consists of a point, and the assertion is obvious.

x

W

U

q

qt-1 + ... + q + 1

Let t > 0. Let x be a point of U , and let
W be a .t � 1/-dimensional subspace of U not
containing x. By induction, W contains exactly
qt�1 C : : : C q C 1 points. Since every line of U

through x intersects the subspace W in exactly
one point, there are exactly qt�1 C : : : C q C 1

lines of U through x. Any of these lines is
incident with q further points of U besides x. It
follows that

jU j D 1 C .qt�1 C : : : C q C 1/ � q D qt C : : : C q C 1:

(b) Again, we will prove the assertion by induction on t . For t D 1, U is a line.
Hence, U is incident with exactly q C 1 points.

Let t > 1. Let x be a point of U . The residue Ux is a .t � 1/-dimensional
projective space of order q (Theorem 8.4). By induction, Ux contains exactly
qt�1 C : : : C q C 1 hyperplanes, that is, U contains exactly qt�1 C : : : C q C 1

subspaces of dimension t � 1 through x.
Let T be the set of the .t � 1/-dimensional subspaces of U . We shall apply

the principle of double counting (Theorem 8.1) on the set

M WD f.x; W / j x 2 U; W 2 T; x is contained in W g:
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We get

jM j D
X

x2U

Œx� D
X

x2U

qt�1 C � � � C q C 1 D jU j �
qt�1 C � � � C q C 1

�

jM j D
X

W 2T

ŒW � D
X

W 2T

qt�1 C � � � C q C 1 D jT j �
qt�1 C � � � C q C 1

�

By (a), it follows that jT j D jU j D qt C : : : C q C 1.
(c) Let W be a .t � 2/-dimensional subspace of U , and let g be a line of U disjoint

to W . Then, every .t � 1/-dimensional subspace of U through W intersects the
line g in exactly one point. It follows that the number of the .t �1/-dimensional
subspaces of U through W equals the number of points on g. The number of
points on g is q C 1.

(d) The number of lines of U through x equals the number of points of the residue
Ux . By Theorem 8.4 and by (a), this number equals qt�1 C : : : C q C 1.

(e) Let G be the set of lines of U . We shall apply the principle of double counting
on the set

M WD f.x; g/ j x 2 U; g 2 G; x 2 gg:
We get

jM j D
X

x2U

Œx� D
X

x2U

qt�1 C � � � C q C 1 D jU j �
qt�1 C � � � C q C 1

�

D �
qt C qt�1 C � � � C q C 1

� �
qt�1 C � � � C q C 1

�

jM j D
X

g2G

Œg� D
X

g2G

q C 1 D jGj .q C 1/:

It follows that

jGj D
�
qt C qt�1 C � � � C q C 1

� �
qt�1 C � � � C q C 1

�

q C 1
:

ut
Summarizing Theorem 8.6, we get the following parameters for a d-dimensional
projective space of order q:

Cardinality Value

Number of points of P qd C : : : C q C 1

Number of lines of P .qd Cqd�1C���CqC1/.qd�1C���CqC1/
qC1

Number of points on a line of P q C 1

Number of lines through a point of P qd�1 C : : : C q C 1

Number of hyperplanes of P qd C : : : C q C 1

Number of hyperplanes of P through a
.d � 2/-dimensional subspace of P

q C 1

At the end of this section, we shall study the projective planes of order 2.
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8.7 Theorem. Every finite projective plane of order 2 is of the following form:

4
2

3

5

761

In other words, the projective plane P has seven points and seven lines, and–with a
suitable numbering 1, 2, 3, 4, 5, 6, 7 of the points–the lines of P are the points sets
f1, 2, 3g, f1, 4, 5g, f1, 6, 7g, f2, 4, 7g, f2, 5, 6g, f3, 4, 6g and f3, 5, 7g.

4

2

3

5

761

Proof. Let f1, 2, 3, 4, 5, 6, 7g be the set of points of
P.22 There are exactly three lines through the point 1.
W.l.o.g., we may assume that these three line are the
lines f1, 2, 3g, f1, 4, 5g and f1, 6, 7g.

The line through the points 3 and 5 intersects the
line f1, 6, 7g. W.l.o.g., we may assume that these two
lines intersect in the point 7. Then, the line through the
points 3 and 4 must intersect the line f1, 6, 7g in the
point 6. Otherwise, there would be two lines through
the points 3 and 7 or 3 and 1.

4
2

3

5

761

With the same argument, the line through the points
2 and 4 meets the line f3, 5, 7g in the point 7, and the
line through the points 2 and 5 meets the line f1, 6, 7g
in the point 6. ut

22In view of Theorem 8.6, P has q2 C q C 1 D 7 points.



Chapter 2
Isomorphisms and Collineations

1 Introduction

Isomorphisms and collineations are transformations of one geometry into another
preserving the geometrical structure. In Sect. 2, we shall introduce these transforma-
tions. In Sect. 3, we shall deal with projections. The concept of projections has been
implicitly used in the classification of affine spaces in Sect. 6 of Chap. 1. In Sect. 4,
we will introduce collineations. Collineations are isomorphisms of projective or
affine spaces.

A particularly important class of collineations are the central collineations. They
are investigated in Sect. 5. Finally, in Sect. 6, it is shown that every projective
space fulfilling the Theorem of Desargues admits as many central collineations as
possible. Furthermore, it is shown that every projective space of dimension at least
3 fulfils the Theorem of Desargues.

2 Morphisms

Morphisms are mappings between two geometries which preserve the geometrical
structure. They are used to define isomorphisms between geometries and to “mea-
sure” the symmetry of a geometry. Often, the knowledge about the automorphism
group of a geometry provides useful information about the geometry itself.

In the present section, we shall introduce different types of morphisms (homo-
morphisms, isomorphisms, correlations, polarities).

Definition. Let � D .X; �; type/ and � 0 D .X 0; �0; type0/ be two geometries over
the type sets I and I 0, respectively, and let ˛ be a mapping from X to X 0. ˛ is called
a morphism if ˛ fulfils the following conditions:

(i) For any two incident elements x and y of � , the elements ˛.x/ and ˛.y/ are
incident in � 0.

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-20972-7 2, © Springer-Verlag Berlin Heidelberg 2011
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(ii) Two elements x and y of � are of the same type in � if and only if ˛.x/ and
˛.y/ are of the same type in � 0.

Note that there are different definitions of morphisms in the literature depending on
the context where they are used. For example, there exist definitions of morphisms
without Condition (ii).

2.1 Example. Let �3 and �4 be a 3-gon and a 4-gon with the following notations
for the vertices and edges:

zX

y x

Y

ZΓ3
D C

BA

d b

a

c
Γ4

Let ˛ W �3 ! �3 and ˇ; ”; ı W �4 ! �4 be defined as follows:

˛ W X ! x; Y ! y; Z ! z
x ! X; y ! Y; z ! Z

ˇ W A ! B; B ! C; C ! D; D ! A .“rotation through 90ı”/

a ! b; b ! c; c ! d; d ! a

” W A ! a; B ! b; C ! c; D ! d .“rotation through 45ı”/

a ! B; b ! C; c ! D; d ! A

ı W A ! A; B ! A; C ! D; D ! D .“folding of the right side onto
a ! a; b ! d; c ! c; d ! d the left side”/:

The mapping ˛ is a morphism of �3 into itself, and the mappings ˇ; ”; ı are
morphisms of �4 into itself.

Definition. Let � D .X; �; type/ and � 0 D .X 0; �0; type0/ be two geometries over
the same type set I.

(a) If ˛ is a morphism of � into � 0, such that type.˛.x// D type.x/ for all elements
x of X , ˛ is called a homomorphism.

(b) If ˛ W X ! X 0 is a bijective homomorphism, such that ˛�1 W X 0 ! X is a
homomorphism as well, ˛ is called an isomorphism.

(c) An isomorphism of � into � is called an automorphism. The group of
automorphisms of � is denoted by Aut .�/. Every subgroup of Aut .�/ is called
an automorphism group of � .

The mappings ˇ and ı defined in Example 2.1 are homomorphisms of the 4-gon, ˇ

is also an automorphism.

Definition. Let � D .X; �; type/ and � 0 D .X 0; �0; type0/ be two geometries over
the type sets I and I 0, respectively.
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(a) If ˛ W X ! X 0 is a bijective morphism, such that ˛�1 W X 0 ! X is a morphism
as well, ˛ is called a correlation.

(b) A correlation of � into � is called an autocorrelation. The group of the
autocorrelations of � is denoted by Cor(�).

(c) Let n be a finite number. An autocorrelation ˛ of � is called of order n if
˛n D id (identity) and if ˛m ¤ id for all m 2 f1; : : :; n � 1g. If ˛m ¤ id for
all natural numbers m, the autocorrelation ˛ is called of infinite order.

The mappings ˛; ˇ and ” defined in Example 2.1 are autocorrelations of order 2, 4
and 8, respectively.

2.2 Theorem. Let � be a geometry over the type set I, and let ˛ be an autocorre-
lation of � .

(a) The autocorrelation ˛ induces a permutation ˛I on I.
(b) The autocorrelation ˛ is an automorphism of � if ˛ induces the identity on I.

Proof. (a) Let i be a type of I . By definition, the morphism ˛ maps all elements of
type i on elements of a type j . Let ˛I .i/ WD j . Then, ˛I is a permutation on I .

(b) follows from the definition of an automorphism. ut
Definition. Let � be a geometry over the type set I , and let ˛ be an autocorrelation
of � .

(a) If the mapping ˛ induces a permutation ˛I of order 2 on I , ˛ is called a duality.
(b) If both ˛ and ˛I are of order 2, ˛ is called a polarity.

The mapping ” defined in Example 2.1 is a duality of the 4-gon. The mapping ˛

defined in Example 2.1 is a polarity of the 3-gon.

2.3 Theorem. Let � be a geometry over the type set I with diagram D, and let ˛

be an autocorrelation of � . The permutation ˛I induced by ˛ maps the diagram D
onto itself.

Proof. The proof follows from Theorem 2.2. ut

3 Projections

In the present section, we will introduce projections. They form an important tool
for the investigation of projective spaces. Whereas in projective spaces, a point can
always be projected into a hyperplane (Theorem 3.1), this is not the case in affine
spaces. The exact situation is described in Theorem 3.2.

Definition. Let P be a projective space, let H be a hyperplane of P, and let p

be a point of P outside of H . For each point x different from p, let �.x/ be the
intersection point of the line px with H . Then, � is called the projection of Pn fpg
on H .1

1If x is a point of H , �.x/ D x.
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3.1 Theorem. Let P be a d-dimensional projective space, let H be a hyperplane of
P, and let p be a point of P outside of H. Let U be a subspace of P not containing
the point p, and let � be the projection of Pn fpg on H.

Then, �(U) is a subspace of H, and � W U ! �.U / is a collineation from U onto
�.U /.

Proof. Step 1. � maps the point set of U bijectively on the point set of �.U /:

Obviously, � is surjective. In order to verify the injectivity of � , let �.x/ D �.y/

for two points x and y of U . Then, the lines px and py intersect the hyperplane
H in the same point �.x/ D �.y/. It follows that the points x and y are incident
with the line p�.x/. Assuming x ¤ y, the line xy would be contained in U , and it
follows that p is contained in U , in contradiction to the assumption.

Step 2. � maps subspaces of U on subspaces. In particular, �.U / is a subspace
of H.

E

z
y

s

x

π(x) π(y)
H

pLet W be a subspace of U , and let �.x/

and �.y/ be two points of �.W / with
x; y 2 W . Let s be a point on the line
�.x/�.y/.

The points p, �.x/; �.y/ generate
a plane E intersecting H in the line
�.x/ �.y/. Obviously, s is contained in E .
Since p, s, x, y are contained in E , the
lines xy and ps intersect in a point z. Since
W is a subspace of U , the point z is contained in W . Furthermore,

s D pz \ �.x/ �.y/ D pz \ H D �.z/:

It follows that s is contained in �.W /, that is, �.W / is a subspace of �.U /.

Step 3. ��1 maps subspaces of �(U ) on subspaces of U .
The proof is analogous to the proof of Step 2.

Step 4. � W U ! �.U / is a collineation:
For every point x and every line g of U , we have:

x is incident with g , �.x/ is incident with �.g/:

Hence, � W U ! �.U / is a collineation. ut
Next, we will consider projections of affine spaces:

3.2 Theorem. Let A be an affine space, let H be a hyperplane of A, and let p be a
point of A outside of H.

Let H 0 be the hyperplane through p parallel to H. For each point x ¤ p of A,
the following holds:
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(a) If x is not contained in H 0, px and H meet in a point �(x).
(b) If x is contained in H 0, px and H do not intersect, that is, the point �(x) is not

defined.

Proof. Let P D P.A/ be the projective closure of A and let H1 be the hyperplane
at infinity.

(a) Let HP be the subspace of P defined by H , and let z WD px \ HP . Assume that
the point z is contained in the hyperplane H1. Then,

z 2 HP \ H1 D H 0
P \ H1; that is; z 2 H 0

P :

Since the point p is contained in H 0
P , the line pz is contained in H 0 as well.

Since x lies on pz, it follows that x is contained in H 0, in contradiction to the
choice of x.

(b) If x is contained in H 0, we have the following situation in P:

px \ HP 2 H 0
P \ HP � H1:

It follows that px and H do not intersect in A. ut
By extending an affine space to its corresponding projective space, it is possible to
project any point from a given point p to a given hyperplane H . This is the reason
why projective spaces are called projective.

4 Collineations of Projective and Affine Spaces

In the present section, we will investigate collineations of projective and affine
spaces. Compared to isomorphisms, collineations have the advantage that they are
only defined on the point set of the projective or affine space. Therefore, it is often
easier to verify whether a certain mapping is a collineation than to verify whether a
certain mapping is an isomorphism.

At the beginning of this section, we will give a formal definition of collineations
and parallelism-preserving collineations. We shall see that a collineation between
two affine spaces is a parallelism-preserving collineation if the lines of the affine
spaces are incident with at least three points (Theorem 4.4).

Furthermore, we will show that each parallelism-preserving collineation can be
uniquely extended to a projective collineation (Theorem 4.6).

Finally, we will see that each collineation between two projective spaces and
each parallelism-preserving collineation between two affine spaces defines an
isomorphism (Theorems 4.8 and 4.9).

Definition. Let L and L0 be two linear spaces, and let P and P 0 be the point sets of
L and L0, respectively.

A mapping ˛ W P ! P 0 is called a collineation if ˛ is bijective and if any three
points x, y and z of L are collinear if and only if ˛(x), ˛(y) and ˛(z) are collinear.
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4.1 Theorem. Let L and L0 be two linear spaces, and let ˛ W L ! L0 be a
collineation.

(a) ˛�1 W L0 ! L is a collineation from L0 onto L.
(b) ˛ maps the set of lines of L bijectively onto the set of lines of L0.
(c) If U is a subspace of L, ˛.U / is a subspace of L0.
(d) If U 0 is a subspace of L0; ˛�1.U / is a subspace of L.

Proof. (a) follows from the definition of a collineation.
(b) Let g be a line of L, and let x and y be two points on g. Let g0 be the line

through ˛(x) and ˛(y). Then, we have for each point z of L:

z lies on g

, x; y and z are collinear
, ˛.x/; ˛.y/ and ˛.z/ are collinear
, ˛.z/ lies on g0:

It follows that ˛.g/ D g0, that is, ˛ maps lines on lines. It follows from (a)
that ˛�1 also maps lines on lines. Hence, ˛ maps the lines of L bijectively onto
the lines of L0.

(c) Let U be a subspace of L. Let ˛(x) and ˛(y) be two points of ˛.U / D
f˛.x/ j x 2 U g, and let g0 be the line through ˛(x) and ˛(y) in L0. Let z0
be a point on g0. We need to show that z0 is contained in ˛(U).

Since ˛ is bijective, there exists a point z of L such that ˛.z/ D z0. Since
˛.x/; ˛.y/ and z0 D ˛.z/ lie on g0, the points x, y and z are collinear, that is,
the point z is incident with the line xy which is contained in U .

It follows that z0 D ˛(z) is contained in ˛(U ).
(d) Since, by (a), ˛�1 W L0 ! L is a collineation, the assertion follows from (c). ut
4.2 Theorem. Let P and P0 be two projective spaces, and let ˛ W P ! P0 be a
collineation.

(a) Let U be a subspace of P, and let B be a basis of U. Then, ˛(B) is a basis of ˛(U).
(b) We have dim ˛.U / D dim U for all subspaces U of P.
(c) We have dim P D dim P0.

Proof. (a) Step 1. Let fx1; : : :; xrg be a finite subset of B . Then, ˛.hx1; : : :; xr i/ D
h˛.x1/; : : :; ˛.xr /i: We shall prove the assertion by induction on r :

For r D 1, we have ˛.hx1i/ D ˛.x1/ D h˛.x1/i.
r � 1 ! r : By induction, we have ˛.hx1; : : :; xr�1i/ D h˛.x1/; : : :; ˛.xr�1/i.
Let x be a point of hx1; : : :; xri not contained in hx1; : : :; xr�1i. By Theorem 4.2

of Chap. 1, there exists a point p of hx1; : : :; xr�1i such that x is incident with
the line pxr . Since ˛ is a collineation, it follows that ˛(x) is incident with the
line ˛.p/˛.xr /. Again, by Theorem 4.2 of Chap. I, the point ˛(x) is contained
in the subspace h˛.hx1; : : :; xr�1i/; ˛.xr/i D h˛.x1/; : : :; ˛.xr/i. Hence,
˛.hx1; : : :; xri/ is contained in h˛.x1/; : : :; ˛.xr /i.

Conversely, let y be a point of h˛.x1/; : : :; ˛.xr /i not contained in h˛.x1/; : : : ;

˛.xr�1/i. There exists a point b of h˛.x1/; : : :; ˛.xr�1/i such that y is incident
with the line b˛.xr /. By induction, there is a point a of hx1; : : :; xr�1i such that
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˛.a/ D b. Since ˛ is a collineation, there is a point x on the line axr such that
˛.x/ D y. Hence, h˛.x1/; : : :; ˛.xr /i is contained in ˛.hx1; : : :; xri/.

Step 2. ˛(B) generates ˛(U ): For, let y be a point of ˛(U ), and let x be a point
of U such that ˛.x/ D y. By Theorem 4.8 of Chap. 1, there exists a finite subset
fx1; : : :; xr g of B such that x is contained in hx1; : : :; xr i. It follows from Step
1 that

y D ˛.x/ 2 ˛.hx1; : : :; xri/ D h˛.x1/; : : :; ˛.xr /i � h˛.B/i:
Step 3. ˛(B) is linearly independent: Assume that ˛(B) is linearly dependent.

Then, there exists an element y of ˛(B) such that y is contained in h˛.B/n fygi.
By Theorem 4.8 of Chap. 1, there exists a finite subset fy1; : : :; yrg of ˛.B/n fyg
such that y is contained in hy1; : : :; yri. Let x1; : : :; xr and x be the points of B

such that ˛.x1/ D y1; : : :; ˛.xr / D yr and ˛.x/ D y. By Step 1, it follows that

˛.x/ D y 2 hy1; : : :; yri D h˛.x1/; : : :; ˛.xr /i D ˛.hx1; : : :; xri/:
Hence, the point x is contained in hx1; : : :; xri. Since ˛.x/ D y and y ¤
y1; : : :; yr , we have x ¤ x1; : : :; xr , contradicting the fact that B is a basis of U .

(b) and (c) follow from (a). ut
Definition. Let A and A0 be two affine spaces, and let ˛ W A ! A0 be a collineation.
˛ is called a parallelism-preserving collineation if any two lines g and h are
parallel in A if and only if ˛(g) and ˛(h) are parallel in A0.

4.3 Theorem. Let A and A0 be two affine spaces, and let ˛ W A ! A0 be a
parallelism-preserving collineation.

(a) ˛�1 W A0 ! A is a parallelism-preserving collineation as well.
(b) ˛ maps the set of affine planes of A bijectively onto the set of affine planes of

A0.

Proof. (a) follows from the definition.
(b) Let E be an affine plane of A, and let x, y and z be three non-collinear points

of E . Let E 0 be the affine plane of A0 generated by ˛.x/; ˛.y/ and ˛(z).

x y

z
p

q
g

E

Let p be a point of E . If p lies on the line
xy or on the line xz, we have

˛.p/ 2 ˛.x/˛.y/ � E0 or

˛.p/ 2 ˛.x/˛.z/ � E 0:

If p neither lies on xy nor on xz, there
exists a line g through p in E parallel to xy meeting the line xz in a point q.

Since ˛ maps parallel lines on parallel lines, the point ˛(p) is incident with
the line g0 WD ˛.g/ which is parallel to ˛.x/˛.y/ and which meets the line
˛.x/˛.z/ in the point ˛.q/. Since E 0 is closed with respect to jj, it follows that
g0 is contained in E 0, hence, the point ˛.p/ is also contained in E 0.
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It follows that ˛.E/ � E 0. In the same way, it follows from (a) that ˛�1.E 0/ �
E , hence, ˛.E/ D E 0. Altogether, ˛ maps the affine planes of A bijectively on
the affine planes of A0. ut

4.4 Theorem. Let A and A0 be two affine spaces such that every line of A is incident
with at least three points.

Then, every collineation ˛ W A ! A0 is a parallelism-preserving collineation.

Proof. Let g and h be two parallel lines of A.
If g D h; ˛.g/ D ˛.h/, and ˛.g/ and ˛.h/ are parallel.
Let g ¤ h. Then, g \ h D ¿. It follows that ˛.g/ \ ˛.h/ D ¿. In order to

show that ˛.g/ and ˛.h/ are parallel lines, we need to show that ˛.g/ and ˛.h/ are
contained in an affine subplane of A0.

Since g and h are parallel, g and h generate a plane E of A. Let x1 be a point on
g, and let y1 be a point on h. Since there are at least three points on any line of A,
there exists a point z on the line x1y1 different from x1 and y1.

α(x1)α(x2)
α(z) 

α(y2)α(y1)

α(g)

α(h) E'

Let x2 be a point on g different
from x1. Since g and h are parallel
lines, the lines x2z and h meet in a
point y2 different from y1.

Let E 0 be the plane of A0 gener-
ated by the points ˛.x1/; ˛.x2/ and
˛.z/. By Theorem 5.3 of Chap. I, the
plane E 0 is an affine subplane of A0.

By definition of an affine space, E 0 is an affine plane.
Since ˛ is a collineation, the points ˛.x1/; ˛.z/ and ˛.y1/, and ˛.x2/; ˛.z/

and ˛.y2/ are collinear, hence, the points ˛.y1/ and ˛.y2/ are contained in E 0. It
follows that ˛.h/ D ˛.y1/˛.y2/ is contained in E 0. It follows that ˛.g/ and ˛.h/

are parallel lines. ut
Remark. If A and A0 are two affine spaces such that every line is incident with
exactly two points, every bijective mapping from the point set of A onto the point
set of A0 is a collineation, but only a few of them preserve parallelism.

4.5 Theorem. Let P and P0 be two projective spaces, and let H and H 0 be two
hyperplanes of P and P0, respectively. Furthermore, let A WD Pn H and A0 WD
P0n H 0 be the affine spaces defined by P and H and P0 and H 0, respectively.

If ˛ W P ! P0 is a collineation with ˛.H/ D H 0; ˛ induces a parallelism-
preserving collineation from A to A0.

Proof. Obviously, the mapping ˛jA maps the point set of A bijectively on the point
set of A0. Furthermore, three points x, y and z are collinear in A if and only if
˛.x/; ˛.y/ and ˛.z/ are collinear in A0.

For a line l of A or A0, we denote by lP the projective closure of l in P or P0,
respectively. Then, for any two lines g and h of A, we have:
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g and h are parallel in A

, gP and hP meet in a point x of H

, ˛.gP / and ˛.hP / meet in the point ˛.x/ of H 0

, ˛.g/ and ˛.h/ are parallel in A0:

It follows that ˛ is a parallelism-preserving collineation. ut
Definition. Let A and A0 be two affine spaces with projective closures P and P0,
and let ˛ W A ! A0 be a collineation. If ˛� W P ! P0 is a collineation such that
˛�jA D ˛, the collineation ˛� is called the projective closure of ˛.

4.6 Theorem. Let A and A0 be two affine spaces, and let ˛ W A ! A0 be a
parallelism-preserving collineation.

If P and P0 are the projective closures of A and A0, respectively, there exists
exactly one projective closure of ˛.

Proof. Let H and H 0 be the hyperplanes of P and P0 such that A D Pn H and
A0 D P0n H 0. For an affine line g of A or A0, we denote by gP the projective closure
of g in P or in P0.

We first will prove the existence of the mapping ˛�.
Step 1. Definition of the mapping ˛�:

If x is a point of A, set ˛�.x/ WD ˛.x/.
If x is a point of H , there exists a line g of A such that x D gP \ H . Set

˛�.x/ WD ˛.g/P \ H 0:

g

h

H

x

We have to show that ˛� is well-defined: For,
let g and h be two lines of A such that

x D gP \ H D hP \ H:

Then, g and h are parallel in A. Since ˛ is a
parallelism-preserving collineation, the lines ˛.g/

and ˛.h/ are also parallel in A0, that is,

˛.g/P \ H 0 D ˛.h/P \ H 0:

It follows that ˛� is well-defined.
Step 2. Let P and P 0 be the point sets of P and P0, respectively. Then, the

mapping
˛� W P ! P 0

is bijective:
Since ˛ W A ! A0 is a collineation, we only need to show that ˛�jH W H ! H 0

is bijective.
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The mapping ˛� is surjective: Let x0 be a point of H 0, and let g0 be a line of A0
such that x0 D g0

P \ H 0. Since ˛ is a collineation, there exists a line g of A with
˛.g/ D g0. For x WD gP \ H , we have

˛�.x/ D ˛.g/P \ H 0 D g0
P \ H 0 D x0:

The mapping ˛ is injective: Let x and y be two points of H such that ˛�.x/ D
˛�.y/. By definition of ˛�, there exist two lines g and h of A such that x D gP \ H

and y D hP \ H . It follows from ˛�.x/ D ˛�.y/ that ˛.g/P \ H 0 D ˛.h/P \ H 0.
It follows that the lines ˛.g/ and ˛.h/ are parallel in H 0. Since ˛ is a parallelism-

preserving collineation, the lines g and h are parallel as well. It follows that
x D gP \ H D hP \ H D y.

Step 3. Let x, y and z be three collinear points of P. Then, the points
˛�.x/; ˛�.y/ and ˛�.z/ are collinear as well:

First case. There is a line g of A such that x, y and z are incident with gP .
By definition of ˛�, the points ˛�.x/; ˛�.y/ and ˛�.z/ are incident with the line
˛.g/P .

Second case. The points x, y and z are contained in H . Since x, y and z are
collinear, there exists an affine plane E of A such that x, y and z are incident with
the line at infinity of E . By Theorem 4.3, ˛.E/ is also an affine plane. It follows
that the points ˛�.x/; ˛�.y/ and ˛�.z/ are incident with the line at infinity of ˛.E/.
In particular, they are collinear.

Step 4. If ˛�.x/; ˛�.y/ and ˛�.z/ are three collinear points of P0, x, y and z
are collinear as well: Since ˛� is bijective, the assertion follows as in Step 3 if one
replaces ˛� by ˛.

It follows from Steps 2 to 4 that ˛� is a collineation from P to P0.

Let ˇ� be a further projective closure of ˛. Obviously, ˇ�.x/ D ˛.x/ D ˛�.x/ for
all points x of A. For a point x of H , it follows that ˇ�.x/ D ˛�.x/, since ˛� and ˇ�
map lines onto lines. It follows that ˇ� D ˛� which shows the uniqueness of ˛�. ut
4.7 Theorem. Let A and A0 be two affine spaces, and let ˛ W A ! A0 be a
parallelism-preserving collineation.

(a) Let U be a subspace of A, and let B be a basis of U . Then, ˛.B/ is a basis of
˛.U /.

(b) We have dim ˛.U / D dim U for all subspaces U of A.
(c) We have dim A D dim A0.

Proof. (a) Let P and P0 be the projective closures of A and A0, respectively. By
Theorem 4.6, ˛ admits a unique closure ˛ W P ! P0. For a subspace U of A, let
UP be the subspace of P defined by U . It follows from Theorem 5.7 of Chap. 1
that B is a basis of UP . By Theorem 4.2, ˛.B/ is a basis of ˛.UP / D ˛.U /P .
Again, by Theorem 5.7 of Chap. 1, ˛.B/ is a basis of ˛.U /.

(b) and (c) follow from (a). ut
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4.8 Theorem. Let P and P0 be two d-dimensional projective spaces, and let ˛ W
P ! P0 be a collineation. Then, ˛ induces an isomorphism of the projective
geometry defined by P onto the projective geometry defined by P0.

Proof. Let � D .X; �; type/ and � 0 D .X 0; �0; type0/ be the projective geometries
defined by P and P0. Then, X is the set of subspaces of P different from ¿ and P.

By Theorem 4.1, ˛ maps the set X bijectively onto the set X 0. Furthermore, by
Theorem 4.2, we have

type0 ˛.U / D dim ˛.U / D dim U D type U for all subspaces U of P:

It follows that ˛ is an isomorphism. ut
4.9 Theorem. Let A and A0 be two d-dimensional affine spaces, and let ˛ W A ! A0
be a parallelism-preserving collineation. Then, ˛ induces an isomorphism from the
affine geometry defined by A onto the affine geometry defined by A0.

Proof. The proof is similar to the proof of Theorem 4.8. Instead of Theorem 4.2,
we make use of Theorem 4.7. ut
Definition. (a) Two projective spaces P and P0 are called isomorphic if there exists

a collineation ˛ W P ! P0 from P onto P0.
(b) Two affine spaces A and A0 are called isomorphic if there exists a parallelism-

preserving collineation ˛ W A ! A0 from A onto A0.

5 Central Collineations

In the present section, we shall introduce central collineations. They are the main
tool in the proof of the fundamental theorem of projective geometry classifying all
projective (and affine) spaces of dimension at least 3 (see Chap. 3).

A central collineation is defined by the fact that it has a centre and an axis (for
the definition, see below). In Theorems 5.3 and 5.6, we will see that any collineation
admitting an axis or a centre is already a central collineation.

Theorem 5.8 gives a necessary condition for the existence of a central
collineation. In fact, it will turn out in Section 6 that for projective spaces of
dimension at least 3, this condition is also sufficient.

Finally, in Theorem 5.9, the results about central collineations in projective
spaces are transferred to affine spaces.

Definition. Let � D .X; �; type/ be a geometry, and let ˛ W X ! X be a
morphism.

(a) An element x of X is called a fixed element (with respect to ˛) if ˛.x/ D x.
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(b) If � is a linear space, a point x is called a fixed point if ˛.x/ D x, and a line g

is called a fixed line if ˛.g/ D g.2

5.1 Lemma. Let L be a linear space, and let ˛ W L ! L be a collineation.

(a) If x and y are two points of L, we have:

˛.xy/ D ˛.x/˛.y/:

In particular, any two fixed points are joined by a fixed line.
(b) If g and h are two lines of L, we have:

˛.g \ h/ D ˛.g/ \ ˛.h/:

In particular, if two fixed lines g and h meet in a point x, x is a fixed point.

Proof. The assertions follow directly from the definition of a collineation. ut
Definition. Let P be a projective space, and let ˛ W P ! P be a collineation.

(a) A point z is called a centre of ˛ if every line through z is fixed by ˛. A
hyperplane H is called an axis of ˛ if every point of H is fixed by ˛.

(b) ˛ is called a central collineation if ˛ has a centre and an axis.
(c) A central collineation £ is called an elation if the centre of £ and the axis of £

are incident.
(d) A central collineation ı is called a homology if the centre of ı and the axis of ı

are not incident.

Every central collineation is either an elation or a homology.
As we shall see in Theorems 5.3 and 5.6, the existence of a centre implies the

existence of an axis and vice versa.

5.2 Theorem. Let P be a projective space, and let z and H be a point and a
hyperplane of P, respectively. Then, the set Z(p, H ) of all central collineations
of P with centre z and axis H forms a group.

Proof. The proof is obvious. ut
5.3 Theorem. Let P be a projective space, and let ˛ W P ! P be a collineation.

If ˛ has an axis H , ˛ is a central collineation.

Proof. First case. There is a fixed point z of ˛ which is not contained in H . Then, z
is a centre of ˛, and ˛ is a homology:

Let g be a line through z. By Theorem 4.18 of Chap. 1, g and H meet in a point.
By assumption, this point is a fixed point, hence, g is a fixed line. It follows that z is
a centre of ˛.

Second case. Outside of H , there are no fixed points of ˛. Then, ˛ is an elation:

2This means that the line g is fixed as a line. In particular, we have ˛.x/ 2 g for all x 2 g. The
points of g may be fixed, but, in general, this is not the case.
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x α(x) zg

HLet x be a point of P outside of H .
Furthermore, let g WD x˛.x/ be the line
through x and ˛.x/. Then, g and H meet in
a fixed point z. It follows that

˛.g/ D ˛.xz/ D ˛.x/z D g:

It follows that g is a fixed line.
We shall show that z is a centre of ˛:

x α(x)

zg
H

α(y)

y

s
h

For, let y be a point outside of H and g,
and let h WD y˛.y/ be the line through y and
˛.y/. As above, it follows that h is a fixed
line. Let s WD xy \ H . Then, s is a fixed
point. Since the line xy passes through s, the
line ˛.xy/ D ˛.x/˛.y/ passes through s as
well. It follows that the lines g and h are contained in the plane E WD hs; gi and
therefore meet in a point a.

Since g and h are fixed lines, the point a is a fixed point, and it follows from the
assumption that a is contained in H . Hence, a is contained in g \ H D z, that is,
a D z. For every point y of P, the line yz is a fixed line, that is, z is a centre of ˛. ut
5.4 Theorem. Let P be a projective space, and let ˛ W P ! P be a collineation
with a centre z.

(a) ˛ fixes every subspace through z.
(b) If g is a fixed line of P not containing z, every point of g is fixed by ˛.
(c) Every line of P has a fixed point.
(d) Let g be a line of P such that every point of g is fixed by ˛, and let x be a fixed

point outside of g different from z. Then, every point of the plane hx; gi is fixed.
(e) Let g be a line through z. If there are at least two further fixed points (besides

z) on g, every point of g is fixed by ˛.

Proof. (a) Let U be a subspace of P through z, and let x be a point of U . Then, the
line g WD zx is contained in U , and it follows:

˛.x/ 2 ˛.g/ D g � U:

z

x g

h(b) Let g be a fixed line of P not containing z,
and let x be a point on g. Then, h WD zx is
a fixed line different from g. Hence, x is
the intersection point of two fixed lines, in
particular, x is a fixed point.
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E

h = α(g)

g

l
z

x

(c) Let g be a line of P. W.l.o.g., let z
and g be non-incident. By (b), we
may assume that g is not a fixed
line. Let h WD ˛.g/ ¤ g. By (a), ˛

fixes the plane E WD hz; gi. It fol-
lows that h D ˛.g/ is contained in
E , hence, the lines g and h meet in
a point x. Let l WD zx be the line through z and x. Then,

˛.x/ D ˛.g \ l/ D ˛.g/ \ ˛.l/ D h \ l D x:

(d) Let g be a line of P such that every point of g is fixed by ˛, and let x be a fixed
point outside of g different from z. Let E WD hx; gi be the plane generated by
z and g.
If z is not contained in E , by (b), the points of all lines of E through x are fixed.
Hence, all points of the plane E are fixed.
If z is contained in E , again by (b), the points of all lines through x different
from xz are fixed. Hence, all points of E are fixed.

(e) Let g be a line through z, and let a and b be two fixed points on g different
from z. Let c be a further point on g.

cbaz

s

h

g

fixed
points

Assume that c is not a fixed point.
Let h be an arbitrary line through c

different from g. By (c), h contains
a fixed point s ¤ c, z. Since the line
as does not contain the point z, any
point of the line as is fixed by ˛ in
view of (b). The plane E WD hz; asi
contains the fixed point b. By (d),
every point of the plane E is fixed. In particular, we have ˛.c/ D c, a
contradiction. ut

5.5 Theorem. Let P be a projective space, and let ˛ W P ! P be a collineation.
If ˛ has a centre z, one of the following possibilities occurs:

(i) Each line through z has exactly two fixed points (z being one of them).
(ii) If g is a line through z, either all points on g are fixed, or g contains exactly

one fixed point, namely z.

Proof. Step 1. If there is a line g through z with exactly two fixed points a and z,
every line through z has at least two fixed points:
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b

s

az l

g

h

For, let h be a line through z different
from g. Let l be a line, intersecting the
lines g and h in two points different from
z and a. By Theorem 5.4, 1 contains a
fixed point b. If b D l \ h, h contains
the fixed point b different from z. If
b ¤ l \ h, the line ab is a fixed line
in hg; hi, intersecting h in a fixed point s

different from z.

Step 2. If there is a line g through z with exactly two fixed points, every line
through z has exactly two fixed points:

By Step 1, every line through z has at least two fixed points. Assume that there
exists a line l through z with at least three fixed points.

By Theorem 5.4 (e), every point on l is fixed. Let x be an arbitrary point on g

outside of l , and let E WD hx; li be the plane generated by x and l . By assumption,
the line g WD zx contains a fixed point y. By Theorem 5.4(b) (d), all points of E

are fixed. In particular, x is a fixed point, in contradiction to the assumption that g

admits exactly two fixed points.

Step 3. Suppose that no line through z admits exactly two fixed points. Then,
by Theorem 5.4 (e), every line g through z contains either exactly one fixed point,
namely z, or all points on g are fixed. ut
5.6 Theorem. Let P be a projective space, and let ˛ W P ! P be a collineation.

If ˛ has a centre, ˛ is a central collineation.

Proof. By Theorem 5.5, one of the following cases occurs:

(i) Each line through z contains exactly two fixed points (z being one of them).
(ii) If g is a line through z, either every point on g is fixed, or g contains exactly

one fixed point, namely z.

Case (i): Let H WD fx 2 P j x is a fixed point of ˛; x ¤ zg. We will show that ˛

is a central collineation with centre z and axis H :
H is a subspace: For, let x and y be two points of H , and let g WD xy be the

line through x and y. Since x and y are fixed points, the line g is fixed by ˛. Since
x; y ¤ z and since, by assumption, the lines through z contain exactly one further
fixed point besides z, it follows that z is not incident with g. By Theorem 5.4(b),
every point on g is fixed. It follows that g is contained in H .

H is a hyperplane: By assumption and by Theorem 5.4, every line contains a
fixed point different from z. Hence, every line contains a point of H . It follows from
Theorem 4.18 of Chap. 1 that H is a hyperplane.

Case (ii): Let H be the set of fixed points of ˛ (including z). Then, ˛ is an elation
with axis H .
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H is a subspace: Let x and y be two points of H , and let g WD xy be the line
through x and y. By assumption and by Theorem 5.4, every point on g is fixed by ˛.
It follows that g is contained in H .

H is a hyperplane: The lines through z intersect H at least in the point z. By
Theorem 5.4, all other lines contain at least a fixed point and therefore a point of H .
By Theorem 4.18 of Chap. 1, H is a hyperplane. ut
5.7 Theorem. Let P be a projective space, and let ˛ W P ! P be a central
collineation with centre z and axis H .

(a) Let x be a point outside of H [ fzg. If x is a fixed point of ˛, we have ˛ D id .
(b) Let x be a point outside of H [ fzg. Then, the point ˛.x/ is incident with the

line zx.

Proof. (a) follows from Theorem 5.3.
(b) follows from the fact that the line zx is a fixed line. ut
5.8 Theorem. Let P be a projective space. Let H be a hyperplane of P, and let z be
a point of P. Furthermore, let g be a line outside of H through z. Finally, let x and
y be two points on g outside of H and different from z.

Then, there exists at most one central collineation ˛ with centre z and axis H

such that ˛.x/ D y.

xz y

H

g

H

Proof. Let ˛ and ˇ be two central collineations
with centre z and axis H such that ˛.x/ D
ˇ.x/ D y. Then, ˇ�1 o ˛ is also a central
collineation with centre z and axis H .
Furthermore

.ˇ�1 o ˛/.x/ D ˇ�1.˛.x// D ˇ�1.y/ D x:

xz y

g

By Theorem 5.7, it follows that ˇ�1 o ˛ D
id , that is, ˛ D ˇ. ut

Definition. Let A and A0 be two affine spaces, and let ˛ W A ! A0 be a parallelism-
preserving collineation.

(a) ˛ is called a translation if there exists a parallel class � such that ˛ fixes every
line of � and if either ˛ D id or ˛ has no fixed points.

(b) ˛ is called a homology if there exists a point z such that ˛ fixes every line
through z. The point z is called the centre of ˛.

(c) If ˛ is a translation or a homology, ˛ is called a central collineation.
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5.9 Theorem. Let P be a projective space, let H be a hyperplane of P, and let
A WD Pn H be the affine space defined by P and H.

(a) If ˛ W P ! P is an elation with axis H, ˛ induces a translation in A.
(b) If ˛ W P ! P is a homology with axis H and centre z, ˛ induces a homology

with centre z in A.
(c) If ˛ W A ! A is a translation, the projective closure of ˛ is an elation with

axis H. The centre of ˛ is the point of H defined by the parallel class which is
element-wise fixed by ˛.

(d) If ˛ W A ! A is a homology with centre z, the projective closure of ˛ is a
homology with axis H and centre z.

Proof. (a) Let z be the centre of ˛. Note that z and H are incident since ˛ is an
elation. Then, the lines through z not contained in H form a parallel class of A.
Any of these lines is fixed by ˛jA. If ˛ ¤ id , by Theorem 5.7, there exist no
fixed points outside of H . It follows that ˛jA is a translation of A.

(b) The proof is obvious.
(c) Let � be the parallel class consisting of the lines fixed by ˛, and let z be the

projective closure of � .
We will show that the point z is the centre of the projective closure ˛� of ˛: For,
by Theorem 5.6, ˛� is a central collineation with centre z and axis G. Since ˛

(for ˛ ¤ id ) does not have a fixed point in A, it follows that G D H .
(d) Since ˛ fixes every line through z, the projective closure ˛� of ˛ fixes every

point of H . It follows that ˛� is a central collineation with centre z and axis H .
ut

6 The Theorem of Desargues

In Sect. 5, we have seen that given a projective space P, a point z, a hyperplane H

and two points x and y outside of H and collinear with z, there exists at most one
central collineation ˛ with centre z and axis H such that ˛.x/ D y. In the present
section, we shall see that for every projective space fulfilling the so-called Theorem
of Desargues, such a central collineation exists (Theorem 6.2). Furthermore, we
shall see that every projective space of dimension at least 3 fulfils the Theorem of
Desargues (Theorem 6.1).

Definition. Let P be a projective space.

(a) Let p, a1; a2; a3; b1; b2; b3 be seven points such that the lines a1b1; a2b2 and
a3b3 intersect in the point p and such that the points a1; a2; a3 and b1; b2; b3

are not collinear. Then, the seven points p, a1; a2; a3; b1; b2; b3 are called a
Desargues configuration.

(b) Let p, a1; a2; a3; b1; b2; b3 be a Desargues configuration, and let the
intersection points s12; s13 and s23 be defined as follows:

s12 WD a1a2 \ b1b2; s13 WD a1a3 \ b1b3 and s23 WD a2a3 \ b2b3:
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p

a1

a2

a3

b3

b2

b1

s12

s23

s13

In P the Theorem of Desargues holds if the points s12; s13 and s23 are collinear.
(c) The projective space P is called Desarguesian if in P the Theorem of

Desargues holds.

Definition. An affine space A is called Desarguesian if the projective closure P(A)
of A is Desarguesian.

6.1 Theorem. Let P be a projective space. If d � 3, P is Desarguesian.

Proof. Let p, a1; a2; a3; b1; b2; b3 be seven points of a Desargues configuration,
that is, the lines a1b1; a2b2 and a3b3 meet in the point p, and the points a1; a2; a3

and b1; b2; b3 are not collinear.
Let the intersection points s12; s13 and s23 be defined as follows:

s12 WD a1a2 \ b1b2; s13 WD a1a3 \ b1b3 and s23 WD a2a3 \ b2b3:

We need to show that the points s12; s13 and s23 are collinear.
First case: The planes E WD ha1; a2; a3i and F WD hb1; b2; b3i are distinct.

a1 a2

a3

b2 b1

b3

s12

s13

s23

E F

g

Then, the point p is not contained in
E , since, otherwise, F would be contained
in hp; Ei D E , that is, F D E , a
contradiction.

Obviously, the points s12 D a1a2\b1b2,
s13 D a1a3 \ b1b3 and s23 D a2a3 \
b2b3 are contained in E \ F . Since, by
assumption, E ¤ F , the set E \ F is a
line. Hence, the points s12, s13 and s23 are
collinear.
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Second case: The points a1; a2; a3 and b1; b2; b3 are contained in a common
plane E.

Obviously, the point p is contained in E .

F1

E

g

p
a3 b3

a2 b2

b1a1

r1

x 

y 

Step 1. We first will construct three
auxiliary points r1; r2 and r3:

For, let g be a line of P intersecting
the plane E in the point p. Let x

and y be two points on g different
from p. Let F1 WD hg; a1b1i be the
plane generated by the lines g and
a1b1.

Set r1 WD xa1 \ yb1 (the lines xa1

and yb1 have a common point since the
points x, y, a1; b1 are all contained in F1/. Similarly, we define r2 WD xa2 \ yb2

and r3 WD xa3 \ yb3.

F

E

a3a2

b1

a1

r1

x 

h 

r2
r3

Step 2. The points r1; r2 and r3 are
not collinear:

Otherwise, F WD hx; r1; r2; r3i
would be a plane containing the points
a1; a2 and a3. It follows that a1; a2; a3

are contained in E \ F . This con-
tradicts the assumption that the points
a1; a2 and a3 are not collinear.

Step 3. The points s12; s13 and s23 are
collinear:

By Step 2, the subspace G WD
hr1; r2; r3i is a plane. By construction, the lines a1r1; a2r2 and a3r3 all pass
through the point x. The points a1; a2; a3 and r1; r2; r3 are not collinear, that is,
the points x, a1; a2; a3; r1; r2; r3 form a Desargues configuration.

By construction, the points r1; r2; r3 are not contained in E D ha1; a2; a3i,
that is, the planes G D hr1; r2; r3i and E are distinct. By Case 1, the Theorem of
Desargues holds for this configuration, hence, the points

u12 WD r1r2 \ a1a2; u13 WD r1r3 \ a1a3 and u23 WD r2r3 \ a2a3

are incident with a common line l. Since uij D ri rj \ ai aj is contained in G \ E ,
it follows that l D G \ E .

Similarly, it follows that the points

v12 WD r1r2 \ b1b2; v13 WD r1r3 \ b1b3 and v23 WD r2r3 \ b2b3

are incident with the line l D G \ E .
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a1

a2
r1

b2b1

r2

s12 = u12 = v12

G E

l

Since the point u12 is incident with the
lines l and r1r2, it follows that u12 D r1r2 \
l . In the same way, it follows that v12 D
r1r2 \ l , hence, u12 D v12. Similarly, it
follows that u13 D v13 and u23 D v23.

The point u12 D v12 is incident with
the lines a1a2 and b1b2, therefore, u12 D
a1a2 \ b1b2 D s12. In the same way, it
follows that u13 D s13 and u23 D s23. Thus, the points s12; s13 and s23 are all
incident with the line l . ut
Theorem 6.1 cannot be generalized to projective planes. There are (many) examples
of projective planes which are not Desarguesian. The interested reader is referred to
[23] and [31].

6.2 Theorem. Let P be a projective space. Let H be a hyperplane of P, and let z be
a point of P. Furthermore, let g be a line through z not contained in H, and let p and
p0 be two points on g different from z such that p and p0 are not contained in H.

If P is Desarguesian, there exists exactly one central collineation ˛ with centre z
and axis H such that ˛.p/ D p0.

z

x x'

y'
y

s

HWe first sketch the idea of the proof: Given a
central collineation ” with centre z and axis H ,
consider a point x ¤ z outside of H , and let x0 WD
”.x/. Since z is the centre of ”, the point x0 D
”.x/ is incident with the line zx. If y is a point
outside of H not incident with the line zx, the
point y0 WD ”.y/ can be constructed as follows:

z

x x'

y'
y

s

HLet s WD xy \ H be the intersection
point of the line xy and the hyperplane H . It
follows that

y0 D ”.y/ D ”.zy\sx/ D ”.zy/\”.sx/ D zy\sx0:

Proof. The uniqueness of ˛ has already been shown in Theorem 5.8. For the
definition of ˛, we will make use of auxiliary functions ˛a;a0 :

z

a a'

x'
x

s

HStep 1. Definition of the mapping ˛a;a0 :
Let a and a0 be two points of Pn H which

are collinear with z. For a point x of Pn H non-
incident with the line za, we define x0 WD ˛a;a0.x/

as follows:
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z

a a'

x'
x

s

HLet s WD ax \ H . Set ˛a;a0.x/ WD zx \ a0s.
(The point ˛a;a0.x/ exists since the lines
zx and a0s are contained in the plane
hz; a; xi.)

Step 2. Definition of ˛:
Set ˛.z/ WD z and ˛.x/ WD x for all points

x of H.
For a point x of Pn H non-incident with the line zp, set ˛.x/ WD ˛p;p0.x/.
Let x be a point of Pn H incident with the line zp. For the definition of ˛.x/,

we consider a point q of Pn H such that q is not incident with zp. Let q0 D ˛.q/ D
˛p;p0.q/, and set ˛.x/ WD x0 WD ˛q;q0.x/.

p'q' s

z q

pWe have to show that ˛.p/ D ˛q;q0.p/ D p0:
Since q0 D ˛p;p0.q/, it follows for s WD pq \ H

that q0 D zq \p0s. Thus, ˛q;q0.p/ D zp\q0s D p0.
Altogether, ˛.x/ is defined for all points x of P,

and we have ˛.p/ D p0.

Step 3. ˛ is bijective:
Let ˇ be defined as in Step 2 under the assumption that ˇ.p0/ D p and that q is

replaced by q0. We will show that ˇ D ˛�1. For, let x be an arbitrary point of P.

z

p p'

x'
x

s

HFirst case. If x D z or if x is contained in H, it
follows that ˇ.˛.x// D ˇ.x/ D x.

Second case. Let x be a point outside of H non-
incident with the line zp. Then, we have for s WD
px \ H :

x0 WD ˛.x/ D zx \ sp0:

z

p p'

x'
x

s

HIt follows that p0x0 \H D s, and, therefore,
ˇ.x0/ D zx0 \ sp D x. In particular, it follows
that ˇ.q0/ D q for the point q defined in
Step 2.

Third case. Let x ¤ z be a point outside of H incident with the line zp. The
assertion ˇ.˛.x// D x follows as in Case 2 using the relation ˇ.q0/ D q. So,
ˇ D ˛�1.
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z

a
a'

b b'

c
αa,a'(c) = αb,b'(c)

Step 4. Let a and a0 be two points on a line
through z both different from z such that a, a0 are
not contained in H . Let b be a point of Pn H non-
incident with the line za, and let b0 WD ˛a;a0.b/.
Finally, let c be a point of Pn H such that c

is neither incident with the line za nor with the
line zb. Then, ˛a;a0.c/ D ˛b;b0.c/:

By definition of ˛a;a0 (Step 1), for s WD ab \ H; t WD ac \ H and u WD bc \ H ,
the following hold:

b0 D ˛a;a0.b/ D zb \ a0s

˛a;a0.c/ D zc \ a0t

˛b;b0.c/ D zc \ b0u:

First case. Suppose that the points a, b and c are collinear.

z

a a'

b'
b

s = t = u

H

c
c'

z

a a'

b'
b

s = t = u

H

c
c'

Then

˛a;a0.c/ D zc \ a0t D c0

˛b;b0.c/ D zc \ b0u D c0:

Hence, ˛a;a0.c/ D ˛b;b0.c/.

s

a b

c

t

H

u

Second case. Suppose that the
points a, b and c are non-collinear.
First, observe that the plane generated
by the points a, b and c intersects
the hyperplane H in a line. It follows
that the points s, t and u are collinear
and that

u D bc \ H D bc \ st :
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We shall apply the Theorem of Desargues: By construction, the point triples (a,
a0, z), (a, b, s) and (a, c, t) are collinear, that is, the lines za0, bs and ct meet in the
point a. Furthermore, the points z, b, c are not collinear since, by assumption, c is
not incident with zb. The points a0, s, and t are not collinear since the points s and
t are contained in H , whereas the point a0 is not contained in H . It follows that the
points a, z, b, c, a0, s, t form a Desargues configuration.

a

z

b
c

t

s

a'

b'

u

αa,a'(c)

By the Theorem of Desargues, the points b0 D zb \ a0s; u D bc \ H D bc \ st

and ˛a;a0.c/ D zc \ a0t are collinear.
In particular, the point ˛a;a0.c/ D zc \ a0t lies on the lines a0t , zc and b0u. It

follows that
˛a;a0.c/ D b0u \ zc D ˛b;b0.c/:

Step 5. Let a be a point of Pn H different from z, and let a0 WD ˛.a/. Then, for
any point x of Pn H non-incident with the line za, we have ˛.x/ D ˛a;a0.x/:

We shall apply Step 4 repeatedly:

z

p
p'

q q'

r
αp,p'(r) = αq,q'(r)

(i) Let q be the point outside of H and non-
incident with the line zp as chosen in Step 2.
Then, for any point r of Pn H such that r is
neither incident with zp nor with zq, we have

˛.r/ D ˛p;p0.r/ D ˛q;q0.r/ W

By definition of ˛ (Step 2), we have ˛.r/ D ˛p;p0.r/. By Step 4, we have
˛p;p0.r/ D ˛q;q0.r/. Altogether, we have

˛.r/ D ˛p;p0.r/ D ˛q;q0.r/:
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(ii) We have ˛.x/ D ˛a;a0.x/ for all x of Pn H non-incident with the line za.

z

p
p'

a a'

x

First case. Suppose that p is not incident with
za and not incident with zx.

By definition of ˛, we have ˛.x/ D ˛p;p0.x/.
It follows from Step 3 that

˛.x/ D ˛p;p0.x/ D ˛a;a0.x/:

z

q
q'

a p'

x

p a'

Second case. Suppose that p is incident with
za and that q is not incident with zx.

By definition of ˛, we have ˛.a/ D ˛q;q0.a/.
By (i), we have ˛p;p0.x/ D ˛q;q0.x/. It follows

from Step 3 that

˛.x/ D ˛p;p0.x/ D ˛q;q0.x/ D ˛a;a0.x/:

z

r
r'

a p'

x

p a'
q

q'

Third case. Suppose that p is incident with za
and that q is incident with zx.

Let r be a point of Pn H such that r is not
incident with za and neither with zx. Further-
more, let r 0 WD ˛.r/ D ˛p;p0.r/.

By (i), we have r 0 D ˛q;q0.r/. Thus, it follows
from Step 3 that

˛.a/ D ˛q;q0.a/ D ˛r;r 0.a/:

Again by Step 3, it follows that ˛r;r 0.x/ D
˛a;a0.x/.

In view of r 0 D ˛p;p0.r/, it follows from Step 3 that ˛.x/ D ˛p;p0.x/ D
˛r;r 0.x/. Altogether, we have ˛.x/ D ˛p;p0.x/ D ˛r;r0.x/ D ˛a;a0.x/.

z

q
q'

a

p'
x

p
a'

Fourth case. Suppose that p is incident with
zx and that q is not incident with za.

By (i), we have a0 WD ˛.a/ D ˛p;p0.a/ D
˛q;q0.a/. It follows from Step 3 that

˛.x/ D ˛q;q0.x/ D ˛a;a0.x/:

z

r
r'

a q'

x

q a'
p

p'

Fifth case. Suppose that p is incident with zx
and that q is incident with za.

Let r be a point of Pn H such that r is not
incident with za and neither with zx. Further-
more, let r 0 WD ˛.r/ D ˛p;p0.r/.

By (i), we have r 0 D ˛q;q0.r/. Thus, it follows
from Step 3 that

˛.x/ D ˛q;q0.x/ D ˛r;r 0.x/:
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Again by Step 3, it follows that ˛r;r 0.x/ D ˛a;a0.x/, hence ˛.x/ D ˛a;a0.x/.
Step 6. ˛ is a collineation:

Let a, b, c be three collinear points of P, and let g be the line through a, b

and c.
First case. Suppose that g is contained in H . Then, it follows that ˛.a/ D

a; ˛.b/ D b and ˛.c/ D c. In particular, the points ˛.a/; ˛.b/ and ˛.c/ are
collinear.

Second case. Suppose that z is incident with g. By construction, the points
˛.a/; ˛.b/ and ˛.c/ are on the line g, thus, they are collinear.

z

a a'

x'
x

s

H

g

Third case. Suppose that g is not con-
tained in H and that z is not incident with
g. Let s WD g \ H , and let a0 WD ˛.a/.
Then, by Step 5, ˛ maps any point x of g

(x ¤ a, s) on the line a0s.3 In particular, the
points a0 D ˛.a/; ˛.b/ and ˛.c/ are on the
line a0s.

Similarly, the mapping ˛�1 (Step 3)
maps any three collinear points on three
collinear points.

Thus, ˛ is a collineation. ut

3More precisely, in view of Step 4, we have ˛.x/ D ˛a;a0 .x/ D zx \ a0s.
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Chapter 3
Projective Geometry Over a Vector Space

1 Introduction

In this chapter we will construct projective and affine geometries by means of vector
spaces (Sects. 2, 3 and 5). For these projective and affine spaces defined by vector
spaces, we will investigate their automorphism groups (Sects. 4 and 6).

The First Fundamental Theorem (Sect. 7) states that every projective or affine
space fulfilling the Theorem of Desargues, in particular, every projective or affine
space of dimension at least 3, stems from a vector space. This theorem provides
a complete classification of projective and affine spaces fulfilling the Theorem of
Desargues.

The Second Fundamental Theorem (Sect. 8) determines the automorphism
groups of projective and affine spaces stemming from a vector space.

2 The Projective Space P(V)

So far, projective spaces have been introduced by their defining axioms. In the
present section, we shall present an algebraic construction of projective spaces based
on vector spaces (see Theorem 2.2). The relation between the subspaces of the
underlying vector space and the subspaces of the projective space is described in
Theorem 2.3.
Finally, in Theorem 2.4, it is shown that the projective spaces introduced in this
section are Desarguesian.

Definition. Let V be a left vector space of dimension at least 3 over a skew
field K .

(a) The geometry P D P.V/ D .X; �; type/ over the type set fpoint, lineg is
defined as follows:

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-20972-7 3, © Springer-Verlag Berlin Heidelberg 2011
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(i) The points of P are the 1-dimensional subspaces of V.
(ii) The lines of P are the 2-dimensional subspaces of V.

(iii) A point p D hvi; 0 ¤ v 2 V, and a line g D hv1; v2i are called incident if
the 1-dimensional subspace hvi is contained in the 2-dimensional subspace
hv1; v2i.

The geometry P D P.V/ is called the projective space over the vector
space V.1

For a subspace W of V, we denote by P(W) the set of the 1-dimensional
subspaces of W. Thus, P(V) is the point set of P.

(b) If V is a .d C 1/-dimensional vector space over a skew field K , the projective
space P D P.V/ is also denoted by PG(d, K).

Often, a point p of P D P.V/ is denoted by p D hvi. This means implicitly that v
is a vector of V distinct from 0.

Remark. Throughout this chapter, vector spaces are left vector spaces. Of course,
all results are also valid for right vector spaces. However, sometimes the results have
to be slightly reformulated. At those points, we shall give a short hint.

2.1 Proposition. Let P D P.V/ be a projective space over a left vector space V.
Let x D hvi and y D hwi be two (distinct) points of P. The 2-dimensional subspace
hv; wi of V is the unique line of P through x and y.

Proof. Since x and y are different points of P, it follows that hvi ¤ hwi, that is,
hv; wi is a 2-dimensional subspace of V and therefore a line of P through x and y.
The line hv; wi is unique since there exists exactly one 2-dimensional subspace of
V through hvi and hwi. ut
2.2 Theorem. Let P D P.V/ be a projective space over a left vector space V. Then,
P is a projective space.

Proof. Verification of .PS1/: The fact that any two points are incident with exactly
one line has been shown in Proposition 2.1.

p
x1

y1

x2

y2

Verification of .PS2/; Axiom of Veblen-
Young: Let p D hvi; x1 D hw1i; x2 D
hw2i; y1 D hu1i and y2 D hu2i be five points
of P such that the points p, x1; x2 and p,
y1; y2 are collinear.

Let U WD hv; w1; u1i be the subspace of V generated by v, w1 and u1. Since
x2 D hw2i is incident with the line px1 D hv; w1i, it follows that w2 is contained
in U . Similarly, it follows that u2 is contained in U . It follows from the dimension
formula for vector spaces that

1We shall see in Theorem 2.2 that P D P.V/ is indeed a projective space.
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dimV .hw1; u1i \ hw2; u2i/ D dimV hw1; u1i C dimV hw2; u2i � dimV hw1; u1; w2; u2i
D dimV hw1; u1i C dimV hw2; u2i � dimV U

D 2 C 2 � 3 D 1:

It follows that the lines x1y1 D hw1; u1i and x2y2 D hw2; u2i meet in the point
hw1; u1i \ hw2; u2i.

Verification of .PS3/: Let g D hv; wi be a line of P, that is, a 2-dimensional
subspace of V. Then, g D hv; wi contains the pairwise different 1-dimensional
subspaces hvi; hwi and hv C wi. Thus, g is incident with at least three points.

Since dimV V � 3, there are three linearly independent vectors v1; v2 and v3

contained in V. It follows that P contains the three lines hv1; v2i; hv1; v3i and
hv2; v3i. ut
In what follows, we shall investigate the subspace structure of P D P.V/. Since P is
a projective space, P has subspaces. We shall see that the subspaces of P correspond
to the subspaces of V.

2.3 Theorem. Let P D P.V/ be a projective space over a left vector space V.

(a) Let W be a subspace of V. Then, the set P.W / of the 1-dimensional subspaces
of W forms a subspace of P.

(b) Let A be a set of non-zero vectors of V, and let W WD hAi and U WD hp WD
hvi j v 2 Ai. Then, U D P.W /.

(c) Let U be a subspace of P. Then, there exists a subspace W of V such that the
points of U are exactly the 1-dimensional subspaces of W , that is, U D P.W /.

(d) Let A be a set of non-zero vectors of V, and let B WD fp WD hvi j v 2 Ag. Then,
the set A is a linearly independent subset of V if and only if the set B is an
independent subset of P.

(e) Let U be a subspace of P, and let W be a subspace of V with U D P.W /.
Furthermore, let fpi D hvi i j i 2 I g be a point set of U . Then, the set fpi j i 2
I g is a basis of U if and only if fvi j i 2 I g is a basis of W .

(f) Let U be a subspace of P, and let W be a subspace of V with U D P.W /.
Then, dim U D dimV W � 1.

Proof. (a) Let x D hvi and y D hwi be two (distinct) points of P.W /. Then, by
Proposition 2.1, for the line g WD xy joining x and y, we have:

g D xy D hv; wi � W:

Since the points of g are the 1-dimensional subspaces of hv; wi, it follows
that g is contained in P.W /. Thus, P.W / is a subspace of P.

(b) (i) The set U is contained in P.W /: For, let v be an element of A. By definition
of P.W /, the point p WD hvi is contained in P.W /. By Part (a), P.W / is a
subspace of P. Hence, we have

U D hp WD hvij v 2 Ai � P.W /:
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(ii) The set P.W / is contained in U : For a natural number r , let

Wr WD fw 2 W j 9 C � A; jC j D r; w 2 hC ig

be the set of vectors of W which are contained in a subspace of W which is
generated by at most r elements of A. We shall prove by induction on r that
P.Wr/ is contained in U for all natural numbers r :

r D 0: Let 0 ¤ w be an element of W0. Then, there exists an element v of A

such that hwi D hvi. It follows that hwi D hvi is contained in U .

r � 1 ! r : Let w be an element of Wr . Then, there exists a subset C D
fc1; : : : ; crg of A such that w is contained in hC i. Let W 0 WD hC i, and let
W 00 WD hc1; : : : ; cr�1i. Let U 0 WD hp D hvi j v 2 W 0i and U 00 WD hp D
hvi j v 2 W 00i. By induction, we have P.W 00/ D U 00.

The vector w is contained in W 0 D hW 00; cri. Hence, there exist two
elements � and � of K such that w D � w00 C � cr .

It follows that the point hwi is on the line hw00; cri. Since the points hw00i and
hcri both are contained in U , it follows that hwi is contained in U ; hence P.Wr/

is contained in U .
Since W D S

r2N

Wr , it follows that P.W / is contained in U .

(c) follows from (a).

(d) (i) Suppose that B is an independent subset of P. Assume that A is a linearly
dependent subset of V. Then, there exists an element v of A such that

hA n fvgi D hAi:
By (b), it follows that

hB n fhvigi D hBi;
in contradiction to the independency of B .

(ii) Conversely, suppose that A is a linearly independent subset of V. Assume
that B is a dependent subset of P. Then, there exists an element p D hvi of
B such that

hB n fhvigi D hBi:
By (b), it follows that

hA n fvgi D hAi
in contradiction to the independency of A.

(e) follows from (b) and (d).
(f) follows from (e). ut
If P D P.V/ is a projective space over a vector space V, there is the following
relation between the subspaces of P and the subspaces of V:
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Subspaces of V Subspaces of P D P.V/

0-dimensional subspace Empty set
1-dimensional subspaces Points
2-dimensional subspaces Lines
3-dimensional subspaces Planes
.tC1/-dimensional subspaces t-dimensional subspaces
V P

2.4 Theorem. Let P D P.V/ be a projective space over a left vector space V. Then,
P is Desarguesian.

Proof. By Theorem 6.1 of Chap. II, every projective space of dimension d � 3 is
Desarguesian. We therefore can assume that P is a projective plane.

Let p, a1; a2; a3; b1; b2; b3 be a Desargues configuration in P. Since the points
a1 D hv1i; a2 D hv2i and a3 D hv3i are non-collinear, the vectors v1; v2 and v3 are
linearly independent. Since P is a plane, the vector v with p D hvi is contained in
the vector space generated by v1; v2 and v3. Since p is not incident with any of the
lines a1a2; a2a3 or a1a3, there exist elements c1; c2 and c3 of K n f0g such that v D
c1 v1 Cc2 v2 Cc3 v3. Substituting vi by ci vi , we get a1 D hv1i; a2 D hv2i; a3 D hv3i
and p D hv1 C v2 C v3i.

Since the points p, ai ; bi for i D 1; 2; 3 are collinear, there exist elements
k1; k2; k3 of K such that

b1 D hv1 C v2 C v3 C v1 k1i D h.1 C k1/ v1 C v2 C v3i
b2 D hv1 C .1 C k2/ v2 C v3i
b3 D hv1 C v2 C .1 C k3/ v3i:

For the intersection point s12 WD a1 a2 \ b1 b2, it follows:

s12 D hv1; v2i \ h.1 C k1/ v1 C v2 C v3; v1 C .1 C k2/ v2 C v3i
D hk1 v1 � k2 v2i:

The last equation follows from the fact that the vector k1 v1 � k2 v2 is contained
in hv1; v2i and in h.1 C k1/ v1 C v2 C v3; v1 C .1 C k2/ v2 C v3i.

Similarly, it follows for the intersection points s13 WD a1 a3 \ b1 b3 and s23 WD
a2 a3 \ b2 b3 that

s13 D hk1 v1 � k3 v3i
s23 D hk2 v2 � k3 v3i:

Since the vectors k1 v1 � k2 v2; k1 v1 � k3 v3 and k2 v2 � k3 v3 are contained in
the vector space hk1 v1 � k2 v2; k3 v3 � k1 v1i, it follows that the points s12; s23 and
s13 are on the line hk1 v1 � k2 v2; k3 v3 � k1 v1i. Thus, they are collinear. ut
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3 Homogeneous Coordinates of Projective Spaces

Since the projective space P D P.V/ is defined by means of a vector space, it
admits the definition of coordinates. We shall introduce coordinates only for finite-
dimensional projective spaces.

Definition. Let P D P.d; K/ be a d-dimensional projective space over a left vector
space V, and let fe0; : : : ; ed g be a basis of V. If x D hvi is a point of P with

v D �0 e0 C : : : C �d ed where �0; : : : ; �d 2 K;

the vector .�0; : : : ; �d / is called the homogeneous coordinates of x with respect to
the basis fe0; : : : ; ed g. The vector .�0; : : : ; �d / is denoted by Nx.

Nx D .�0; : : : ; �d / are the homogenous coordinates of v with respect to the
basis fe0; : : : ; ed g. Often, we shall introduce homogeneous coordinates without
mentioning the basis fe0; : : : ; ed g of V explicitly.

Remark. If V is a right vector space, the homogenous coordinates of x D hvi are
denoted by .�0; : : : ; �d /t and not as .�0; : : : ; �d /.

3.1 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a left
vector space V, and let x D hvi and y D hwi be two points of P with homogeneous
coordinates Nx D .�0; : : : ; �d / and Ny D .�0; : : : ; �d /. Then, x D y if and only if
there exists an element 0 ¤ � of K such that Nx D � Ny.

Proof. The proof is obvious. ut
Although the homogeneous coordinates of a point of P D P G.d; K/ are only

defined up to a multiple of K , one often speaks of “the” homogeneous coordinates
of a point.

Remark. One might think that the addition in V could be used to define an addition
on the points of P D P G.d; K/ by setting x C y WD hv C wi for any two points
x D hvi and y D hwi of P. Unfortunately, this definition is not well-defined. If the
field K has at least three elements and if � is an element of K with � ¤ 0, 1, we
have y D h� wi, but x C y D hv C wi ¤ hv C � wi D x C y, a contradiction.

3.2 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a left
vector space V, and let AW V ! V be a bijective linear transformation with matrix
representation

MA D

0

B
@

a00 : : : a0d

:::
: : :

:::

ad0 : : : add

1

C
A :
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Let ˛ be the transformation2 of P induced by A. If x is a point of P with
homogenous coordinates Nx D .�0; : : : ; �d /, the point ˛.x/ has homogenous
coordinates

Ny D Nx A D .�0; : : : ; �d / MA D .�0; : : : ; �d /

0

B
@

a00 : : : a0d

:::
: : :

:::

ad0 : : : add

1

C
A :

Proof. The proof is obvious. ut
Remark. If V is a right vector space, we have Nx D .�0; : : : ; �d /t and

Ny D A Nx D MA .�0; : : : ; �d /t D

0

B
@

a00 : : : a0d

:::
: : :

:::

ad0 : : : add

1

C
A

0

B
@

�0

:::

�d

1

C
A :

3.3 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a left
vector space V, and let H be a hyperplane of P. Then, there exist �0; : : : ; �d of K

with the following property:
A point x of P with homogeneous coordinates Nx D .�0; : : : ; �d / is contained in

H if and only if
dP

iD0

�i �i D 0.

Proof. In V, the hyperplane H is a d-dimensional subspace. It follows that there
exist �0; : : : ; �d of K such that for any vector v of V with coordinates .�0; : : : ; �d /,
we have:

v 2 H ,
dX

iD0

�i �i D 0: ut

Definition. Let P D P G.d; K/ be a d-dimensional projective space, and let H

be a hyperplane of P. Then, the elements �0; : : : ; �d of Theorem 3.3 are called the
homogeneous coordinates of H . They are denoted by NH D Œ�0; : : : ; �d �t .

If x is a point of P with homogeneous coordinates Nx D .�0; : : : ; �d /, set

Nx� NH WD
dX

iD0

�i �i :

For a point x and a hyperplane H , the point x is contained in H if and only if
Nx� NH D 0.

Alternatively, a hyperplane can be described by a linear equation: If Œ�0; : : : ; �d �t

are the homogeneous coordinates of a hyperplane H of P D P G.d; K/, H is
defined by the equation

x0 �0 C x1 �1 C : : : C xd �d D 0:

2In Theorem 4.3, we shall see that ˛ is a collineation.
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This means that H consists of the points .x0; x1; : : : ; xd / for which the above
equation is fulfilled.

Remark. If V is a right vector space, the hyperplane H has homogeneous coordi-
nates Œ�0; : : : ; �d �. A point .x0; x1; : : : ; xd /t of P is contained in H if and only if

�0 x0 C �1 x1 C : : : C �d xd D 0:

3.4 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
left vector space V, and let H and L be two hyperplanes of P with homogeneous
coordinates NH D Œ�0; : : : ; �d �t and NL D Œ�0; : : : ; �d �t .

Then, H D L if and only if there is an element 0 ¤ � of K such that NH D NL�,
that is, Œ�0; : : : ; �d �t D Œ�0�; : : : ; �d ��t .

Proof. The corresponding relation holds in V. ut
Remark. If V is a right vector space, we have H D L if and only if there is an
element 0 ¤ � of K such that NH D � NL.

4 Automorphisms of P(V)

If P D P.V/ is a projective space over two vector space V, the semilinear
and the linear transformations of V induce automorphisms of P. In the present
section, we shall see that central collineations are induced by semilinear and linear
transformations of V (see Theorems 4.7 and 4.8).

Definition. Let V and V0 be two left vector spaces over two skew fields K and K 0,
and let � W K ! K 0 be an isomorphism from K onto K 0. A transformation AW V !
V0 is called a semilinear transformation with accompanying isomorphism � if
for all x, y of V and for all k of K , we have:

A.x C y/ D A.x/ C A.y/ and

A.k x/ D �.k/ A.x/:

If V D V0, the semilinear transformation A is called the the semilinear
transformation with accompanying automorphism �.

4.1 Theorem. Let V and V0 be two left vector spaces over two skew fields K and
K 0, and let AW V ! V0 be a bijective semilinear transformation with accompanying
isomorphism �.

(a) For any subspace U of V, the set A.U / is a subspace of V0.
(b) If U is a subspace of V, and if B is a basis of U , then A.B/ WD fA.v/ j v 2 Bg

is a basis of A.U /. In particular, we have dim A.U / D dim U .

Proof. (a) Let U be a subspace of V, and let x and y be two elements of U . Then,
A.x/ C A.y/ D A.x C y/ is an element of A.U /. Furthermore, for an element
k0 of K 0, the element k0A.x/ D A.��1.k0/x/ is also an element of A.U /.
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(b) Let w D A.u/ be an element of A.U /. Then, there exist elements v1; : : : ; vr

of B and k1; : : : ; kr of K such that u D k1 u1 C : : : C kr ur . It follows that
w D A.u/ D �.k1/ A.u1/ C : : : C �.kr / A.ur /.

Let v1; : : : ; vr be some elements of B , and let k0
1; : : : ; k0

r be some elements
of K 0, and let 0 D k0

1 A.u1/ C : : : C k0
r A.ur / D A.��1 .k0

1/ u1 C : : : C
��1 .k0

r / ur /. Since A is a bijective transformation with A.0/ D 0,3 it follows
that ��1 .k0

1/ u1 C : : : C ��1 .k0
r / ur D 0. Since B is a basis, it follows that

��1 .k0
1/ D : : : D ��1 .k0

r / D 0, hence, k0
1 D : : : D k0

r D 0. ut
4.2 Theorem. Let V and V0 be two left vector spaces over two skew fields K and
K 0, and let AW V ! V0 be a bijective semilinear transformation with accompanying
isomorphism �.

(a) The transformation A�1 is a semilinear transformation with accompanying
isomorphism ��1.

(b) If V D V0, the set of bijective semilinear transformations of V forms a group.

Proof. (a) Let x0 and y0 be two elements of V0, and let k0 be an element of K 0.
We have

A.A�1.x0 C y0// D x0 C y0 D A.A�1.x0// C A.A�1.y0//
D A.A�1.x0/ C A�1.y0//; and

A.A�1.k0 x0// D k0 x0 D k0 A.A�1.x0//
D �.��1.k0/ A.A�1.x0/// D A.��1.k0/ A�1.x0//:

Since A is bijective, it follows that

A�1.x0 C y0/ D A�1.x0/ C A�1.y0/; and A�1.k0 x0/ D ��1.k0/ A�1.x0/:

(b) follows from (a) and the fact that the product of a semilinear transformation with
accompanying automorphism �1 and a semilinear transformation with accom-
panying automorphism �2 is a semilinear transformation with accompanying
automorphism �2 �1. ut

4.3 Theorem. Let P D P.V/ and P0 D P.V 0/ be two projective spaces over the left
vector spaces V and V0, and let AW V ! V0 be a bijective semilinear transformation.

Then, A induces a collineation ˛ from P into P0.

Proof. Since AW V ! V0 is bijective, the mapping ˛ W P ! P0 is a bijective mapping
from the point set of P into itself. Furthermore, for three points x D hvi; y D hwi
and z D hui of P, we have:

3We have A.x/ D A.x C 0/ D A.x/ C A.0/, hence A.0/ D 0.
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The points x D hvi; y D hwi and z D hui are collinear:

, The vectors v, w and u are contained in a 2-dimensional subspace of V.

, The vectors A.v/, A.w/ and A.u/ are contained in a 2-dimensional subspace of V:

, The points ˛.x/ D hA.v/i; ˛.y/ D hA.w/i and ˛.z/ D hA.u/i are collinear:

Hence, ˛ W P ! P0 is a collineation. ut
Definition. Let P D P.V/ be a projective space over a left vector space V.

(a) The group of the collineations of P, which are induced by bijective semilinear
transformations, is denoted by P �L.V/. If P D P G.d; K/ is a d-dimensional
projective space, the group P �L.V/ is denoted by P �L.d C 1; K/.

(b) If AW V ! V is a bijective linear transformation, the automorphism of P
induced by A is called a projective collineation of P.

The group of the projective collineations of P D P.V/ is denoted by P GL.V/. If
P D P G.d; K/ is a d-dimensional projective space, the group P GL.V/ is denoted
by P GL.d C 1; K/.

The parameter d in P G.d; K/ denotes the dimension of P, whereas the
parameter d C1 in P GL.d C1; K/ and in P �L.d C1; K/ denotes the dimension
of V. The reason for this somewhat confusing terminology is that the parameter
d C 1 denotes the size of the matrices of the corresponding linear transformations.
In Sect. 8, we shall see that the group P �L.V/ is the whole automorphism group of
the projective space P D P.V/.

4.4 Theorem. Let P D P.V/ and P0 D P.V0/ be two projective spaces over two
left vector spaces V and V0, and let A and B be two bijective linear transformations
from V onto V0. Let ˛ and ˇ be the projective collineations induced by A and B .
Finally, let Z.K 0/ be the centre of K 0. Then, we have ˛ D ˇ if and only if there
exists an element � of Z.K 0/ n f0g with A D � B .4

Proof. (i) Let A D � B for some � of Z.K 0/ n f0g. Then, for any point x D hvi
with 0 ¤ v 2 V, we have

˛.hvi/ D A.hvi/ D hAvi D h� Bvi D hBvi D B.hvi/ D ˇ.hvi/:
It follows that ˛ D ˇ.

(ii) Let ˛ D ˇ, and let M D fvi j i 2 I g be a basis of V. Then, we have

Avi 2 hAvi i D A.hvi i/ D ˛.hvi i/ D ˇ.hvii/ D B.hvi i/ D hBvi i for all i of I:

It follows that for all i of I , there exists an element �i of K 0 n f0g such that
Avi D �i Bvi . Let j and k be two elements of I . Similarly, we obtain the
existence of an element � of K 0 n f0g such that A.vj C vk/ D � B.vj C vk/. It
follows that

4Note that the application � B is linear if and only if � belongs to the centre Z.K 0/ of K 0.
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0 D .vj C vk/ � .vj C vk/

D A..vj C vk/ � .vj C vk//

D Avj C Avk � A.vj C vk/

D �j Bvj C �k Bvk � � B.vj C vk/

D .�j � �/ Bvj C .�k � �/ Bvk:

Since fBvi j i 2 I g is a basis of V0, it follows that � D �j D �k , that is,
� D �i for all i of I . Since M is a basis of V, we have A D � B .

It remains to show that � is an element of Z.K 0/. For, let � be an element
of K 0. Let v0 and v1 be two elements of M . As above, we get three elements
�0; �1 and � of K 0 such that A.� v0/ D �0 B.� v0/; A.v1/ D �1 B.v1/ and
A.� v0 C v1/ D � B.� v0 C v1/. Considering the equation

0 D .� v0 C v1/ � .� v0 C v1/ D A.� v0 C v1/ � A.� v0 C v1/

D .�0 � �/B.� v0/ C .�1 � �/B.v1/;

we get �0 D �1 D �. It follows that

A.� v0/ D � A.v0/ D � � B.v0/ and

A.� v0/ D � B.� v0/ D � � B.v0/:

It follows that � � D � �. ut
4.5 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over
a vector space V. The group P GL.d C 1; K/ operates transitively on the
chambers of P.

Proof. Let C D fC0; C1; : : : ; Cd�1g and D D fD0; D1; : : : ; Dd�1g be two
chambers of P with dim Ci D dim Di D i . Then, there exist two bases
fv0; v1; : : : ; vd g and fw0; w1; : : : ; wd g of V such that Ci D hv0; v1; : : : ; vi i and
Di D hw0; w1; : : : ; wi i.

Define the linear transformation AW V ! V by Avi WD wi for i D 0; : : : ; d .
If ˛ denotes the projective collineation induced by A, we get ˛.Ci / D Di , that is,
˛.C / D D. ut
Definition. Let P be a d -dimensional projective space. A frame of P is an ordered
set of d C 2 points such that any d C 1 of them form a basis of P.

4.6 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V.

(a) The group P GL.d C 1; K/ operates transitively on the frames of P.
(b) If K is commutative, the group P GL.d C 1; K/ operates sharply transitively

on the frames of P. In this case, every projective collineation of P is uniquely
determined by its definition on a frame.
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Proof. Let X D fx0; x1; : : : ; xdC1g and Y D fy0; y1; : : : ; ydC1g be two frames of
P. Then, there exist two bases fv0; v1; : : : ; vd g and fw0; w1; : : : ; wd g of V such that
xi D hvii and yi D hwi i for i D 0; : : : ; d . Furthermore, let v, w be two elements
of V with xdC1 D hvi and ydC1 D hwi. Since X and Y are frames, there exist
�0; �1; : : : ; �d and �0; �1; : : : ; �d of K n f0g such that

v D
dX

iD0

�i vi and w D
dX

iD0

�i wi :

(a) Existence of a projective collineation ˛ with ˛.X/ D Y :
For i D 0; 1; : : : ; d , set Avi WD �i

�1 �i wi , and let ˛ be the projective
collineation induced by A. For i D 0; 1; : : : ; d , one easily computes that
˛.xi / D yi . Furthermore, we have

˛.xdC1/ D hAvi D
*

dX

iD0

�i Avi

+

D
*

dX

iD0

�i wi

+

D hwi D ydC1:

(b) Uniqueness of ˛: From now on, we suppose that K is commutative. Let ˛ and
ˇ be two projective collineations with ˛.X/ D ˇ.X/ D Y . Then, � WD ˛ o ˇ�1

is a projective collineation with �.X/ D X . Let C be a linear transformation of
V inducing � . Then, there exist �0; �1; : : : ; �d ; � of K n f0g such that C vi D
�i vi .i D 0; : : : ; d / and C v D � v. By v D

dP

iD0

�i vi , it follows that

0 D v � .�0 v0 C �1 v1 C : : : C �d vd /

D C v � C.�0 v0 C �1 v1 C : : : C �d vd /

D C v � .�0 C v0 C �1 C v1 C : : : C �d C vd /

D � v � .�0 �0 v0 C �1 �1 v1 C : : : C �d �d vd /

D � v � .�0 �0 v0 C �1 �1 v1 C : : : C �d �d vd / Œsince K is commutative�

D � �0 v0 C � �1 v1 C : : : C � �d vd � .�0 �0 v0 C �1 �1 v1 C : : : C �d �d vd /

D .� � �0/ �0 v0 C .� � �1/ �1 v1 C : : : C .� � �d / �d vd :

Since �i ¤ 0 for all i , and since fv0; : : : ; vd g is a basis of V, it follows that
� D �i for all i . Thus, C D � id. It follows that id D � D ˛ o ˇ�1, hence,
˛ D ˇ. ut

Next, we shall investigate the central collineations of P(V).5

5For the definition of central collineations, cf. Sect. 5 of Chap. II.
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4.7 Theorem. Let P D P.V/ be a projective space over a vector space V.

(a) Every homology of P is induced by a semilinear transformation of V.
(b) Let ı W P ! P be a homology with centre z D hv0i and axis H D P.W /.

Observe that every element v of V is of the form v D a v0 C w for some element
a of K and some element w of W .

There exists an element 0 ¤ � of K such that the semilinear transformation
D W V ! V defined by

D.a v0 C w/ WD ��.a/ v0 C � w for all a of K and all w of W

induces the homology ı. The automorphism �� W K ! K is defined by ��.k/ WD
� k ��1.

(c) Conversely, let 0 ¤ v0 be a vector of V, let W be a maximal proper subspace of
V such that V D hv0; W i, let 0 ¤ � be an element of K , and let �� W K ! K

be defined by ��.k/ WD � k ��1. Furthermore, let D W V ! V be the semilinear
transformation defined by

D.a v0 C w/ WD ��.a/ v0 C � w for all a of K and all w of W :

Then, the collineation ı induced by D is a homology with centre hv0i and axis
H WD P.W /.

Proof. We will prove the assertions (a) and
(b) in common.

z y δ(y) x

HStep 1. Let x WD hw0i be an element
of H D P.W /, and let y WD hv0 C w0i
be a point on the line xz different from x

and z. Since ı W P ! P is a homology
with centre z D hv0i and axis H D
P.W /, the point ı.y/ is on the line xz,
hence, there exists an element 0 ¤ � of
K such that ı.y/ D hv0 C � w0i.

Step 2. The transformation D W V ! V defined above is a semilinear
transformation with accompanying automorphism ��: Obviously, �� W K ! K

is an automorphism of K . For all vectors a v0 C w; a1 v0 C w1 and a2 v0 C w2 of V
and all elements k of K , we have

D.a1 v0 C w1 C a2 v0 C w2/ D D..a1 C a2/ v0 C w1 C w2/

D ��.a1 C a2/ v0 C � .w1 C w2/

D ��.a1/ v0 C � w1 C ��.a2/ v0 C � w2

D D.a1 v0 C w1/ C D.a2 v0 C w2/

and
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D.k.a v0 C w// D D.ka v0 C k w/

D ��.ka/ v0 C �k w

D ��.k/ ��.a/ v0 C �k��1� w

D ��.k/ ��.a/ v0 C ��.k/ � w

D ��.k/ .��.a/ v0 C � w/

D ��.k/ D.a v0 C w/:

Step 3. Let ˛ be the collineation induced by D. We have ˛ D ı: By definition, ˛

fixes all points of H . By Theorem 5.3 of Chap. II, ˛ is a central collineation. Since
˛.z/ D ˛.hv0i/ D hD v0i D hv0i D z and since z is not contained in H , the point z
is the centre of ˛. Furthermore, we have

˛.y/ D ˛.hv0 C w0i/ D hD .v0 C w0/i D hv0 C � w0i D ı.y/:

Thus, ˛ and ı are two central collineations with centre z and axis H and ˛.a/ D
ı.a/. By Theorem 5.8 of Chap. II, it follows that ˛ D ı.

(c) The proof is similar to Steps 2 and 3 of the proof of Parts (a) and (b). ut
4.8 Theorem. Let P D P.V/ be a projective space over a vector space V.

(a) Every elation of P is a projective collineation.
(b) Let 	 W P ! P be an elation with axis H D P.W /, and let x D hv0i be a point

of P outside of H . Observe that every element v of V is of the form v D a v0 Cw
for some element a of K and some element w of W .

There exists an element w0 of W such that the linear transformation T W
V ! V defined by

T .a v0 C w/ WD a v0 C a w0 C w for all a of K and all w of W

induces the elation 	 .
(c) Conversely, let 0 ¤ v0 be a vector of V, let W be a maximal proper subspace

of V such that V D hv0; W i, and let 0 ¤ w0 be an element of W . Furthermore,
let T W V ! V be the linear transformation defined by

T .a v0 C w/ WD a v0 C a w0 C w for all a of K and all w of W :

Then, the collineation 	 induced by T is an elation with centre hw0i and axis
H WD P.W /.

Proof. We will prove the assertions (a) and (b) in common.
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x τ(x) z

HStep 1. Let z WD hw1i be the centre
of 	 . Since 	 W P ! P is an elation
with centre z D hw1i and axis H D
P.W /, the point 	.x/ is on the line xz,
hence, there exists an element 0 ¤ � of
K such that 	.x/ D hv0 C � w1i. Set
w0 WD � w1.

Step 2. The transformation T W V ! V
defined above is a linear transformation: For all vectors a v0 C w; a1 v0 C w1 and
a2 v0 C w2 of V and all elements k of K , we have

T .a1 v0 C w1 C a2 v0 C w2/ D T ..a1 C a2/ v0 C w1 C w2/

D .a1 C a2/ v0 C .a1 C a2/ w0 C w1 C w2

D a1 v0 C a1 w0 C w1 C a2 v0 C a2 w0 C w2

D T .a1 v0 C w1/ C T .a2 v0 C w2/

and

T .k.a v0 C w// D T .ka v0 C k w/

D ka v0 C ka w0 C k w

D k .a v0 C a w0 C w/

D k A.a v0 C w/:

Step 3. Let ˛ be the collineation induced by T . We have ˛ D 	 : By definition,
˛ fixes all points of H . By Theorem 5.3 of Chap. II, ˛ is a central collineation.
Furthermore, we have

˛.x/ D ˛.hv0i/ D hT .v0/i D hv0 C w0i D 	.x/:

Thus, ˛ and 	 are two central collineations with centre z D x 	.x/ \ H and axis
H and ˛.a/ D 	.a/. By Theorem 5.8 of Chap. II, it follows that ˛ D 	 .

(c) The proof is similar to Steps 2 and 3 of the proof of Parts (a) and (b). ut

5 The Affine Space AG.W/

In the present section, we shall see that any (left) vector space W defines an affine
space A D A.W/ over the vector space W whose points are the vectors of W
(Theorem 5.5). In Theorem 5.6, we shall analyse the subspaces of this affine space
A D A.W/.

In the remaining part of this section, we shall see that if A D A.W/ is an affine
space over a vector space W, the projective closure of A is a projective space over
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some vector space V, and conversely, if P D P.V/ is a projective space over some
vector space V, the affine space P n H is an affine space over some vector space W
for all hyperplanes H of P.

Definition. Let W be a left vector space over a skew field K of dimension at least 2.
The geometry A D A.W/ D .X; �; type/ over the type set fpoint, lineg is defined
as follows:

(i) The points of A are the elements of W.
(ii) The lines of A are the cosets of the 1-dimensional subspaces of W.

(iii) A point p of W and a line g D x C hwi are called incident if p is contained in
the coset x C hwi.

The geometry A D A.W/ is called the affine space over the vector space W.6 If
W is of finite dimension d, then A D A.W/ is denoted by AG.d; K/.

Since the points of A are the vectors of W, we shall occasionally identify A and W.

5.1 Theorem. Let A D A.W/ be an affine space over a vector space W. Let x and
y be two points of A. Then, g WD x C hy � xi is the unique line through x and y.

Proof. Since x D x C 0 � .y � x/ and y D x C 1 � .y � x/, the points x and y are
incident with g, that is, g is a line through x and y.

Conversely, every line h through x and y contains the point x. Thus, the line h is
of the form h D x C hwi. Since y is incident with the line h, there exists an element
� of K such that y D x C �w, that is, �w D y � x. It follows that hwi D hy � xi,
that is, h D x C hy � xi D g. ut
Definition. Let A D A.W/ be an affine space over a vector space W. For two lines
g D x C hwi and h D y C hvi, we set g jj h if and only if hvi D hwi. Two lines g

and h are called parallel if g jj h.

5.2 Theorem. Let A D A.W/ be an affine space over a vector space W. The
relation jj defines a parallelism on A.

Proof. Obviously, jj is an equivalence relation. If x is a point of A and if g D yChwi
is a line of A, h WD x C hwi is the unique line through x parallel to g. ut
5.3 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) Let E WD x Chv; wi be a coset of a 2-dimensional subspace hv; wi of W. Then,
E is a closed subplane of A with respect to jj.

(b) Let E be a closed subplane of A with respect to jj. Then, there exist elements x,
v, w of W such that E D x C hv; wi.

Proof. (a) We first shall see that E D x C hv; wi is a subspace of A: For, let
a D x C �1v C �1w and b D x C �2v C �2w be two points of E , and let g be
the line through a and b.

6We shall see in Theorem 5.5 that A D A.W/ is indeed an affine space.
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By Theorem 5.1, we have g D a C hb � ai. Let c be a point on g. Then,
there exists an element � of K with

c D a C � .b � a/

D x C �1 v C �1 w C � .x C �2 v C �2 w � x � �1 v � �1 w/

D x C .�1 C � �2 � � �1/ v C .�1 C � �2 � � �1/ w

2 x C hv; wi:

It follows that g is contained in E D x C hv; wi.
Next, we shall see that E is closed with respect to jj: For, let g D x C hui

be a line of E such that u is contained in hv; wi, and let p WD x C t be a point
of E such that t is contained in hv; wi. By definition of the parallelism jj, the
line h WD x C t C hui is the line through p parallel to g. Obviously, the line
h D x C t C hui is contained in the plane E D x C hv; wi.

Since E is generated by the three points x, x C v and x C w, the plane E is
a closed subplane of A with respect to jj.

(b) Let x, y and z be three points of A, generating the plane E . Let a WD z � x and
b WD y � x.

Step 1. The plane x C ha; bi is contained in E: Let g be the line through x

and y, and let h be the line through x and z. Then,

g D x C hy � xi D x C hbi and

h D x C hz � xi D x C hai:

y

x z

g

l

x + λa

h

x + λa + μb

ELet s WD x C �a C �b be
an arbitrary point of x C ha; bi.
Since E is a plane through x, y,
z, the lines g and h are contained
in E . Furthermore, the line l WD
x C �a C hbi is a line through
xC�a parallel to g. Since xC�a

is incident with h and since E is
closed with respect to jj, it follows that l is contained in E . Thus,

s D x C �a C �b 2 x C �a C hbi D l � E:

Step 2. We have x C ha; bi D E: Since x, y and z are contained in the plane
x C ha; bi and since E is generated by x, y and z, it follows from (a) that
x C ha; bi D E . ut

5.4 Theorem. Let A D A.W/ be an affine space over a vector space W.
Furthermore, let E WD x C hv; wi be a plane of A. Then, E is an affine plane,
and two lines g and h of E are parallel if and only if g \ h D ˛ or g D h.
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Proof. Step 1. E is an affine plane: Since any two points of A are incident with
exactly one line (cf. Theorem 5.1) and since any line a C hbi of A is incident with
at least the points a and a C b, it remains to verify the parallel axiom.

Let g be a line of E , and let x be a point of E . Since jj is a parallelism of A (cf.
Theorem 5.2), there exists exactly one line h of A through x parallel to g. Since, by
Theorem 5.3, E is closed with respect to jj, the line h is contained in E .

Step 2. Let g and h be two parallel lines of E . Then, by Theorem 5.1 of Chap. I,
it follows that g \ h D ˛ or g D h.

Step 3. Any two disjoint lines of E are parallel: Let g WD x C s C hu1i and
h WD x C t C hu2i be two non-parallel lines of E , that is, s, t , u1; u2 are contained
in hv; wi and hu1i ¤ hu2i. Then, hv; wi D hu1; u2i, and there exist �1; �2; �1 and
�2 of K such that

s D �1 u1 C �2 u2 and

t D �1 u1 C �2 u2:

It follows that

g D x C �2 u2 C hu1i and

h D x C �1 u1 C hu2i:
Thus, the point x C �1 u1 C �2 u2 is incident with g and h. This shows that

non-parallel lines of E have a common intersection point. In particular, two disjoint
lines of E are parallel. ut
5.5 Theorem. Let A D A.W/ be an affine space over a vector space W. Then, A is
an affine space.

Proof. We shall verify the axioms of an affine space:
Verification of .AS1/: By Theorem 5.1, any two points are incident with exactly

one line.
Verification of .AS2/: By Theorem 5.2, the relation jj defines a parallelism on A.
Verification of .AS3/: Let E be an affine subplane of A. By Theorem 5.3, there

exists a point x of A and vectors v, w of W such that E D x C hv; wi. By
Theorem 5.4, E is an affine plane, and two lines g and h of E are parallel if and
only if g \ h D ˛ or g D h.

Verification of .AS4/: Any line x C hwi of A is at least incident with the two
points x and x C w. Since dim W � 2, there exist two linearly independent vectors
v and w of W. It follows that hvi and hwi are two distinct lines of A. ut
5.6 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) Let 0 ¤ x be a vector of W. The 1-dimensional subspace hxi of W is the line of
A through the points 0 and x.

(b) The subspaces of W are exactly the affine subspaces of A through 0.
(c) The cosets of the subspaces of W are exactly the affine subspaces of A.

Proof. (a) By definition, the lines of A are the cosets of the 1-dimensional
subspaces of W. The assertion follows.
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(b) Step 1. Let X be a subspace of W. Then, X is an affine subspace of A through
0, that is, a subspace of A through 0 which is closed with respect to jj:

For, let x and y be two points of X . By Theorem 5.1, the line g D xy through
x and y is given by g D x C hx � yi. It follows that g is contained in X .

Let g D x C hyi be a line of X , and let z be an arbitrary point of X . We
need to show that the line z C hyi (which is the line through z parallel to g)
is contained in X . Since both x and x C y are points on the line g, they are
contained in X . It follows that the point y D .x C y/ � x is contained in X .
Hence, the line x C hyi is contained in X . Thus, X is closed with respect to jj.

Step 2. Let U be an affine subspace of A through 0. Then, U is a sub-
space of W:

(i) Let 0 ¤ x be an element of U . By (a), the subspace hxi of W is the
line through 0 and x. It follows that hxi is contained in U , that is, �x is
contained in U for all � of K .

(ii) Let x and y be two elements of U . If hxi D hyi; x C y is contained in
hxi and therefore in U . If hxi ¤ hyi, the points 0, x and y are three non-
collinear points of A generating an affine plane E . Since U is an affine
subspace, E is contained in U .

Since 0 is contained in E , it follows from Theorem 5.3 that E is a 2-dimensional
subspace of W. It follows that x C y is contained in E and therefore in U .

(c) Step 1. Let X be a subspace of W, and let z be a point of A. Let U be the affine
subspace of A through z parallel to X .7 Then, U D z C X :

(i) U is contained in z C X : For, let z ¤ u be a point
of U . Let g be the line through 0 parallel to uz.
Since U and X are parallel subspaces, it follows
that g is contained in X . Thus, there exists an
element 0 ¤ x of X with g D hxi. It follows that
uz D z C hxi is contained in z C X . In particular,
u is contained in z C X .

(ii) z C X is contained in U : For, let y D z C x be a
point of z C X . Then, z C hxi is the line through
z parallel to hxi. Since U is the affine subspace
through z parallel to X , it follows that z C hxi is
contained in U . In particular, y is contained in U .

x

X

0

g
u

U

z

Step 2. Let x C X be a coset of the subspace X of W. Then, x C X is an
affine subspace of A: In view of (b), X is an affine subspace of A through the
origin. By Step 1, x CX is the affine subspace of A through x parallel to X . ut

The rest of this section is devoted to the proof of the following two assertions:

7By Part (a), X is an affine subspace of A. In view of Theorem 5.8 of Chap. 1, the subspace U

exists.
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1. Let P D P.V/ be a projective space over a vector space V, and let H be a
hyperplane of P. Let W be the subspace of V such that H D P.W /. Then,
A WD P n H is an affine space over the vector space W (Corollary 5.9).

2. Let A D A.W/ be an affine space over a vector space W, and extend W to a vector
space V such that W is a subspace of V of codimension 1. Then, the projective
closure of A is a projective space over the vector space V (Theorem 5.10).

At the end of this section, we shall visualize the geometric meaning of the
addition of two points (Theorem 5.11).

Definition. Let P D P.V/ be a projective space over a vector space V, and let H

be a hyperplane of P. Let W be the subspace of V such that H D P.W /, and let
v0 be an arbitrary vector of V not contained in W . Every point x of the affine space
A D P n H has a unique representation of the form x D hv0 C wi where w is an
element of W .

(a) The vector w is called the vector representation of x.
(b) The vector space W is called the vector space associated to A.
(c) The point hv0i with the vector representation 0 is called the origin of A.

Definition. Via the vector space W associated to A D P n H , the affine space A
bears the structure of a vector space. More precisely, if x and y are two points of A
with vector representations wx and wy , then x C y is defined to be the point of A
with vector representation wxCy . For an element � of K the element � x is defined
to be the point of A with vector representation w�x .

It remains to show that A is (isomorphic to) the affine space A(W).

5.7 Theorem. Let P D P.V/ be a projective space over a vector space V. Let H

be a hyperplane of P, and let A WD P n H . Let W be the vector space associated
to A.

(a) Let 0 D hv0i be the origin of A, and let x D hv0 C wi with the vector
representation 0 ¤ w 2 W be a further point of A. Then, the line 0x meets
the hyperplane H in the point hwi.

(b) Let U be an affine subspace of A through the origin. The set of vectors of W

representing the points of U forms a subspace of W .
(c) Let X be a subspace of W . The points of A whose vector representations are in

X form an affine subspace of A through the origin.
(d) The affine subspaces of A through the origin correspond to the subspaces of W .

Proof. (a) Obviously, the point hwi is incident with the line hv0; v0 C wi.
(b) Since U is a subspace through the origin hv0i, there exists a subspace X of W

such that U D fhv0 C vi j v 2 Xg.
(c) The set U WD fhv0 C vi j v 2 Xg consists of all points of hv0; Xi (as a subspace

of P) not contained in H .
(d) The assertion follows from (b) and (c). ut
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5.8 Theorem. Let P D P.V/ be a projective space over a vector space V. Let H

be a hyperplane of P, and let A WD P n H . Let W be the vector space associated to
A, and let hv0i be the origin of A.

(a) Let U be an affine subspace of A. The set of vectors of W representing the
points of U forms a coset of a subspace of W .

(b) Let w0 C X be a coset of a subspace X of W . The points of A whose vector
representations are in w0 C X form an affine subspace of A.

(c) The affine subspaces of A correspond to the cosets of the subspaces of W .

Proof. (a) Let x be a point of U not contained in H . Then, there exists a vector w0

of W such that x D hv0 C w0i. It follows that there exists a subspace X of W

such that U D fhv0 C w0 C wi j w 2 Xg. The coset w0 C X is the set of vectors
of W representing the points of U .

(b) Let x WD hv0 C w0i. The points of A with vector representations in w0 C X are
the affine points of the subspace x C X .

(c) The assertion follows from (a) and (b). ut
5.9 Corollary. Let P D P.V/ be a projective space over a vector space V. Let H be
the hyperplane of P, and let A WD P n H . Let W be the vector space associated to
A. Then, A is isomorphic to the affine space A(W).

Proof. The assertion follows from Theorems 5.7 and 5.8. ut
5.10 Theorem. Let A D A.W/ be an affine space over a vector space W. Then,
there exists a vector space V such that the projective closure P of A is isomorphic
to P(V).

Proof. Extend W to a vector space V such that W is of codimension 1 in V. Let
P� WD P.V/ be the projective space over V, let H be the hyperplane hWi of P�,
and let A� WD P� n H . By Corollary 5.9, the affine spaces A and A� are isomorphic.
By construction, P� is the projective closure of A�. Since the projective closure of
an affine space is unique, it follows that P and P� are isomorphic. ut
5.11 Theorem. Let A D P n H be an affine space defined by a projective space
P D P.V/. Let 0 WD hv0i be the origin of A, and let x and y be two points of A such
that 0, x and y are non-collinear.

x + y

x
0

y

a

b

HLet a and b be the intersection
points of the lines 0x and 0y with H .
Then, xCy is the intersection point
of the lines xb and ya.

Proof. Let wx and wy be the vector representations of x and y. We have

x C y D hv0 C wx C wyi 2 hv0 C wx; wyi D xb and

x C y D hv0 C wx C wyi 2 hv0 C wy; wxi D ya:

It follows that the point x C y is the intersection point of the lines xb and ya. ut



104 3 Projective Geometry Over a Vector Space

6 Automorphisms of A.W/

The main subjects of the present section are translations and homologies. In
particular, we shall see that every translation of the affine space A D A.W/ is of
the form 	.x/ D x C y for some y of A and that every homology is of the form

.x/ D �x for some � of K (Theorems 6.2 and 6.4).

In addition, we shall see that the translations of A form an abelean group
(Theorem 6.3) and that the homologies of A define a skew field isomorphic to K

(Theorem 6.5).
Finally, we shall see that for every parallelism-preserving collineation ˛ W A !

A, there exists exactly one parallelism-preserving collineation ˇ W A ! A with
ˇ.0/ D 0 and exactly one translation 	 W A ! A such that ˛ D 	ˇ (Theorem 6.6).

6.1 Theorem. Let A D A.W/ be an affine space over a vector space W, and let A W
W ! W be a bijective semilinear transformation. Then, A induces a parallelism-
preserving collineation ˛ W A ! A with ˛.0/ D 0.

Proof. For any point x of A, set ˛.x/ WD A.x/. Since A W W ! W is bijective, ˛

maps the point set of A bijectively onto itself. Let v, w be two vectors of W with
w ¤ 0. Then, for the line g WD v C hwi of A, we have:

˛.g/ D ˛.v C hwi/
D A.v C hwi/
D A.v/ C hA.w/i:

It follows that ˛.g/ is a line. Since A�1 is a semilinear transformation, it follows
that three points x, y and z of A are collinear if and only if ˛.x/; ˛.y/ and ˛.z/ are
collinear.

Finally, let g1 WD v1 Chw1i and g2 WD v2 Chw2i be two lines of A. Then, we have

g1 jj g2 , v1 C hw1i jj v2 C hw2i
, hw1i D hw2i
, hA.w1/i D hA.w2/i
, A.v1/ C hA.w1/i jj A.v2/ C hA.w2/i
, ˛.g1/ jj ˛.g2/:

It follows that ˛ is a parallelism-preserving collineation. ut
Definition. Let A D A.W/ be an affine space over a vector space W, and let P D
P.V/ be the projective closure of A. Furthermore, let H be the hyperplane of P such
that A D P n H .



6 Automorphisms of A.W / 105

A collineation ˛ W A ! A is called affine if there exists a projective collineation
ˇ W P ! P such that ˇ.H/ D H and ˇjA D ˛.

6.2 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) Every translation is an affine collineation.
(b) Let 	 W A ! A be a translation of A. Then, there exists a point y of A such that

	.x/ D x C y for all x of A:

(c) Let y be a point of A, and let 	y W A ! A be defined by 	y.x/ WD x C y for all
x of A. Then, 	y is a translation of A.

Proof. Let P D P.V/ be the projective closure of A, and let 0 D hv0i be the origin
of A.

We will prove the assertions (a) and (b) in common. By Theorem 5.9 of
Chap. II, the translation 	 can be extended to an elation ˛ of P. By Theorem 4.8,
there exists an element y of W such that the linear transformation T W V ! V
defined by

T .a v0 C x/ WD a v0 C a y C x for all a of K and all x of W

induces the elation 	 . It follows that

T .v0 C x/ D v0 C x C y for all x of W;

hence, 	.x/ D x C y for all x of A.
(c) Let T W V ! V be the linear transformation defined by

T .a v0 C x/ WD a v0 C a y C x for all a of K and all x of W :

By Theorem 4.8, the collineation 	 induced by T is an elation with axis H WD
P.W/.

Since T .hv0 C xi/ D hv0 C x C yi for all x of W, we have ˛jA D 	 . By
Theorem 5.9 of Chap. II, 	 is a translation. ut
Definition. Let A D A.W/ be an affine space over a vector space W.

(a) For a point x of A, 	x denotes the transformation 	x W A ! A defined by

	x.z/ WD x C z for all z of A:

(b) The set of all translations of A is denoted by T.

6.3 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) For any two translations 	x and 	y , we have 	x	y D 	xCy .
(b) For any two translations 	x and 	y , we have 	x	y D 	y	x.
(c) The set T of the translations of A is an abelean group.
(d) For any two elements x and y of A, we have x C y D 	x	y.0/.
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Proof. (a) We have .	x 	y/.z/ D 	x.	y.z// D 	x.y C z/ D x C y C z D 	xCy.z/
for all points z of A. It follows that 	x 	y D 	xCy .

(b) By (a), we have 	x 	y D 	xCy D 	yCx D 	y 	x .
(c) The assertion follows from (a).
(d) We have .	x 	y/.0/ D 	xCy.0/ D x C y C 0 D x C y.

ut
6.4 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) Let 
 W A ! A be a homology with centre 0. There exists an element 0 ¤ � of
K such that


.x/ D � x for all x of A:

(b) Every homology with centre 0 is a parallelism-preserving collineation.8

(c) For an element 0 ¤ � of K , let 
� W A ! A be defined by 
�.x/ WD � x for all
points x of A. Then, 
� is a homology of A with centre 0.

Proof. Let P D P.V/ be the projective closure of A, and let 0 D hv0i be the origin
of A.

We will prove the assertions (a) and (b) in common. By Theorem 5.9 of
Chap. II, the homology 
 can be extended to a homology ˛ of P. By Theorem 4.7,
there exists an element � of K such that the semilinear transformation D W V ! V
defined by

D.av0 C x/ WD ��.a/v0 C � x for all a of K and x of W

induces the homology 
 (note that �� W K ! K is defined by ��.k/ D �k��1). It
follows that D.v0 C x/ WD v0 C �x for all x of W , hence, 
.x/ D �x for all x of A.

(c) The assertion follows as in the proof of Theorem 6.2 (c). ut
Definition. Let A D A.W/ be an affine space over a vector space W.

(a) For an element 0 ¤ � of K , the symbol 
� denotes the transformation 
� W A !
A defined by 
�.z/ WD �z for all z of A.

(b) The set of all homologies with centre 0 of A is denoted by D0.

6.5 Theorem. Let A D A.W/ be an affine space over a vector space W.

(a) We have 
� 
� D 
� � for all �; � 2 K .
(b) We have 
� C 
� D 
�C� for all �; � 2 K .
(c) Let 
0 W A ! A be the transformation defined by the relation 
0.x/ WD 0 for

all points x of A. Set 
 C 
0 WD 
0 C 
 WD 
 and 
 
0 WD 
0 
 WD 
0 for all

 2 D0. Then, D WD D0 [ f
0g is a field isomorphic to K .

Proof. By definition, we have 
�.x/ D � x for all � of K and all x of A. The
assertion follows. ut

8One easily sees that a homology with a centre different from 0 is also a parallelism-preserving
collineation. For our purposes, homologies with centre 0 are of particular interest.
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6.6 Theorem. Let A D A.W/ and A0 D A.W0/ be two affine spaces over two vector
spaces W and W0, and let ˛ W A ! A0 be a parallelism-preserving collineation.

Then, there exists exactly one parallelism-preserving collineation ˇ W A ! A0
with ˇ.0/ D 0 and exactly one translation 	 W A0 ! A0 such that ˛ D 	 ˇ.

Proof. (i) Existence: Let x WD ˛.0/, and let 	 be the translation of A0 with 	.0/ D
x. Furthermore, let ˇ WD 	�1 ˛. Then, ˇ W A ! A0 is a parallelism-preserving
collineation, and we have ˇ.0/ D 	�1.˛.0// D 0 and 	 ˇ D ˛.

(ii) Uniqueness: Let ˇ1 and ˇ2 be two parallelism-preserving collineations with
ˇ1.0/ D ˇ2.0/ D 0, and let 	1 and 	2 be two translations of A0 with ˛ D
	1 ˇ1 D 	2 ˇ2. It follows that 	2

�1 	1 D ˇ2 ˇ1
�1. Thus, 	2

�1 	1 is a translation
fixing the point 0, that is, 	2

�1 	1 D id . It follows that 	1 D 	2 and ˇ1 D ˇ2.
ut

In Theorem 8.1, we shall see that every parallelism-preserving automorphism
˛ W A D A.W/ ! A0 D A.W0/ with ˛.0/ D 0 is induced by some semilinear
transformation A W W ! W0. In view of Theorem 6.6, for any automorphism
˛ W A D A.W/ ! A0 D A.W0/, there exists a translation 	 of A0 and an
automorphism ˇ W A ! A0 induced by some semilinear transformation such that
˛ D 	 ˇ.

7 The First Fundamental Theorem

The aim of the present section is the proof of the following assertion: If P is a
Desarguesian projective space, there exists a vector space V over a (skew-) field K

such that P D P.V/ (Theorem 7.18).
This result is called the first fundamental theorem of projective geometry. Due

to the following reasons, it is one of the most important results about projective
spaces:

• Except for the non-Desarguesian projective planes, all projective spaces are
completely classified.9

• The theorem defines a relation between geometric and algebraic methods. Via
the introduction of vector spaces, methods of linear algebra can be applied to
projective spaces.

We first give an outline of the different steps of the proof:

Step 1. We will choose a hyperplane H of P and consider the affine space A WD
P n H with origin 0.

Step 2. Let T the set of the translations of A. We shall show that T is an abelean
group (Theorem 7.3), and we shall show that for any element x of A, there
is exactly one translation 	x with 	x.0/ D x (Theorem 7.1).

9By Theorem 6.1 of Chap. II, every projective space of dimension d � 3 is Desarguesian.
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Step 3. We shall define on A an addition by x C y WD .	x 	y/.0/.
Step 4. Let D0 be the set of the homologies of A with centre 0. Define on D0

a multiplication and an addition by .
1 
2/.x/ WD 
1.
2.x// and .
1 C

2/.x/ WD 
1.x/ C 
2.x/.

Step 5. Let 0 W A ! A be defined by 0.x/ WD 0 for all x of A. Set 
 � 0 WD 0 � 
 WD 0
and 
 C 0 WD 0 C 
 WD 
 for all 
 of D. Then, K WD D0 [ f0g is a skew
field (Theorem 7.16).

Step 6. A is a vector space over the field K (Theorem 7.16).
Step 7. Let A0 D A.W/ be the affine space over the vector space A. By definition, A

and A0 have the same point sets. We shall see that A and A0 are isomorphic
(Theorem 7.17). This theorem is called the first fundamental theorem of
affine spaces.

Step 8. The projective space P is of the form P D P.V/ (Theorem 7.18).

Definition. Let A be a Desarguesian affine space. Let 0 be an arbitrary point of A.
In the following, the point 0 will be called the origin of A.

7.1 Theorem. Let P be a Desarguesian projective space, and let H be a hyperplane
of P. Let T be the set of the elations of P with axis H , and let 0 be the origin of
A WD P n H .

Then, for any point x of A, there exists exactly one elation 	x of T with 	x.0/ D x.

Proof. First case. Let x D 0.
Existence: Obviously, the identity is an elation 	0 of T with 	0.0/ D 0.
Uniqueness: Let 	0 be an elation of T with 	0.0/ D 0. Then, 	0 fixes the point 0

outside of H . By Theorem 5.7 of Chap. II, we have 	0 D id .
Second case. Let x ¤ 0.

0 x

H

z

Existence: Let z WD 0x\H . By Theorem 6.2
of Chap. II, there exists (exactly) one elation 	x

with centre z and axis H such that 	x.0/ D x.
Uniqueness: Let 	 be an elation with 	.0/ D

x. Then, 	 has the centre z WD 0x \ H (cf.
Theorem 5.7 of Chap. II). The uniqueness of 	

follows from Theorem 5.8 of Chap. II. ut
7.2 Theorem. Let P be a Desarguesian projective space, let H be a hyperplane of
P, and let id ¤ 	1; 	2 be two elations of P with axis H and centres z1 ¤ z2.

(a) The product 	1 	2 is an elation with axis H .
(b) The centre z of 	1 	2 is incident with the line z1 z2, and we have z ¤ z1; z2.
(c) For any point x of P n H , we have .	1 	2/.x/ D 	2.x/z1 \ 	1.x/ z2.
(d) We have 	1 	2 D 	2 	1.

Proof.

(a) Obviously, .	1 	2/.y/ D y for all y of H . It follows that 	1 	2 is a collineation
with axis H . By Theorem 5.3 of Chap. II, 	1 	2 is a central collineation.
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x

τ1(τ2(x))
H

z2

z1

τ2(x)

Let x be a point of P n H . Since 	2 ¤
id , we have 	2.x/ ¤ x. Since z2 is
the centre of 	2, the point 	2.x/ is inci-
dent with the line xz2. Since 	1 ¤ id ,
the point 	1.	2.x// is a point on the line
	2.x/z1 distinct from 	2.x/. In particular,
we have 	1.	2.x// ¤ x (otherwise, the
lines 	2.x/z1 and xz2 would intersect in the
points x and 	2.x//.

It follows that 	1	2 has no fixed point outside of H , that is, 	1	2 is an elation.
(b) Let x be a point of P n H , and let z be the centre of 	1	2. We have z D

x.	1	2/.x/ \ H :

x

τ1(τ2(x))
H

z2

z1

τ2(x)

z

Let E be the plane of P generated by
x; z1 and z2. Then, the point 	2.x/ is inci-
dent with the line xz2 which is contained in
E , and the point 	1.	2.x// is incident with
the line 	2.x/z1 which is also contained
in E .

It follows that the line x	1.	2.x// is
contained in E .

Thus, z D x.	1	2/.x/ \ H is contained in E \ H D z1z2.
(c) In the proof of Part (a) we have seen that the point 	1.	2.x// is incident with the

line z1	2.x/. Furthermore,

z2 D 	1.z2/ 2 	1.x 	2.x// D 	1.x/	1.	2.x//; that is; 	1.	2.x// 2 z2	1.x/:

Altogether, it follows that 	1.	2.x// D z1	2.x/ \ z2	1.x/.
(d) By (c), for any point x of P n H , we have

	1.	2.x// D z1 	2.x/ \ z2	1.x/ D 	2.	1.x//: ut

7.3 Theorem. Let P be a Desarguesian projective space, and let H be a hyperplane
of P. If T is the set of elations of P with axis H , T is an abelean group.

Proof. T is closed with respect to multiplication: For, let 	1 and 	2 be two elations
of T with centres z1 and z2. If z1 ¤ z2, it follows from Theorem 7.2 that 	1	2 is an
elation of T . If z1 D z2, by Theorem 5.2 of Chap. II, 	1	2 is an elation of T .

Existence of an inversive element: Let 	 be an element of T . If z is the centre
of 	 , by Theorem 5.2 of Chap. II, the inversive of 	 is an elation with axis H and
centre z.

Commutativity of T : Let 	1 and 	2 be two elations of T with centres z1 and z2. If
z1 ¤ z2, by Theorem 7.2, 	1	2 D 	2	1.

If z1 D z2, choose an elation 	3 of T with centre z3 ¤ z1. By Theorem 7.2,
	1	3 is an elation with centre z ¤ z1. Again by Theorem 7.2, the elations 	1 and 	2

commute with 	3 and with 	1	3.
It follows that 	1	2	3 D 	1.	2	3/ D 	1.	3	2/ D .	1	3/	2 D 	2.	1	3/ D 	2	1	3.

Thus, 	1	2 D 	2	1. ut
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Definition. For any two points x and y of A, we denote by xCy the point 	x.	y.0//

where 	z is the unique translation 	 with 	.0/ D z (cf. Theorem 7.1). The point xCy

is called the sum of x and y.

7.4 Theorem. Let A be a Desarguesian affine space, and let P be the projective
closure of A. Furthermore, let H be the hyperplane of P such that A D PnH .

Let 0 be the origin of A, and let x and y be two points of A such that the points
0, x and y are non-collinear. Then, we have for zx WD 0x \ H and zy WD 0y \ H :

x C y D xzy \ yzx:

x + y

x
0 

y 

zx

zy

H Proof. Let 	x and 	y be the translations
of A with 	x.0/ D x and 	y.0/ D y.
Then, by Theorem 7.2, we have:

x C y D .	x	y/.0/

D 	x.0/zy \ 	y.0/zx

D xzy \ yzx: ut

7.5 Theorem. Let A be a Desarguesian affine space with origin 0, and let x and
y be two points of A such that the points 0, x and y are collinear. Then, the point
x C y is incident with the line 0x D 0y.

Proof. Let 	x and 	y be the translations of A with 	x.0/ D x and 	y.0/ D y. Then,
the translations 	x and 	y fix the line 0x D 0y. Since x C y D 	x.	y.0//, the point
x C y is incident with the line 0x D 0y. ut
7.6 Theorem. Let A be a Desarguesian affine space with origin 0. For any point
x of A, let 	x be the translation 	 of A with 	.0/ D x. Let T be the group of the
translations of A.

(a) We have 	aCb D 	a	b for all a, b of A.
(b) We have 	�a D 	a

�1 for all a of A.
(c) .T; C/ is an abelean group.

Proof. (a) By definition of 	x , we have 	aCb.0/ D a C b. By definition of the
addition in A, we have a C b D 	a.	b.0//.

Altogether, we have 	aCb.0/ D a C b D 	a.	b.0//. By Theorem 7.1, there
exists exactly one translation 	 with 	.0/ D a C b. It follows that 	aCb D 	a	b .

(b) By (a), we have 	a	�a D 	a�a D 	0 D id , Thus, 	�a D 	a
�1.

(c) The assertion follows from (a) and (b) or from Theorem 7.3. ut
Definition. Let A be a Desarguesian affine space with origin 0. For a point p of A
and a line g through 0, we denote by p C g the set fp C x j x 2 gg.
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7.7 Theorem. Let A be a Desarguesian affine space with origin 0.

(a) For any point p of A and every line g through 0, the set p C g is the point set
of the line of A through p parallel to g.

(b) For every line g through 0 and any point p on g, we have p C g D g.
(c) Two lines p C g and q C h are parallel if and only if g D h.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
that A D PnH .

(a) Let z WD g \ H be the point at infinity of g, and let h be the line through p

parallel to g, that is, h D pz. We shall show that p C g D h.

(i) pCg is contained in h: For, let x be a point on pCg. Then, there exists
a point y on g such that x D p C y.

0

H
z 

p y

gFirst case. Suppose that p is incident
with g. Then, g D h. Since 	p.0/ D p

and 	y.0/ D y, the point z D 0p \ H D
0y \ H is the centre of 	p and 	y . In
particular, g is a fixed line of 	p and 	y .
It follows that x D p C y D 	p.	y.0// is
incident with 	p.g/ D g D h.

0

H
z 

p

y g

h
p+y

z'

Second case. Suppose that p is not
incident with g. Then, the centres z D
0y \ H of 	y and z0 WD 0p \ H of 	p are
distinct. By Theorem 7.4, it follows that

p C y D yz0 \ pz

D yz0 \ h 2 h:

(ii) h is contained in p C g: For, let x be a point on h.
First case. Suppose that p is incident with g. Then, g D h. Since x �
p D 	x

�
	p

�1.0/
�

is incident with 	x.g/ D g, we have

x D p C .x � p/ 2 p C g:

0

H
z 

p

s g

h

z'

x

Second case. Suppose that p is not
incident with g, and let z0 WD p0 \ H .
Then, the points 0, z, p, x, z0 are contained
in the plane generated by g and h. In
particular, the lines g and z0x meet in a
point s. By Theorem 7.4, it follows that

x D pz \ sz0

D p C s 2 p C g:
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(b) follows from (a).
(c) Let p C g and p C h be two lines of

A. Then, g and h are the lines through 0
parallel to p C g and p C h, respectively.
It follows that

p C g kp C h , g k h , g D h:

ut
7.8 Theorem. Let A be a Desarguesian affine space with origin 0, and let 
 be a
central collineation of A with centre 0.

If p is a point of A and if g is a line through 0, we have 
.p C g/ D 
.p/ C g.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
that A D PnH . Furthermore, let z be the point at infinity of g, that is, g D 0z.

0

H
z 

σ(p)

g

σ(p + g)

By Theorem 5.9 of Chap. II, the projective
closure of 
 is a central collineation of P with
centre 0 and axis H .10

It follows that 
.z/ D z. Since p C g is the line
through p parallel to g, we have p C g D pz.
Hence, 
.p C g/ D 
.pz/ D 
.p/z. Thus, the
line 
.p C g/ is the line through 
.p/ parallel to g.

By Theorem 7.7, it follows that 
.p C g/ D 
.p/ C g. ut
7.9 Theorem. Let A be a Desarguesian affine space with origin 0, and let � W A !
A be defined as follows: �.x/ WD �x for all points x of A.

(a) Let 0 ¤ x be a point of A. Then, the point �x is incident with the line 0x.
(b) For any point x of A and every line g through 0, we have �.x C g/ D �x C g.
(c) The transformation � W A ! A is a parallelism-preserving collineation.
(d) � is a homology of A with centre 0.

Proof. (a) Let g WD 0x be the line through 0 and x. Since 	x.0/ D x, we have
	x.g/ D g. Thus, �x D 	x

�1.0/ is incident with 	x
�1.g/ D g.

(b) If a is incident with �.x C g/, there exists a point y on g with a D �.x C y/.
It follows that

a D �.x C y/ D �x � y D �x C .�y/ 2 �x C g:

If a is incident with �x C g, there exists a point y on g with a D �x C y. It
follows that

a D �x C y D �.x � y/ D �.x � y/ 2 �.x C g/:

10We denote the projective closure of 
 again by 
 .
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(c) We have �2.x/ D �.�.x// D �.�x/ D x. Hence, � is bijective with ��1 D
�. � is a parallelism-preserving collineation: Since � operates bijectively on
the point set of A and since � D ��1 maps lines on lines, � is a collineation.

For two points x and y of A and two lines g and h through 0, we have:

x C g k y C h , g D h , �x C g k � y C g , �.x C g/ k �.y C h/:

(d) For every line g of A through 0, we have: �.g/ D �.0 C g/ D �0 C g D g.
Thus, � is a homology of A with centre 0. ut

Our next aim is to show the following: For every parallelism-preserving collineation
˛ with ˛.0/ D 0 and for any two points x and y of A, we have ˛.x C y/ D ˛.x/ C
˛.y/ (Theorem 7.12). The next two lemmata prepare the proof of this assertion.

7.10 Lemma. Let A be a Desarguesian affine space with origin 0. Furthermore, let
r and s be two points of A such that 0, r and s are non-collinear.

(a) The point r C s is neither incident with the line 0r nor with the line 0s.
(b) The points 0, r and �s are non-collinear.
(c) The points 0, r C s and �s are non-collinear.

Proof. (a) Let P be the projective closure of A, and let H be the hyperplane of P
such that A D PnH . Then, by Theorem 7.4, for zr WD 0r \H and zs WD 0s\H ,
we have

r C s D rzs \ szr :

It follows that the point r C s is neither incident with the line 0r nor with the
line 0s.

H
zr

r + s 

zs

r

0

s

(b) By assumption, the point r is not incident
with the line 0s. By Theorem 7.9, the point
�s is incident with the line 0s. It follows that
the points 0, r and �s are non-collinear.

(c) By (a), the point r C s is not incident with
the line 0s. By Theorem 7.9, the point �s is
incident with the line 0s. It follows that the points 0, r C s and �s are non-
collinear. ut

7.11 Lemma. Let A be a Desarguesian affine space with origin 0. Furthermore, let
r and s be two points of A such that 0, r and s are collinear. Finally, let t be a point
not incident with the line 0r D 0s.

(a) If the points 0, r C t and s � t are collinear, we have s D �r .
(b) If s ¤ �r , the points 0, r C t and s � t are non-collinear.

Proof. (a) By Theorem 7.9, the point �t is incident with the line 0t . Let g be
the line through the points 0 and r C t . By assumption, the point s � t is
incident with g. Let � W A ! A be the homology defined by �.x/ WD �x (cf.
Theorem 7.9).
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H
zr

t

r + t 

zt

r
s 

-t

s - t

g0

If P is the projective closure of
A, and if H is the hyperplane of
P such that A D PnH , H is the
axis of �.11 Let zr WD 0r \ H and
zt WD 0t \ H . Then,

�.r C t/ D �.g \ tzr /

D �.g/ \ �.tzr /

D g \ �.t/�.zr /

D g \ �t zr

D s � t:

On the other side, we have �.r C t/ D �r � t , that is, �r � t D s � t , thus,
r D �s.
(b) follows from (a). ut

7.12 Theorem. Let A and A0 be two Desarguesian affine spaces. Then, for every
parallelism-preserving transformation ˛ W A ! A0 with ˛.0/ D 0, we have:

(a) ˛.x C y/ D ˛.x/ C ˛.y/ for all points x, y of A.
(b) ˛.�x/ D �˛.x/ for all points x of A.

Proof. We shall prove the assertions (a) and (b) in common: Let P and P0 be
the projective closures of A and A0, and let H and H 0 be the hyperplanes of P
and P0 such that A D PnH A0 D P0nH 0. Since ˛ is a parallelism-preserving
transformation, ˛ can be extended in a unique way on P (Theorem 4.6 of Chap. II).

Step 1. Let x and y be two points of A such that 0, x and y are not collinear.
Then, we have ˛.x C y/ D ˛.x/ C ˛.y/:

0

H
α(zx)

α(zy)

α(x)

α(y)

α(x) + α(y)

Let zx WD 0x\H and zy WD 0y\H .
Since ˛.0/ D 0, the point ˛.x/ is
incident with the line 0˛.zx/, and the
point ˛.y/ is incident with the line
0˛.zy/.

By Theorem 7.4, we have:

˛.x C y/ D ˛.xzy \ yzx/

D ˛.xzy/ \ ˛.yzx/

D ˛.x/˛.zy / \ ˛.y/˛.zx/

D ˛.x/ C ˛.y/:

Step 2. We have ˛.�x/ D �˛.x/ for all x of A:

11More precisely, the axis of the projective closure of � W P ! P.



7 The First Fundamental Theorem 115

Since ˛.0/ D 0, we can assume that x ¤ 0. Let a be a point which is not incident
with the line 0x. By Theorem 7.9, the point �x is incident with the line 0x. By
Lemma 7.10, the point x C a is not incident with the line 0x, it follows that the
points 0, �x, x C a are non-collinear. By Step 1, we have

˛.a/ D ˛.a C x � x/

D ˛.a C x/ C ˛.�x/

D ˛.a/ C ˛.x/ C ˛.�x/:

It follows that ˛.�x/ D �˛.x/.
Step 3. Let 0, x and y be three collinear points. Then, we have ˛.x C y/ D

˛.x/ C ˛.y/:
For x D �y, the assertion follows from Step 2. Let x ¤ �y. Let a be a point

outside the line 0x D 0y. Then, we have:
The points 0, x C a; y � a are non-collinear (application of Lemma 7.11 (b)

with r D x; s D y and t D a). Similarly, the points 0, y, �a are non-collinear
(application of Lemma 7.10 (b) with y D r and s D a). It follows from Step 1 that

˛.x C y/ D ˛.x C a C y � a/

D ˛.x C a/ C ˛.y � a/

D ˛.x/ C ˛.a/ C ˛.y/ C ˛.�a/

D ˛.x/ C ˛.y/:

ut
7.13 Theorem. Let A be a Desarguesian affine space with origin 0, and let 
 be a
homology with centre 0. Then, �
 is a homology with centre 0 as well.

Proof. By Theorem 7.9, the transformation � W A ! A with �.x/ D �x is a
homology with centre 0. Since �
 D � o 
 , the application �
 is also a homology
with centre 0. ut
7.14 Theorem. Let A be a Desarguesian affine space with origin 0, and let 
1 and

2 be two homologies with centre 0. Define 
1 C 
2 W A ! A by .
1 C 
2/.x/ WD

1.x/ C 
2.x/. Then, either .
1 C 
2/.x/ D 0 for all points x of A, or 
1 C 
2 is a
central collineation with centre 0.

Proof. Step 1. If there is a point 0 ¤ x of A with .
1 C 
2/.x/ D 0, we have

1 D �
2. In particular, we have .
1 C 
2/.y/ D 0 for all points y of A:

Let 0 ¤ x be a point of A with .
1 C 
2/.x/ D 0. Then, 
1.x/ D �
2.x/. By
Theorem 7.13, 
1 and �
2 are two homologies with centre 0. By Theorem 5.8 of
Chap. II, it follows that 
1 D �
2.

Step 2. For every line g of A through 0 and any point x of A, we have:

.
1 C 
2/.x C g/ � .
1 C 
2/.x/ C g:
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Let y D x Ca be a point on the line x Cg such that a is incident with g. Since g

is a line through 0 and since 0 is the centre of 
1 and 
2, the points 
1.a/ and 
2.a/

are incident with g. By Theorem 7.5, the point 
1.a/ C 
2.a/ is incident with g. It
follows from Theorem 7.12 that

.
1 C 
2/.y/ D 
1.y/ C 
2.y/

D 
1.x C a/ C 
2.x C a/

D 
1.x/ C 
1.a/ C 
2.x/ C 
2.a/

D .
1 C 
2/.x/ C 
1.a/ C 
2.a/ 2 .
1 C 
2/.x/ C g:

Step 3. If .
1 C
2/.x/ ¤ 0 for all points 0 ¤ x of A, 
1 C
2 is a homology with
centre 0:

Let 0 ¤ x be an arbitrary point of A, let 
 WD 
1C
2, and let y WD 
.x/ D .
1C

2/.x/ D 
1.x/ C 
2.x/. Since 
1 and 
2 are homologies with centre 0, the points

1.x/ and 
2.x/ are on the line 0x. By Theorem 7.5, the point y D 
1.x/ C 
2.x/

is on the line 0x.
By Theorem 6.2 of Chap. II, there exists a homology ˛ W A ! A with centre 0

such that ˛.x/ D y.
Let a be a point outside of the line 0x, and let g be the line through 0 and the

point a � x. By Theorem 7.7, h D x C g is the line through x parallel to g. (If P
is the projective closure of A, and if H is the hyperplane of P with A D PnH , the
lines g and h meet in a point z of H . If zx WD 0x \ H and za WD 0a \ H; a � x D
azx \ �xza.)

0

-x

z

zaa - x

zx

a

x

H

g

h

Since the points 0 and a � x are on the line g, the points x C 0 D x and x C
a � x D a are on the line h D x C g, that is, h D ax. In particular, we have
a D 0a \ h D 0a \ .x C g/.

By Step 2, we have


.a/ D 
.0a \ .x C g//

D 
.0a/ \ 
.x C g/

� 0a \ 
.x/ C g
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D 0a \ .y C g/; that is;


.a/ D 0a \ .y C g/:

On the other hand, by Theorem 7.8, we have:

˛.a/ D ˛.0a \ .x C g//

D ˛.0a/ \ ˛.x C g/

D 0a \ .˛.x/ C g/

D 0a \ .y C g/; that is;

˛.a/ D 
.a/:

Using the relation 
.a/ D ˛.a/ for a point a non-incident with the line 0x, one
can deduce the relation 
.r/ D ˛.r/ for all points r non-incident with 0a in a
similar way. It follows that 
 D ˛, that is, 
 is a homology with centre 0. ut
Definition. Let A be a Desarguesian affine space with origin 0.

(a) We denote by D0 the set of the homologies of A with centre 0.
(b) Let 0 W A ! A be the transformation defined by 0.x/ WD 0 for all x of A. Set

D WD D0 [ f0g.

7.15 Theorem. Let A be a Desarguesian affine space with origin 0. For two
elements 
1 and 
2 of D and for a point x of A, set

.
1 C 
2/.x/ WD 
1.x/ C 
2.x/

.
1 � 
2/.x/ D
�

.
1 o 
2/.x/ D 
1.
2.x// if 
1; 
2 2 D0

0 if 
1 D 0 or 
2 D 0:

Then, .D; C; �/ is a skew field.

Proof. Step 1. .D; C/ is an abelean group:
Closed by addition: By Theorem 7.14, 
1 C 
2 is an element of D for all 
1; 
2

of D0. The assertion follows from 
 C 0 D 
 D 0 C 
 D 
 for all 
 of D.
Associativity and commutativity: By Theorem 7.6, (A, C) is an abelean group.

For 
1; 
2, 
3 of D and x of A, it follows that

..
1 C 
2/ C 
3/.x/ D 
1.x/ C 
2.x/ C 
3.x/ D .
1 C .
2 C 
3//.x/ and

.
1 C 
2/.x/ D 
1.x/ C 
2.x/ D 
2.x/ C 
1.x/ D .
2 C 
1/.x/:

Existence of the neutral elements: By definition of D, 0 is an element of D.
Existence of the inverse element: By Theorem 7.13, for each element 
 of D, the

element �
 is an element of D.
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Step 2. .D0; �/ is a multiplicative group:
.D0; �/ is the group of the central collineations of A with centre 0.
Step 3. The distributive laws hold:
Let 
1; 
2; 
3 be three elements of D, and let x be a point of A. Then, we have:

.
1 � .
2 C 
3//.x/ D 
1..
2 C 
3/.x//

D 
1.
2.x/ C 
3.x//

D 
1.
2.x// C 
1.
3.x//

D .
1
2/.x/ C .
1
3/.x/

D .
1
2 C 
1
3/.x/:

Analogously, it follows that .
1 C 
2/ 
3 D 
1
3 C 
2
3. ut
7.16 Theorem. Let A be a Desarguesian affine space. Then, (A, C) is a vector
space over the field D defined in Theorem 7.15.

Proof. By Theorem 7.6, (A, C) is an abelean group. For x of A and 
 of D, we
define 
 � x WD 
.x/. Then, for 
; 
1; 
2 of D and x, y of A, we get:

.
1 C 
2/ � x D .
1 C 
2/.x/ D 
1.x/ C 
2.x/ D 
1 � x C 
2 � x

.
1 � 
2/ � x D .
1 � 
2/.x/ D 
1.
2.x// D 
1 � .
2 � x/


 � .x C y/ D 
.x C y/ D 
.x/ C 
.y/ D 
 � x C 
 � y:

Finally, we have id � x D id.x/ D x. ut
7.17 Theorem (First Fundamental Theorem for Affine Spaces). Let A be a
Desarguesian affine space. Then, A is an affine space over a vector space.

Proof. As usual, we denote by 0 the origin of A. Let D be the skew field defined in
Theorem 7.15. By Theorem 7.6, (A, C) is a vector space over D. Let A0 be the affine
space over the vector space A.

Step 1. By definition, A and A0 have the same sets of points.
Step 2. The lines of A through 0 are exactly the lines of A0 through 0:
For, consider the lines of A and the lines of A0 as sets of points. Let g be a line of

A through 0, and let x be a point on g distinct from 0. The lines of A0 through the
point 0 are the 1-dimensional subspaces of the vector space (A, C). Hence

h WD hxi D f
 � x j 
 2 Dg

is the line of A0 through the points 0 and x. We have g D h:
Obviously, the points 0 and x are incident with g and with h.
Let y be a point on g distinct from 0 and x. Since g is a line through 0, by

Theorem 6.2 of Chap. II, there exists a homology 
 with centre 0 such that 
.x/ D
y. It follows that y D 
 � x is incident with h.
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Conversely, let y D 
 � x D 
.x/ be a point on h distinct from 0. Since 
 fixes
the line g, it follows that y D 
.x/ is incident with g.

Step 3. The lines of A are exactly the lines of A0:
Again, consider the lines of A and the lines of A0 as sets of points. The lines of

A0 are exactly the cosets of the 1-dimensional subspaces of the vector space .A; C/.
Hence, the assertion follows from Theorem 7.7 using Step 2.

Step 4. By Step 1 and Step 3, A and A0 are affine spaces with identical point and
line sets. It follows that A D A0. ut
7.18 Theorem (First Fundamental Theorem for Projective Spaces). Let P be a
Desarguesian projective space. Then, P is a projective space over a vector space.

Proof. Let H be a hyperplane of P, and let A WD PnH be the affine space defined
by P and H . Then, A is Desarguesian. By the first fundamental theorem for affine
spaces (Theorem 7.17), A is an affine space over a vector space.

By Theorem 5.10, the projective closure P of A is a projective space over a
vector space. ut

8 The Second Fundamental Theorem

The second fundamental theorem for affine spaces states that every parallelism-
preserving collineation of a Desarguesian affine space is the product of a collineation
induced by a semi-linear transformation and a translation (Theorem 8.2).

For projective spaces, the second fundamental theorem states that every
collineation of a Desarguesian projective space is induced by a semi-linear
transformation (Theorem 8.3).

8.1 Theorem. Let A D A.W/ and A0 D A.W0/ be two affine spaces over two vector
spaces W and W0, and let ˛ W A ! A0 be a parallelism-preserving transformation
with ˛.0/ D 0.

There exists a semilinear transformation A W W ! W0 with A.x/ D ˛.x/ for all
x of W.

Proof. By Theorem 7.12, we have ˛.x C y/ D ˛.x/ C ˛.y/ for all x, y of
W. Suppose that W and W0 are vector spaces over the skew fields K and K 0.
It remains to show that there exists an automorphism � W K ! K 0 such that
˛.kx/ D �.k/˛.x/ for all x of W and all k of K .

Step 1. For any point 0 ¤ x of W and any element k of K , there exists an element
�x.k/ of K 0 such that ˛.kx/ D �x.k/˛.x/:

The subspace hxiW of W is a line of A. It follows that the points 0, x and kx are
collinear. Hence, the points 0 D ˛.0/; ˛.x/ and ˛.kx/ are collinear, that is, ˛.kx/

is contained in h˛.x/iW 0 . Therefore, there exists an element �x.k/ of K 0 such that
˛.kx/ D �x.k/˛.x/.
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Step 2. Let x, y be two elements of W with hxiW ¤ hyiW . Then, �x.k/ D �y.k/

for all k of K:
For k of K , we have

˛.k.x C y// D �xCy.k/ ˛.x C y/

D �xCy.k/ ˛.x/ C �xCy.k/ ˛.y/:

On the other side hand, we have

˛.k.x C y// D ˛.kx/ C ˛.ky/

D �x.k/˛.x/ C �y.k/˛.y/:

By assumption, 0, x and y are non-collinear. Therefore, 0 D ˛.0/; ˛.x/ and ˛.y/

are non-collinear, that is, ˛.x/; ˛.y/ and ˛.x/ C ˛.y/ are linearly independent
vectors of W0. Comparison of the coefficients yields �x.x/ D �xCy.k/ D �y.k/.

Step 3. Let x and y be two elements of W with hxiW D hyiW . Then, �x.k/ D
�y.k/ for all k of K:

For, let z be an element of W such that z is not contained in hxiW D hyiW . Then,
by Step 2, for all k of K , we have:

�x.x/ D �z.k/ D �y.k/:

Step 4. For an element 0 ¤ x of W, set �.k/ WD �x.k/ for all k of K . Then,
�.0/ D 0:

For, let 0 ¤ x be an element of W. We have 0 D ˛.0/ D ˛.0x/ D �.0/˛.x/.
Since ˛.x/ ¤ 0, we have �.0/ D 0.

Step 5. � W K ! K 0 is a field automorphism:

(i) Let k1 and k2 be two elements of K , and let 0 ¤ x be an element of W. Then,

˛..k1 C k2/x/ D ˛.k1 x/ C ˛.k2 x/

D �.k1/ ˛.x/ C �.k2/˛.x/

D .�.k1/ C �.k2//˛.x/:

Furthermore, we have ˛..k1 C k2/x/ D �.k1 C k2/˛.x/. It follows that
�.k1 C k2/ D �.k1/ C �.k2/.

(ii) Let k1; k2 be two elements of K , and let 0 ¤ x be an element of W. We have

˛..k1 � k2/x/ D �.k1/˛.k2x/

D �.k1/ � �.k2/˛.x/:

Furthermore, we have ˛..k1 � k2/x/ D �.k1 � k2/ ˛.x/. It follows that �.k1 �
k2/ D �.k1/ � �.k2/.

(iii) � W K ! K 0 is injective:
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For, let �.k1/ D �.k2/ for two elements k1 and k2 of K . Then, for any
element 0 ¤ x of W, we have

˛.k1x/ D �.k1/˛.x/ D �.k2/˛.x/ D ˛.k2x/:

It follows from the injectivity of ˛ that k1x D k2x, thus, k1 D k2.
(iv) � W K ! K 0 is surjective:

Let k0 be an element of K 0 and let 0 ¤ z be an element of W0. Since ˛ is
surjective, there exist two points x and y of A with ˛.x/ D z and ˛.y/ D k0z.
Since 0, z and k0z are collinear, the points 0; x D ˛�1.z/ and y D ˛�1.k0z/
are collinear. It follows that y D kx for some element k of K .

We have k0z D ˛.y/ D ˛.kx/ D �.k/ ˛.x/ D �.k/ z. It follows that
�.k/ D k0. ut

8.2 Theorem (Second Fundamental Theorem for Affine Spaces). Let A and A0
be two Desarguesian affine spaces, and let ˛ W A ! A0 be a parallelism-preserving
collineation. Then, there exists exactly one translation 	 W A0 ! A0 and exactly
one parallelism-preserving collineation ˇ W A ! A0 induced by a semi-linear
transformation with ˇ.0/ D 0 such that ˛ D 	ˇ.

Proof. By Theorem 7.17, A and A0 are two affine space over two vector spaces
W and W0. By Theorem 6.6, there exists exactly one parallelism-preserving
collineation ˇ W A ! A0 with ˇ.0/ D 0 and exactly one translation 	 W A0 ! A0
such that ˛ D 	ˇ.

Finally, by Theorem 8.1, the collineation ˇ is induced by a semi-linear transfor-
mation. ut
8.3 Theorem (Second Fundamental Theorem for Projective Spaces). Let P and
P0 be two Desarguesian projective spaces, and let ˛ W P ! P0 be a collineation.
Then, ˛ is induced by a semi-linear transformation.

Proof. By Theorem 7.18, P and P0 are two projective spaces over two vector spaces
V and V0. Let H and H 0 be a hyperplane of P and a hyperplane of P0, and let
A WD PnH and A0 WD P0nH 0 be the affine spaces defined by P and H and by P0 and
H 0. By Corollary 5.9, A and A0 are affine spaces over two vector spaces W and W0.
Let 0 D hv0i be the origin of A.

Let fv0g [ fvi j i 2 I g be a basis of V such that fvi j i 2 I g is a basis of W. Let
u0 and ui .i 2 I / be vectors of V0 such that hu0i D h˛.v0/i and huii D h˛.vi /i for
all i of I . Since ˛ W P ! P0 is a collineation, fu0g [ fui j i 2 I g is a basis of V
(Theorem 4.2 of Chap. II).

Let D W V ! V0 be the linear transformation defined by Dv0 WD u0 and Dvi WD
ui for all i of I . Then, D induces a projective collineation ı W P ! P0.

For ˇ WD ı�1 ˛ and for i D 0; 1; : : : ; d , we have ˇ.hv0i/ D hv0i and ˇ.hvii/ D
hvii for all i of I .

It follows that ˇ is a collineation of P with ˇ.0/ D 0 and ˇ.H/ D H . Thus,
ˇ induces a parallelism-preserving collineation ˇA W A ! A with ˇA.0/ D 0.
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By Theorem 8.1, there exists a semilinear transformation B W W ! W with
accompanying automorphism � , inducing ˇA.

We define the transformation B 0 W V ! V as follows: Let v be an element of
V. Then, there exist an element k of K and an element w of W such that v D
kv0 C w. Set

B 0.v/ D B 0.kv0 C w/ WD �.k/v0 C B.w/:

Then, B 0 is a bijective semi-linear transformation with accompanying automor-
phism � inducing a collineation ˇ0 W P ! P. By definition, we have ˇ0 jA D ˇA,
that is, ˇ0 is the projective closure of ˇA. It follows that ˇ0 D ˇ.

Hence, ˛ WD ı ˇ is the product of a projective collineation and a collineation
induced by a semi-linear transformation. In total, ˛ is induced by a semilinear
transformation. ut



Chapter 4
Polar Spaces and Polarities

1 Introduction

The present chapter is devoted to the study of the so-called polar spaces. They form
an important part of modern incidence geometry.

In Sect. 2, polar spaces are introduced. Due to the famous Theorem of
Buekenhout and Shult [21], polar spaces can be endowed with a structure of
subspaces. The subspaces of polar spaces are projective spaces, although the polar
spaces themselves are not projective spaces.

The diagram of a polar space is the subject of Sect. 3.
If � is a polarity of a projective space P, a polar space S� is defined by � . The

connection between polarities and polar spaces is the subject of Sect. 4.
The algebraic description of polarities is the topic of Sect. 5. It will be shown

that to any polarity there exists a reflexive sesquilinear form and vice versa. The
main result of Sect. 5 is the Theorem of Birkhoff and von Neumann [7] stating
that every polarity is induced by a symmetric, anti-symmetric, hermitian or anti-
hermitian sesquilinear form.

Closely related to the sesquilinear forms are the pseudo-quadratic forms. Every
pseudo-quadratic form of a vector space V defines a pseudo-quadric in the corre-
sponding projective space P D P.V/. The points and the lines of a pseudo-quadric
define a polar space. Pseudo-quadratic forms and pseudo-quadrics are investigated
in Sect. 6.

The third and last family of polar spaces is constructed in Sect. 7 by using the
lines of a 3-dimensional projective space. A polar space of this kind is called a
Kleinian polar space.

The three families of polar spaces constructed in the present chapter all have
the property that the (projective) subspaces are Desarguesian. A substantial result
of Veldkamp [56] (for Char K ¤ 2) and Tits [50] says that the converse is also
true, that is, every polar space with Desarguesian projective subspaces stems from a
polarity, a pseudo-quadric or a Kleinian polar space.

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-20972-7 4, © Springer-Verlag Berlin Heidelberg 2011
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Finally, in Sect. 8, we will present the Theorem of Buekenhout [17] and
Parmentier [37] characterizing polar spaces as linear spaces with polarities.

2 The Theorem of Buekenhout–Shult

Definition. Let � be a geometry of rank 2 over the type set fpoint, lineg.

(a) Two points of � are called collinear if they are on a common line.1

(b) � is called a partial linear space if � fulfils the following two conditions:

.PL1/ Any two points are incident with at most one line.

.PL2/ Any line is incident with at least two points.

Definition. A generalized quadrangle is a set geometry Q of rank 2 over the type
set fpoint, lineg satisfying the following conditions:
.V1/ Any two points are incident with at most one line.

x

g

y

.V2/ Let g be a line, and let x be a point which
is not on g. Then, there exists exactly one point
y on g such that x and y are on a common line.
.V3/Any line of Q is incident with at least two

points. Any point of Q is incident with at least
two lines.

Definition. (a) A polar space is a set geometry S of rank 2 over the type set fpoint,
lineg satisfying the following conditions.2

.P1/ Let g be a line, and let x be a point not on g. Then, there exists either
exactly one point on g collinear with x, or all points of g are collinear with x.
.P2/ Every line is incident with at least three points.

(b) If the geometry S satisfies condition .P1/ and the weaker condition

.P 0
2/ Every line is incident with at least two points,

the geometry S is called a generalized polar space.
(c) A (generalized) polar space S is called nondegenerate if S fulfils the following

additional condition:

.P3/ For every point x of S, there exists a point y such that x and y are not
collinear.

(d) Let S be a (generalized) polar space. For a point x of S, we denote by x? (say
“x perp”) the set of points which are collinear with x.

1In particular, a point x is collinear with itself.
2The letter S reminds us that polar spaces as defined above originally were defined by Buekenhout
and Shult [21] as Shult-spaces.
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(e) Let S be a (generalized) polar space, and let U be a set of points of S. U is
called a subspace of S if any two points of U are collinear and if every line of
S, containing at least two points of U is completely contained in U .

(f) A (generalized) polar space S is called of finite rank n if there exists a natural
number n such that for every chain ¿ ¤ U1 � U2 � : : : � Ur of subspaces
U1; : : : ; Ur , the relation r � n holds and if there is at least one chain of length
n. Otherwise, the polar space is called of infinite rank.

(g) A subspace U of S is called of finite rank n if there exists a natural number n
such that for every chain ¿ ¤ U1 � U2 � : : : � Ur D U of proper subspaces
U1; : : : ; Ur , the relation r � n holds and if there is at least one chain of length
n. Otherwise, the subspace U is called of infinite rank. The empty set is by
definition a subspace of rank 0.

Note that in the literature subspaces are often called singular subspaces.
There is the following relation between partial linear spaces, generalized quad-

rangles and polar spaces: Every nondegenerate polar space S is a partial linear space,
that is, any two points of S are incident with at most one line (cf. Theorem 2.9).

Furthermore, the generalized quadrangles are exactly the generalized nondegen-
erate polar spaces of rank 2 (cf. Theorem 2.20).

2.1 Theorem. Let S be a polar space.

(a) The intersection of an arbitrary family of subspaces of S is a subspace.
(b) Let M be a maximal set of pairwise collinear points. Then, M is a subspace.

Proof. (a) Let .Ui/i2I be a family of subspaces of S, and let x and y be two points
contained in Ui for all i of I . Since Ui is a subspace for all i of I , the line xy
is contained in Ui for all i of I .

(b) Let M be a maximal set of pairwise collinear points, and let g be a line,
containing two points x and y of M . Let z be a point on g distinct from x

and y. We shall show that z is collinear with all points of M :

x

y

z
m

g

For, let m be a point of M . If m lies on g, the
points m and z are collinear. If m does not lie on
g, m is collinear with the points x and y. Hence,
m is collinear with two points on g and therefore,
by Axiom .P1/, collinear with all points on g. It
follows that m and z are collinear.

If z were not contained inM ,M [fzg would be a set of pairwise collinear points,
in contradiction to the maximality ofM . It follows that M is a subspace. ut
2.2 Theorem. Let S be a polar space. Every subspace of S is contained in a
maximal subspace of S.

Proof. Let U be a subspace of S, and letM WD fW subspace of S j U � W g be the
set of subspaces of S containing U . Let .Wi /i2I be a chain in M . The set

S

i2I
Wi is
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a subspace of S and thus an upper bound inM . By the Lemma of Zorn (Lemma 4.6
of Chap. 1), there is a maximal element in M . ut
Definition. Let S be a polar space. LetM be a set of pairwise collinear points of S,
and let

hM i WD \ U j U is a subspace of S containingM:

hM i is the smallest subspace of S containing M . It is called the subspace
generated by M .

2.3 Theorem. Let S be a polar space. Any set of pairwise collinear points generates
a subspace.

Proof. Let X be a set of pairwise collinear points. By the Lemma of Zorn
(Lemma 4.6 of Chap. 1), X is contained in a maximal set of pairwise collinear
points. By Theorem 2.1 (b),X is contained in a subspace. Let U be the intersection
over all subspaces, containingX . Then, U is generated by X . ut

For the investigation of polar spaces, the notion of a projective hyperplane is
very useful. The definition of a projective hyperplane is motivated by the following
property of a hyperplane H of a projective space P: Every line of P is either
contained in H or it has exactly one point in common with H .

Definition. Let S be a polar space, and let U be a subspace of S. A proper subspace
H of U is called a projective hyperplane of U if every line of U has at least one
point in common with H .

2.4 Theorem. Let S be a polar space, and let U be a subspace of S. If H is a
projective hyperplane of U , H is a maximal subspace of U .

Proof. The assertion follows as in Theorem 3.4 of Chap. 1. (Note that Theorem 3.4
of Chap. 1 deals with linear spaces, whereas U might contain pairs of points which
are contained in more than one line. This case is only excluded in Theorem 2.9.) ut
2.5 Theorem. Let S be a polar space, and let U be a subspace of S. Furthermore,
let p be a point of S that is not collinear with all points of U .

U

Up = p⊥∩ U<p, Up>

p

(a) The set Up WD p? \U is a projective
hyperplane of U .

(b) If U is a maximal subspace of S, the
subspace hp; Upi is also a maximal
subspace of S.

(c) If U is a maximal subspace of S,
the subspace hp; Upi consists of the
points on the lines through p that
have at least one point in common
with Up.3

3In this case, the line through p has exactly one point in common with Up .
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Proof. (a) We first shall show that Up D p? \ U is a subspace: For, let x and y
be two points of Up. Since U is a subspace, the points x and y are collinear,
and there is a line g through x and y. Since p is not contained in U (otherwise,
p would be collinear with all points of U ), p is not incident with g. Since the
points x and y are contained in UP , they are collinear with p. By Axiom .P1/,
all points of g are collinear with p, it follows that g is contained in p?. In
summary, Up D p? \ U is a subspace.

Let g be a line of U . Then, there exists a point x on g collinear with p. It
follows that x is contained in p? \ U . Hence, Up D p? \ U is a projective
hyperplane of U .

(b) By assumption, there exists a point z of U which is not collinear with p.
Step 1. We have U D hz; Upi: By (a), Up is a projective hyperplane of U .

By Theorem 2.4, Up is a maximal subspace of U . Since z is not contained in
Up, it follows that U D hz; Upi.

g px

z
U

Up

WStep 2. The subspace hp; Upi is a max-
imal subspace of S: Assume that hp; Upi
is not maximal. Let W be a subspace of S,
containing hp; Upi properly. Then, there
exists in W a line g through p disjoint from
U . Let x be a point on g collinear with the
point z.

Since x is contained in W , it follows that x is collinear with every point of Up .
By construction, x and z are collinear. It follows that the set fx; zg [ Up consists
of pairwise collinear points. Hence, hx; z; Upi is a subspace of S containing the
subspace U D hz; Upi properly, in contradiction to the maximality of U .

(c) By assumption, there exists a point z of U not collinear with p.
Step 1. Let W WD hp; Upi, and let Wz WD z? \ W . Then, Wz D Up: Let x

be a point of Up . Since x is contained in U , it follows that x and z are collinear.
Hence, x is contained in z? \W D Wz. It follows that Up is contained in Wz.

U

x

W

z

Up

p

We shall see that Wz is contained in Up:
Assume that there is a point x of Wz n Up.
Since Up is a projective hyperplane of U and
hence a maximal subspace of U , it follows that
U D hz; Upi.

Since z and x are collinear, hz; x; Upi is a
subspace through hz; Upi D U , in contradic-
tion to the maximality of U .

Step 2. hp; Upi consists of the points on the lines through p which have at least
one point in common with Up: By (a), Wz is a projective hyperplane of W . In view
of Step 1, we have Up D Wz. Hence, Up is a projective hyperplane ofW . It follows
that every line of W through p intersects the subspace Up in a point. ut
The following lemma prepares the proof of Theorem 2.7.
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2.6 Lemma. Let S be a polar space, and let p and q be two non-collinear points
of S. Let x be a point of p? \ q? that is collinear with all points of p? \ q?. Then,
x is collinear with all points of p? and with all points of q?.4

Proof. Step 1. The point x is collinear with all points of p?: Let a be a point of
p?. We need to show that x and a are collinear. Since x is contained in p? \ q?,
there exists a line g through p and x. Furthermore, since a is contained in p?, there
exists a line h through a and p. If the point x is on the line h, a and x are incident
with h, hence, they are collinear.

x

g

p
h a

q

b
Assume that x is not incident with h. Since

S is a polar space, there exists a point b on h,
collinear with q.5 It follows that b is collinear
with p and q. By assumption, b is collinear
with x as well.

Since x is collinear with the two points p
and b of h, x is collinear with all points on h,
in particular with a.

Step 2. The point x is collinear with all points of q?: Due to the symmetry of p
and q, the proof of the assertion is identical to the proof of Step 1. ut
2.7 Theorem. Let S be a nondegenerate polar space, and let p and q be two
non-collinear points of S . If p? \ q? contains at least two lines, p? \ q? is a
nondegenerate polar space.

Proof. We shall verify Axioms .P1/ to .P3/:
Verification of .P1/: Let g be a line of p? \ q?, and let x be a point of p? \ q?

which is not on g.

x y

g
p

q

h

Let h be a line through x intersecting g in
a point y. We shall show that h is contained
in p? \ q?:

Since g is contained in p? \ q?, the
points of g are collinear with p and q. In
particular, the point y is collinear with p

and q.

Furthermore, the point x of p? \q? is collinear with the points p and q. Therefore,
all points of h are collinear with p and q. It follows that h is contained in p? \ q?.

Verification of .P2/: Since any line of S is incident with at least three points, any
line of p? \ q? is incident with at least three points.

4In Theorem 2.7, we shall see that in nondegenerate polar spaces, there is no point of p? \ q?

which is collinear with all points of p? \ q?.
5The point q is not on h, since otherwise p and q would be collinear, in contradiction to the
assumption.
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Verification of .P3/: Assume that there is a point x of p? \q? which is collinear
with all points of p? \ q?.

We shall show that the point x is collinear with all points of S, in contradiction to
.P3/. For, let a be an arbitrary point of S. If a is contained in p? or if a is contained
in q?, the points x and a are collinear by Lemma 2.6. Hence, we can assume that a
is neither collinear with p nor with q.

x

g

p

l a

q

b

h

Since x is contained in p?\q?, there exists
a line g through x and p and a line h through
x and q. Since a and p are non-collinear, the
point a is not on g. It follows that there exists
a point b on g such that a and b are joined
by a line l . If b D x, the points x and a are
collinear, and the assertion is shown. Thus, we
can assume that x ¤ b.

The points b and q are non-collinear since,
otherwise, q would be collinear with the points x and b on g. This would imply
that q is collinear with all points of g, in particular with p, in contradiction to the
assumption.

Step 1. The point x is collinear with all points of q? \ b?: For, let w be a point
of q? \ b?. In particular, the point w is contained in q?. By Lemma 2.6, the point
x is collinear with all points of q?. In particular, x and w are collinear.

Step 2. The points x and a are collinear: By Step 1, x is collinear with all points
of q? \ b?. By Lemma 2.6, the point x is collinear with all points of b?. Since a
and b are collinear, the points x and a are collinear.

Since a is an arbitrary point of S, it follows that x is collinear with all points of S,
in contradiction to Axiom .P3/.

It remains to show that p? \ q? is a geometry: For, let g be a line contained in
p?\q?. Let x be a point ofp?\q?. If x is incident with g, then fx; gg is a chamber
through x. If x is not incident with g, there exists a line h through x intersecting g in
a point. Above (Verification of .P1/), we have seen that h is contained in p? \ q?.
Hence, x is contained in the chamber fx; hg. Obviously, every line of p? \ q? is
contained in a chamber. ut

2.8 Theorem. Let S be a nondegenerate polar space, let g be a line of S and let a
be a point on g. Then, there exists a point b outside of g such that b is collinear with
a, but not collinear with any further point on g.

Proof. Assume that there exists a point a on g such that for any point b outside of g,
we have: If a and b are collinear, b is collinear with at least one further point on g,
that is, b is collinear with all points of g.

For a point x of g n fag, let

…x WD fu 2 S n g j u is collinear with x; but with no further point on gg:
Step 1. Let x and y be two points of g n fag. For any two elements u of …x and

v of …y , the points u and v are non-collinear:
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Otherwise, there are two points u of …x

and v of …y which are joined by a line h.
u

z

x a y g

h

v
(i) We have h \ g D ¿: Assume that

there exists a point z contained in
h \ g. If z ¤ x, z is (besides x)
a second point on g collinear with
u, in contradiction to u 2 …x . If
z Dx; z ¤ y is a second point on g,
collinear with v, in contradiction to the fact that v is contained in …y .

x a y

u

g

h vz(ii) No point on h is collinear with all points on g:
Assume that there exists a point z on h collinear with
all points on g. Then, z is collinear with the point y.
It follows that y is collinear with the points z and
v and therefore with all points of h. Hence, u and
y are collinear, in contradiction to the fact that u is
contained in …x.

x a y

u

g

h vs(iii) We shall see that the assumption that there exists a
line h through u and v, yields a contradiction: Since
the lines g and h are disjoint, the point a is not on
h. It follows that there exists a point s on h which is
collinear with a. By (ii), the point s is collinear with
a, but with no further point on g. This contradicts
our assumption with respect to a.

Step 2. We shall see that our assumption at the beginning of our proof yields a
contradiction: For, let x be a point on g distinct from a. By Axiom .P3/, there exists
a point v of S not collinear with x. It follows that there exists exactly one point y on
g collinear with v. We have y ¤ a, since, otherwise, the point v would be collinear
with a, but with no further point on g, in contradiction to our assumption that no
such point exists.

Let u be a point of S that is not collinear with y. As above there is a point
x0 2 g n fag such that u is collinear with x0, but with no further point on g.

x' a y

u

g

v

l

z

It follows that u is contained in …x0 and that v is
contained in …y . Let l be a line through x0 and u.
Since v and u are non-collinear (Step 1), there exists
exactly one point z on l .z ¤ u/ collinear with v.
If z is contained in …x0 , by Step 1, z and v would
be non-collinear, a contradiction. It follows that z is
collinear with all points of g, in particular with the
point a.
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Hence, a is collinear with the points x0 and z and therefore with all points on l .
It follows that a and u are collinear, a contradiction. ut
2.9 Theorem. Let S be a nondegenerate polar space. Then, any two points of S are
incident with at most one line of S.

Proof. Assume that there exist two points a and b incident with two lines g and h.

g

h
a b

c

x

Step 1. There is a point c which is not
collinear with any point of g \ h:

Since g ¤ h, there exists a point x on g
or h not contained in g \ h.6 W.l.o.g., let x
be a point incident with g. By Theorem 2.8,
there exists a point c of S which is not on
g and which is collinear with x, but with
no further point on g. In particular, c is not
collinear with any point of g \ h.

Step 2. On the line h, there exists exactly one point y collinear with c. The point
y is not incident with any line through c and x.

g

h
a b

c

x

y

l

Since c is not on h, there exists a point
y on h, collinear with c. If there were a
further point y0 on h collinear with c, c
would be collinear with two and hence
with all points on h. This is a contradiction
to the fact that c is neither collinear with a
nor with b.

Assume that the point y is on a line l
through c and x. Then, the points a and b
would be collinear with x and y and hence
with all points on l , in particular with c, in
contradiction to the construction of c.

g

h
a b

c

x
m

y

Step 3. The points x and y are collinear:
Since y is collinear with the points a and b
on g, the point y is collinear with all points
on g, in particular with x.

Step 4. Let m be a line through x and
y. Then, the line m is contained in a? \
c?: The points x and y are collinear with
a and c, it follows that all points of m are
collinear with a and c, that is, the line m is contained in a? \ c?.

Step 5. Let u be a point of a?. If u is collinear with x or y, u is collinear with all
points on m: W.l.o.g., let u and x be collinear. Then, u is collinear with a and x and
hence with all points on g. In particular, u and b are collinear. Thus, u is collinear

6Observe that the existence of the point x is due to the fact that polar spaces are by definition set
geometries.



132 4 Polar Spaces and Polarities

with a and b and hence with all points on h. In particular, u and y are collinear.
Since u is collinear with x and y, u is collinear with all points on m.

Step 6. We shall see that the assumption that there are two lines g and h through
the points a and b, yields a contradiction:

x y

u

m

Since the points a and c are non-collinear,
S0 WD a? \ c? is, by Theorem 2.7, a nonde-
generate polar space. By Step 4, the line m is
contained in S0. By Theorem 2.8, there exists a
point u of S0 which is not on m such that u is
collinear with x, but with no further point of m.

By Step 5, u is collinear with all points of m,
a contradiction. ut
2.10 Theorem. Let S be a polar space, and let M be a maximal subspace of S.
Let H and H 0 be two projective hyperplanes of M . For every point x of H not
contained in H \H 0, we haveH D hx; H \H 0i.

Proof. Obviously, hx; H\H 0i is contained inH . Conversely, let z be a point ofH .
Since H 0 is a projective hyperplane, the line zx meets H 0 in a point y. Since z and
x are contained in H , the point y is also contained in H , hence y is contained in
H \H 0. It follows that

z 2 xy � hx; H \H 0i:
ut

2.11 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x1 and x2 be two points of S outside of M such that H1 WD
x1

? \M and H2 WD x2
? \M are two (distinct) projective hyperplanes of M . Let

x be a point of M outside ofH1 \H2. Then, there exists a projective hyperplane of
M throughH1 \H2 and x.

Proof.

M

H2H1

H1 ∩ H2

x

x1 x2
p

z

y1

g

M1

Step 1. By Theorem 2.5, the subspace M1 WD hx1; H1i is a maximal subspace
of S. Since H1 and H2 are two different hyperplanes of M , there exists a point y1
ofH1 not contained inH1 \H2. The line x1y1 is disjoint to the subspaceH1 \H2.
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By Axiom .P1/, there exists a point z on the line x1y1 which is collinear with the
point x2. The points x2 and z are different since, otherwise, we would have H2 D
x2

? \M D z? \M D H1, a contradiction.
Step 2. Denote by g the line through z and x2. There is a point p on g which

is collinear with the point x. The point p is not contained in M : Assume that p is
contained in M . Then, the point p is contained in

�
x2

? \M � \ .z? \M/ D �
x2

? \M
� \ �

x1
? \M � D H1 \H2:

This implies that the point x2 is contained in the subspace M1, since the line zp is
contained in M1; a contradiction.

Step 3. The subspace H1 \ H2 is contained in p? \ M , hence p? \ M is a
projective hyperplane ofM throughH1\H2 and x: For, let r be a point ofH1\H2.
Since r is collinear with the points z and x2, the point r is collinear with all points
on the line g D x2z. In particular, r is collinear with p. ut
2.12 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x be a point of M , and let g be a line of M such that x and g
are not incident. There exists a hyperplane H of M such that g is contained in H ,
but x is not contained in H .

Proof. Let E WD hx; gi be the sub-

g
a

M

b

h
x

space of M generated by x and g.
Let a and b be two arbitrary points
on g, and let h be the line of E
through the points a and x. By
Theorem 2.8, there exists a point
x0 of S which is collinear with the
point a but not with the point x.

Let H1 WD x0? \M . In view of Theorem 2.5, H1 is a projective hyperplane of
M containing the point a but not the point x.

If the line g is contained inH1, the theorem is proven. So we may assume that the
line g meets the projective hyperplaneH1 in the point a. The line xb meetsH1 in a
point y. SinceH1\g D a, we have y ¤ b. Since the point x is not contained inH1,
we also have y ¤ x. By Theorem 2.8, there is a point y0 of S which is collinear with
a but not with y (consider the line through a and y). LetH2 WD y0? \M . Since the
point y is contained in H1 but not in H2, the hyperplanesH1 and H2 are different.
By Theorem 2.11, there exists a projective hyperplaneH throughH1 \H2 and the
point b. Since the point a is contained inH1\H2, the line g D ab is contained inH .

The point x is not contained inH : Assume on the contrary that x is contained in
H . Then, the line xb is contained in H , hence the point y is contained in H . Since
the point y is contained inH1 but not inH1\H2, it follows from Theorem 2.10 that

H1 D hH1 \H2; yi � H:

Since H and H1 are projective hyperplanes of M , it follows that H1 D H in
contradiction to the fact that the point x is contained in H but not in H1. ut
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2.13 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x be a point ofM , and let g be a line ofM such that x and g are
not incident. Let H be a projective hyperplane of S such that the line g is contained
in H , but the point x is not contained in H . If E WD hx; gi is the subspace of M
generated by x and g, it follows that H \ E D g.

Proof. Assume that there exists a

gx

H

y

E

point y of H \ E such that
y is not incident with g. By
Theorem 2.12, there exists a
projective hyperplane H1 of M
through g not containing y.

The point x is not contained in
H1: Assume that x is contained in
H1. Then, the planeE D hx; gi is
contained in H1, implying that the
point y is contained in H1 which
yields a contradiction.

Since the point y is contained in H but not in H1, we have H ¤ H1. By
Theorem 2.11, there exists a projective hyperplane H2 through H \ H1 and x.
Since the point x is contained inH2 but neither inH orH1, it follows thatH2 ¤ H

and H2 ¤ H1. Since x and g are contained in H2, the whole plane E is contained
in H2, hence the point y is contained in H2. It follows from Theorem 2.10 that

H D hH \H1; yi D H2;

a contradiction. ut
2.14 Theorem (Buekenhout). Let S be a nondegenerate polar space. Every sub-
space of S containing at least two lines is a projective space.

Proof. Let U be a subspace of S containing at least two lines. By Theorem 2.2, the
subspace U is contained in a maximal subspace M of S. We shall show that M is a
projective space.

Verification of .PS1/: By Theorem 2.9, every two points ofM are incident with
exactly one line of M .

p E
x y

a b

Verification of .PS2/: Let p, a, b, x, y
be five points of M such that the lines ab
and xy intersect in the point p. We shall
show that the lines ax and by intersect
in a point: For, let E be the plane of M
generated by the points p, a and x.

By Theorem 2.12, there exists a projective hyperplane H containing the line
ax but not the point p. By Theorem 2.13, we have H \ E D ax. The line by is
not contained in H since, otherwise, H would contain the point p. Since H is a
projective hyperplane ofM , the line by meetsH in a point z. Obviously, the point z
is contained in the plane E . It follows that
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ax \ by D .H \ E/\ by D E \ .H \ by/ D z:

Verification of .PS3/: By assumption, M contains at least two lines and every
line of M contains at least three points. ut
Remark. The Theorem of Buekenhout–Shult (Theorem 2.18) for polar spaces of
finite rank was proven in 1973 [21], whereas Theorem 2.14 was proven only in 1990
by Buekenhout [16] using the ideas of [21] and Teirlinck [48]. Independently, Theo-
rem 2.14 was also proven by Johnson [32] and Percsy [40] also using [21] and [48].

From now on, we will concentrate on polar spaces of finite rank.

2.15 Theorem. Let S be a nondegenerate polar space of finite rank. If U is a
subspace of S, there exists a maximal subspace of S disjoint to U .

Proof. By Theorem 2.2, there exists a maximal subspace M . If M \ U D ¿, the
assertion is shown. Therefore, we may assume that M \ U ¤ ¿. In what follows
we shall construct a maximal subspace M 0 such that M 0 \ U is a proper subspace
of M \ U . Since S is of finite rank, it follows by successive application of this
construction that there is a maximal subspace disjoint to U .

Step 1. By Axiom .P3/, there is a point z ofM \U and a point p of S which are
non-collinear.

Step 2. Construction of the maximal subspaceM 0: By Theorem 2.5, the subspace
p? \ .M \ U / is a projective hyperplane of M \ U . Again by Theorem 2.5, the
subspaceM 0 WD hp; p? \M i is a maximal subspace of S.

z

p
MM'

Step 3. We haveM D hp? \M; zi: Since p? \M is
a projective hyperplane ofM , by Theorem 2.4, p? \M
is a maximal subspace of M . Since p and z are non-
collinear, it follows that z is contained inMn.p? \M/.
Hence,M D hp? \M; zi.

Step 4. M 0 \ U is contained in M \ U :

x
U

M
p⊥∩ (M ∩ U)

p

z

Assume that there is a point x of M 0 \ U

which is not contained in M \ U . Then, the
points of M \ U , the points of p? \ M and
the point x are pairwise collinear: For, if a is
contained in M \U and b is contained in p? \M ,
a and b are contained in M , hence, they are
collinear.

If a is contained in M \ U; x and a are contained in U and therefore collinear.
If, finally, b is contained in p? \ M; x and b both are contained in M 0 and are
collinear.

LetW WD hM \U; p? \M; xi be the subspace generated byM \U; p? \M
and x. By construction, p? \ M and the points x and z are contained in W . By
Step 3, it follows that M D hp? \ M; zi is contained in W . Furthermore, x is a
point inW which is not inM . Hence,M is a proper subspace ofW , in contradiction
to the maximality of M .
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Step 5. The subspaceM 0 \U is a proper subspace ofM \U : By Step 4,M 0 \U
is contained inM \U . Furthermore, by Step 1, the points z contained inM \U and
p are non-collinear. It follows that z is not contained inM 0. In summary,M 0 \U is
a proper subspace of M \ U . ut
2.16 Theorem. Let S be a nondegenerate polar space of finite rank, and let U
and W be two subspaces of S such that U is contained in W . Then, there exists a
maximal subspace M of S such that M \W D U .

Proof. We shall prove the assertion by induction on r WD rank U . If U D ¿, the
assertion follows from Theorem 2.15.

p

W

U

M' p⊥∩ M'

H

M

r � 1 ! r : Let U ¤ ¿. By Theorem 2.5, U
contains a projective hyperplane H . Since rank
H � rank U � 1 D r � 1, by induction, there
exists a maximal subspace M 0 such that M 0 \
W D H .

Let p be a point of U nH . Then, by
Theorem 2.5, M WD hp; p? \ M 0i is a
maximal subspace of S containing the subspace
U D hp; H i. It follows thatM\W containsU .

It remains to show that M \ W is contained
in U : For, let x be a point ofM \W . Since p and x are contained inW , there exists
the line g WD px through p and x. By Theorem 2.5, M D hp; p? \M 0i consists
of the points on the lines through p which have at least one point in common with
p? \ M 0. Since x is contained in M , there is a point a of p? \ M 0 on g D px.
Since g D px is contained in W , the point a is contained in W .

Altogether, the point a is contained in .p? \ M 0/ \ W � M 0 \ W D H . In
particular, a is contained in U . Since p is contained in U , it follows that g D pa is
contained in U . Since x is a point on g, the point x is contained in U . ut
2.17 Theorem. Let S be a nondegenerate polar space of finite rank, and let U be
a subspace of S. There exist two maximal subspaces M1 and M2 such that U D
M1 \M2.

Proof. By Theorem 2.2, there exists a maximal subspace M1 of S through U . By
Theorem 2.16,7 there exists a maximal subspaceM2 with M1 \M2 D U . ut
Definition. Let S be a polar space. For a subspace U of S, we denote by dim U the
dimension of U as a projective space.

As for projective geometries, for a subspace U of a polar space of finite rank, we
have rank U D dim U C 1.

2.18 Theorem (Buekenhout, Shult). Let S be a nondegenerate polar space of
finite rank n.

7Choose U D U and M1 D W .
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(a) Every maximal subspace of S containing at least two lines is an (n�1)-
dimensional projective space. In particular, every subspace of S is a projective
space of dimension d with 2 � d � n � 1.

(b) The intersection of any two subspaces is a subspace.
(c) Let U be a maximal subspace of S, and let p be a point of S outside of U . Then,

there exists a uniquely determined subspaceW through p with dim.W \U / D
n � 2. Furthermore, the points of U collinear with p are exactly the points
of W \ U .

(d) There are two disjoint maximal subspaces of S.

Proof. (a) Step 1. Every maximal subspace of S is a projective space: This assertion
follows from Theorem 2.14.

Step 2. There is a maximal subspace U of S with dim U D n � 1. For any
further (maximal) subspace W of S, we have: dim W � n � 1: The assertion
follows from the assumption that rank S D n.

Step 3. For any maximal subspace W of S, we have dim W D n � 1: By
Step 2, there exists a maximal subspace U of S with dim U D n � 1. Assume
that there is a maximal subspaceW with dim W ¤ n�1. It follows from Step 2
that dim W < n � 1.

(i) There is a point p contained in W nU : Otherwise, W is contained in U .
Since W is maximal, it follows that W D U , in contradiction to n � 1 D
dim U D dim W < n � 1.

(ii) We have dim.W \U / < n�2: Otherwise, we have dim W � dimhp; W \
U i D n � 2C 1 D n � 1.

(iii) There is a maximal subspace M such that dim M D n � 1 and such that
dim .W \M/ > dim .W \ U /:

p

W

U p⊥∩ U

U ∩ W

M

x

Let Up WD p? \ U . Then, by
Theorem 2.5, Up is a projective
hyperplane of U . In particular, we
have dim Up D n � 2. Further-
more, M WD hp; U pi is a maxi-
mal subspace with dim M D n�1.
Finally, M \W contains U \W :
For, let x be a point contained in
U \W . Then, x is contained inW .
In particular, x and p are collinear. Since x is contained in U , the point x
is contained in p? \ U D Up � hp; U pi D M .

Since p is contained inM \W and since p is not contained in U \W ,
the subspace U \W is properly contained in M \W .

(iv) We shall see that the assumption dimW < n�1 yields a contradiction: By
successive application of Step (iii), we obtain a sequence M1; M2; : : : of
maximal subspaces with dimMi D n� 1 and dim .W \Mi/ > dim.W \
Mi�1/.
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It follows that there exists an index r such that dimMr D n�1 and dim .W \
Mr/ D n � 2. It follows from dim W < n � 1 that W is contained in Mr , in
contradiction to the maximality of W .

(b) The assertion follows from Theorem 2.1.
(c) Let U be a maximal subspace of S, and let p be a point of S outside of U .

(i) Existence of a subspaceW through p with dim .W \U / D n� 2: By (a),
we have dimU D n�1. By Theorem 2.5,p?\U is a projective hyperplane
of U , that is, dim .p? \U / D n�2. Finally, by Theorem 2.5, the subspace
W WD hp; p? \ U i is maximal. It follows that dim W D n � 1.

(ii) Uniqueness of a subspace W through p with dim .W \ U / D n � 2:
Let W WD hp; p? \ U i, and let X be a further subspace through p with
dim .X \ U / D n � 2. Since the points of X are collinear with p, it
follows thatX \U is contained in p? \U . Since dim .X \U / D n�2 D
dim.p? \U /, it follows thatX\U D p? \U . Furthermore, the point p is
contained inX implying that the subspaceW D hp; p? \U i is contained
in X . Due to the maximality of W , it follows that W D X .

(iii) By construction, we haveU \W D p?\U . It follows thatU \W consists
exactly of the points of U collinear with p.

(d) The assertion follows from Theorem 2.17 with U WD ¿. ut
Tits [50] introduced polar spaces as geometries, fulfilling the properties (a) to

(d) of Theorem 2.18. Only by the Theorem of Buekenhout–Shult has the definition
of polar spaces assumed its current form. The Theorem of Buekenhout–Shult states
that a polar space in the sense of Buekenhout–Shult is a polar space in the sense of
Tits. The converse direction is the content of the following theorem.

2.19 Theorem. Let � D (X; �; type) be a set geometry8 of rank n over the type
set fpoint, line, : : :, hyperplane9g fulfilling the following properties:

(i) Let H be a hyperplane of � . Then, the residue �jH is an .n � 1/-dimensional
projective space.

(ii) For any two subspaces U andW of � , the set U \W is a subspace.
(iii) Let H be a hyperplane, and let p be a point of � outside of H . Then, there

exists exactly one hyperplaneL of � through p with dim .H \L/ D n� 2. L
consists of all points of H which are collinear with p.

(iv) There are two disjoint hyperplanes of � .

Then, the points and lines of � form a nondegenerate polar space.

Proof. Verification of .P1/: Let g be a line, and let x be a point which is not on g.

8Remember that a set geometry is a geometry where all subspaces can be seen as subsets of the set
of points.
9Note that we have two sorts of hyperplanes: A hyperplane of � is a subspace of type n� 1 of the
geometry � . As indicated in Part (i), this hyperplane is a projective space. A projective hyperplane
is a hyperplane of this projective space, hence a subspace of type n� 2 of � .
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First case. The point x and the line g are contained in a common hyperplane
H : Then, x and g are a point and a line in a projective space, it follows that x is
collinear with all points on g.

Second case. The point x and the line g are not contained in any common
hyperplane: Since � is a geometry, g is contained in a chamber. In particular, g
is contained in a hyperplaneH .

x
L

H
H ∩ L

y
g

By assumption, x and g are not contained
in a common hyperplane, hence, x is not con-
tained in H . By assumption (iii), there exists a
hyperplane L through x with dim .H \ L/ D
n � 2. If g were contained in L, x and g would
be contained in the common hyperplane L, a
contradiction. Since H \ L is a hyperplane of
H , the line g meets H \ L in a point y. Since
the points x and y are contained in L, they are
collinear.

Since, by assumption (iii), H \ L consists of all points of H collinear with x,
the point y is the only point on g collinear with x.

Verification of .P2/: Let g be a line. Since � is a geometry, g is contained in
a chamber and therefore in particular in a hyperplane H . Thus, g is a line of a
projective space. Therefore, g contains at least three points.

Verification of .P3/: Let x be a point of � . Since there are two disjoint
hyperplanes, there exists a hyperplaneH not containing x. Let L be the hyperplane
of � through x with dim .H \ L/ D n � 2. Since, by assumption (iii), L contains
all points ofH that are collinear with x, for any point y of Ln.H \L/, it holds that
x and y are non-collinear. ut
We conclude this section by proving the following relation between polar spaces of
rank 2 and generalized quadrangles.

2.20 Theorem. The generalized quadrangles are exactly the generalized nonde-
generate polar spaces of rank 2.

Proof. Step 1. Let Q be a generalized quadrangle. We shall show that Q is a
generalized nondegenerate polar space of rank 2:

Axiom .P1/ follows from Axiom .V2/.
Axiom .P 0

2/ follows from Axiom .V3/.

x

y

z

g

h

Verification of .P3/: Let x be a point of Q. By
Axiom .V3/, there is a line g through x. Since there
are at least two points on g, there exists a point y on
g different from x. Since there are at least two lines
through y, there is a line h through y different from g.

By Axiom .V1/, the point x is not on h. Let z be a point on h distinct from y.
Since y is the only point on h collinear with x, the points x and z are non-collinear.
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Altogether, Q is a generalized nondegenerate polar space. Since there are no non-
incident point-line pairs .x; g/ such that p is collinear with all points on g, it follows
that Q is of rank 2.

Step 2. Conversely, let S be a generalized nondegenerate polar space of rank 2.
We shall show that S is a generalized quadrangle:

Axiom .V1/ follows from Theorem 2.9.
Verification of .V2/: Let g be a line, and let x be a point outside of g. By Axiom

.P1/, x is collinear with exactly one or with all points of g. Assume that x is
collinear with all points of g. Then, by Theorem 2.1, x and g would generate a
plane, in contradiction to rank S D 2.

Verification of .V3/: By Axiom .P 0
2/, on every line, there are at least two points.

Let x be a point of S. Since S is of rank 2, there is at least one line g in S.
First case. The point x is not on g: Then, there exists a line h through x

intersecting g in exactly one point y. By .P3/, there exists a point z that is non-
collinear with y. It follows that z is not on h, and there is a line l through z
intersecting the line g in a point a ¤ y. If x were on l , the point x would be
collinear with two points of g, namely a and y, a contradiction.

x

g

h

y

z

l

a

bm

Since the point x is not incident with the line l ,
there exists a linem through x intersecting the line l
in a point b. Assumingm D h the point b would be
incident with the two lines h and l which intersect
the line g in the points y and a. Hence, b would be
collinear with two points of g, a contradiction.

It follows that x is incident with the two lines m
and h.

Second case. The point x is on g: By Axiom .P3/, there exists a point y which
is non-collinear with x. Let h be a line through y intersecting the line g in a point
z. If z D x; x is incident with the two lines g and h. Otherwise, h is a line which is
not incident with x, and we can apply Case 1. ut

3 The Diagram of a Polar Space

The idea of the diagram of a geometry is to summarize classes of rank-2-geometries
in a pictogram. The diagram of a geometry of rank n � 3 is determined by the
diagrams of its rank-2-residues (Sect. 7 of Chap. 1).

In Sect. 7 of Chap. 1, we have already introduced some diagrams of rank-2-
geometries. In the present section, we shall introduce the following diagrams for
generalized quadrangles and for the 4-gon (geometry of the ordinary quadrangle):

or
4

Altogether we obtain the following list of diagrams of rank-2-geometries:
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Rank-2-geometry Diagram

Arbitrary rank-2-geometry
x

Generalized digon

Linear space
L

Affine plane
Af

Projective plane or 3-gon

Generalized quadrangle or 4-gon or
4

3.1 Theorem. Let S be a nondegenerate polar space of rank n � 3. Then, for any
point p of S, the residue Sp is a nondegenerate polar space of rank n�1.

Proof. Verification of .P1/: Let E

E

h

p

x
g

be a line of Sp (that is, a plane of
S through p), and let g be a point
of Sp not on E (that is, a line of
S through p not in E). Let h be a
line of S inE which is not incident
with p, and let x be a point of S on g distinct from p.

First case. The point x is collinear with all points on h: Then, the set fz 2 S j
z 2 hg [ fxg [ fpg consists of pairwise collinear points. By Theorem 2.1, this set
is contained in a common subspace. Therefore, in Sp every point of E is collinear
with g.

Second case. The point x is collinear with exactly one point on h: Let z be this
point. Then, the line pz of S is the only point of Sp on E collinear with g.

Verification of .P2/: Let E be a line of Sp . In S, E is a plane through p. Since E
is a projective plane, there are at least three lines of S through p in E . These three
lines are three points on E in Sp.

x

g

h
p

Verification of .P3/: Let g be a point of Sp,
that is, a line of S through p. By Theorem 2.8,
there exists a point x of S such that x is
collinear with p, but non-collinear with any
further point of g. Let h WD px be the line
through x and p.

Since the lines g and h are not contained in a common plane, the points g and h of
Sp are not collinear in Sp . ut
We recall that, for a geometry � with a linear diagram, we always denote the types
of � by point, line, plane, : : :, hyperplane.

3.2 Theorem. Let S be a nondegenerate polar space of rank n � 2, and let � be
the geometry defined by the subspaces of S.
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(a) � is a set geometry.
(b) � is residually connected.
(c) � has the diagram

Proof. (a) is obvious.
(b) We shall prove the assertion by induction on n.

Step 1. Let n D 2. We need to show that generalized quadrangles are
connected. For, let a and b be two elements of a generalized quadrangle. We
exemplarily consider the case that a and b are two points. By Axiom .V3/, the
point b is incident with a line g.

c

b

h
a

gIf the point a is on g, a-g-b is a path from a

to b.
Otherwise, by Axiom .V2/, there exists a line

h through a intersecting g in a point c. It follows
that a-h-c-g-b is a path from a to b.

Step 2. Let n � 3. Let F be a flag such that the residue �F is of rank at least
2. Let U and V be two elements of �F .

First case. The flag F contains a point x. Then, the elements U and V are
contained in the residue �x . By Theorem 3.1, the residue �x is a polar space
of rank n�1. By induction, �x is residually connected, hence, in �F , there is a
path from U to V .

Second case. The flag F contains a hyperplane H . Since H is a projective
space, by Theorem 7.9 of Chap. 1, �H is residually connected, hence there is a
path from U to V in �F .

Third case. The flag F neither contains a point nor a hyperplane. Then, U
and V are either two points or two hyperplanes or a point and a hyperplane. Let
W be an arbitrary element of F .

If U and V are two points, let H be a hyperplane of � contained in �F . It
follows that the subspaceW is incident with U , V andH . Hence, U and V are
contained in H , it follows that U -H -V is a path from U to V in �F .

If U and V are two hyperplanes, let x be a point of � contained in �F . It
follows that the subspaceW is incident with U , V and x. Hence, x is contained
in U and V , it follows that U -x-V is a path from U to V in �F .

If U and V are a point x and a hyperplane H , it follows that the subspace
W is incident with x andH . Thus, x andH are incident, that is, x-H is a path
from U to V in �F .

(c) Again, we shall prove the assertion by induction on n.
Step 1. Let n D 2. By Theorem 2.20, � is a generalized quadrangle. By

definition, it has the diagram
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Step 2. Let n � 3. We shall apply Theorem 7.5 of Chap. 1: Let x be a point
of � . Then, by Theorem 3.1, the residue �x is a polar space. By induction, �x
has the diagram

Let H be a hyperplane of � . Then, the residue �H is an (n�1)-dimensional
projective space and has, by Theorem 7.6 of Chap. 1, the diagram

If F is a flag of type f1; 2; : : : ; n� 2g, the residue �F consists of points and
hyperplanes such that every point is incident with every hyperplane, it follows
that �F has the diagram

It follows from Theorem 7.5 of Chap. 1 that � has the diagram

ut
By Theorem 7.15 of Chap. 1, every residually connected geometry � with the
diagram

and the property that on each line of � , there are at least three points, is a projective
geometry.

For polar spaces, one could guess that every residually connected geometry with
the diagram

and the property that on each line of � , there are at least three points, is a polar
space. In fact, the situation for polar spaces is more complicated: There exists a
geometry � with diagram

such that on each line of � , there are at least three points, whose points and lines do
not form a polar space (Theorem 3.11).

In order to obtain a polar space from a geometry � with diagram
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two further conditions are necessary. This fact motivates the following definition of
a polar geometry.

Definition. Let � D .X; �; type/ be a residually connected geometry of rank
n � 2 with the diagram

Then, � is called a polar geometry of rank n if � fulfils the following conditions:

.PoG1/ Any two points of � are incident with at most one line.

.PoG2/ For any two elements U and V of � with U ¤ V , we have:

fx point of � j x � U g ¤ fx point of � j x � V g:

.PoG3/ Any line of � is incident with at least three points.

3.3 Theorem. Let S be a nondegenerate polar space of rank n. Then, the subspaces
of S together with the incidence relation induced by S form a polar geometry � of
rank n.

Proof. By Theorem 3.2, � defines a residually connected geometry with the
diagram

The properties .PoG1/ and .PoG3/ follow of Theorem 2.9 and from Axiom .P2/,
respectively.

Property .PoG2/ follows from the fact that � is a set geometry. ut
3.4 Theorem. Let � D .X; �; type/ be a polar geometry of rank n � 3, and let p
be a point of � . Then, the residue �p is a polar geometry of rank n�1.

Proof. Since � is residually connected, �p is residually connected as well.
By Theorem 7.5 of Chap. 1, the geometry �p has the diagram

Verification of .PoG1/: Let g and h be two points of �p , that is, two lines of �
through p. Assume that there are two planes E and F through g and h. Since � has
the diagram

E and F are projective planes.
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l

h

g

b

a

x

p

F

EBy .PoG2/, there exists a point x in E , not
contained in F .10 Let l be a line of E through x
which is not incident with p. Since E is a pro-
jective plane, the two lines l and g meet in a
point a, and the two lines l and hmeet in a point
b. In the (projective) plane F there is a line m
through the two points a and b. Since the point
x is on the line l , but not in the plane F , we
have l ¤ m.

Hence, the points a and b are incident with two distinct lines l and m, in
contradiction to .PoG1/.

Verification of .PoG2/: Let U and V be two subspaces of �p , that is, two
subspaces of � through p. By assumption .PoG2/, there exists a point x in U not
contained in V . Since U is a projective space, there exists a line g in U through p
and x. Since x is not contained in V , the line g is not contained in V . Thus, g is a
point of �p , contained in U , but not in V .

Verification of .PoG3/: The assertion follows from the fact that in a projective
plane, any point is incident with at least three lines. ut
3.5 Theorem. Let � D .X; �; type/ be a polar geometry of rank n � 2.

(a) The points and lines of � form a nondegenerate polar space S.
(b) The subspaces of S correspond to the elements of � .

Proof. We shall prove the assertions (a) and (b) by induction on n.
For n D 2, the assertion follows from the definition of the diagram .

Let n � 3.
Step 1. Let H be a hyperplane of � . Then, the residue �H is an (n�1)-

dimensional projective space: By Theorem 7.5 of Chap. 1, �H is a residually
connected geometry with the diagram

L

H

Ux

By Theorem 7.15 of Chap. 1, �H is an (n�1)-
dimensional projective space.

Step 2. Let x be a point of � , and let H
be a hyperplane of � , not containing x. Then,
there exists a hyperplane L and an (n�2)-
dimensional subspace U of � such that x is
contained in L and such that U is contained in
L and in H :

By Theorem 7.10 of Chap. 1, there exists a path from x to H where all nodes
except the first node is of type n�2 or n�1. Let W W x D X0; X1; X2; : : : ; Xr D
H be such a path of minimal length with dim X1 D n � 1. We shall show that
r D 3:

10Or a point which is in F but not in E .
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H1

U1
x

U2

H3

H2

y

Assume that r >3. Since W is a path
of minimal length, the subpath xDX0,
X1;X2; X3; X4; X5 is a path of minimal
length from x toX5. SetH1 WDX1; H2 WD
X3;H3 WDX5; U1 WDX2 and U2 WDX4.
Then, H1; H2 and H3 are hyperplanes,
and U1 and U2 are subspaces of
dimension n�2.

SinceU1 andU2 both are incident withH2 and sinceH2 is an (n�1)-dimensional
projective space (in view of Step 1), it follows that

dim .U1 \ U2/ D dimU1 C dim U2 � dimhU1; U2i
D n � 2C n � 2 � .n � 1/ D n � 3 � 0:

It follows that there exists a point y in U1 \ U2. Since the points x and y both
are contained in the hyperplane H1, there exists a line g through x and y. By
Theorem 3.4, the residue �y is a polar geometry of rank n�1. It follows that the
points and lines of �y define a polar space Sy whose subspaces are by induction
(Part (b)) exactly the subspaces of �y .

In Sy , g is a point and H3 is a hyperplane. By Theorem 2.5, there exists in Sy
a hyperplane L through g such that L \ H3 is a hyperplane of H3.11 In � , L is a
hyperplane through g D xy such that dim .L \H3/ D n � 2. It follows that x-L-
L\H3-H3 is a path of length 3 from x to H3, in contradiction to the minimality of
the path x D X0-X1-X2-X3-X4-X5 D H3.

Step 3. Let x be a point of � , and let g be a line of � not incident with x.
There exists at least one point on g collinear with x: If x and g are in a common
hyperplane, x is collinear with all points on g. Therefore, we may assume that x
and g are not contained in a common hyperplane.

L

H

U
x y

g

Let H be a hyperplane of � through g. By
Step 2, there exists a hyperplaneL and an (n�2)-
dimensional subspace U of � such that x is con-
tained in L and such that U is contained in L and
in H .

Since U is a hyperplane of H , the line g meets
U in a point y.12 In L, there exist a line through x
and y.

11Choose L WD hg; g? \H3i.
12The line g is not contained in U since otherwise x and g would be contained in the hyperplane L.
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Step 4. Let x be a point of � , and let g be a line of � not incident with x. Let a
and b be two points on g collinear with x. Then, the point x and the line g are
contained in a common plane of �:

Let E be a plane through g. W.l.o.g., we may suppose that x is a point outside of
E . By assumption, there exist a line h through x and a and a line l through x and b.
In �a, h is a point and E is a line not containing h.

l

a 

E
b

g
x

s
h'

Fa

h

l'

Fb

m

Since the points and lines of the residue
�a form by induction a polar space, there
exists in �a a line Fa through h intersecting
the line E in a point h0. In � , the line Fa
is a plane through h which has a line h0
in common with the plane E . Similarly,
there exists a plane Fb through the line l
intersecting the plane E in a line l 0.

Since the lines h0 and l 0 both are contained in the (projective) planeE , they meet
in a point s. Since the points x and s both are in the planes Fa and Fb , there exists a
line ma in Fa and a line mb in Fb through x and s. By assumption .PoG1/, through
any two points of � there is at most one line, it follows thatm WD ma D mb, that is,
the two planes Fa and Fb have the line m in common.

In the residue �s , the point m is joined with the point h0 by the line Fa, and the
point m is joined with the point l 0 by the line Fb . Since �s is by induction a polar
space, there exists a subspace V in �s through the points m, h0 and l 0.13 In � , V is
either a 2-dimensional or a 3-dimensional subspace through the lines m, h0 and l 0.
In particular, the point x and the line g are contained in V .14 It follows that the point
x and the line g are contained in a common plane.

Step 5. Verification of .P1/: Let x be a point of � , and let g be a line of � not
containing x. By Step 3, there exists at least one point on g collinear with x. By
Step 4, x is either collinear with exactly one or with all points on g.

Step 6. Verification of .P2/: Axiom .P2/ follows from Axiom .PoG3/.
Step 7. Verification of .P3/: Let x be a point of � . Let g be a line through

x, and let p be a point on g different from x. By induction, the residue �p is a
nondegenerate polar space. It follows that there exists in �p a point h such that
g and h are two non-collinear points. In � , g and h are two lines through p not
contained in any common plane.

Let y be a point on h distinct from p. Assume that x and y are collinear.

13More precisely, the points and lines of �s define a polar space S. In S, there exists a subspace V
through the points m, h0 and l 0. By induction (applied on Part (b)), V is a subspace of �s .
14The point x is onm, hence it is contained in V . By .PoG1/, there exists at most one line through
the points a and b. The line through a and b in V is therefore the line g.
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p

x

y

g

h

Then, the point x is collinear with the two
points p and y on h, and by Step 4, x and h are
contained in a common plane E .

By .PoG1/, the line g D px is contained in the (projective) plane E . This
contradicts the fact that the lines g and h are not contained in any common plane. It
follows that x and y are non-collinear.

Step 8. Verification of (b): By Steps 5 to 7, the points and lines of � form a polar
space S of rank n. For a subspace V of � , we denote by V 0 the set of points incident
with V (if V is a point, set V 0 WD V ). We shall show that to every subspace U of S
there is an element V of � such that U D V 0, and conversely that to every subspace
V of � , the set V 0 is a subspace of S. Note that it follows from .PoG2/ that for any
two subspaces V , W of � with V ¤ W , we have V 0 ¤ W 0.

(i) Let E be a plane of S. There exists a subspace F of � such that E D F 0: For,
let x be a point of E and let g be a line of E which is not incident with x. By
Step 4, there exists a plane F of � through x and g. Since E and F 0 are two
projective planes through x and g, it follows from .PoG1/ that E D F 0.

(ii) Let F be a plane of � . Then, F 0 is a plane of S: Since F is a projective plane
consisting of points and lines of S, it follows that F 0 is a plane of S.

(iii) Let U be a subspace of S. There exists a subspace V of � such that U D V 0:
Let x be a point of U . It follows from (i) and (ii) that the points and lines of
�x (lines and planes of � through x) are the points and lines of the polar space
Sx . By induction, there exists a subspace V of �x such that U D V 0 (in Sx). It
follows that U D V 0 in S.

(iv) Let V be a subspace of� . Then,V 0 is a subspace of S: In�x; V 0 is by induction
a subspace of Sx . It follows that V 0 is a subspace of S.

ut
In order to construct a geometry � (the so-called Neumaier-geometry) with the

diagram

which is not a polar space, we first shall introduce the construction of the smallest
generalized quadrangle. Afterwards, we shall prove some results about the projec-
tive plane of order 2. The construction of the Neumaier-geometry will be the subject
of Theorem 3.11.

3.6 Theorem. Let M WD f1; 2; 3; 4; 5; 6g, and let � be the geometry of rank 2
defined as follows:

(i) The points of � are the subsets of M with exactly two elements.
(ii) The lines of � are the partitions of M consisting of three subsets of M each

with two elements.
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(iii) A point fx; yg of � is on a line ffa; bg, fc; d g, fe; f gg of � if fx; yg is
contained in the set ffa; bg, fc; d g, fe; f gg.

� is a generalized quadrangle. On any line of � , there are exactly three points.
Through any point of � , there are exactly three lines. � has 15 points and 15 lines.

Proof. Obviously, there are exactly three points on any line of � and through any
point of � there are exactly three lines. Furthermore, � has exactly 15 points and
15 lines.

Let fa; bg be a point of � , and let g be a line of � which is not incident with x.
Then, g is of the form ffa; cg, fb; d g, fe; f gg with fa; b; c; d; e; f g=f1; 2; 3; 4;
5; 6g. The line ffa; bg, fc; d g, fe; f gg is the only line through x D fa; bg
intersecting g in a point, namely in the point fe; f g. ut
3.7 Lemma. Every projective plane of order 2 is Desarguesian.

Proof. Let K be the field of two elements, and let V be the 3-dimensional
vector space over K . Since every 2-dimensional subspace of V has exactly three
1-dimensional subspaces, the projective plane PG(2, K) is a finite projective plane
of order 2. Since, by Theorem 8.7 of Chap. 1, there is exactly one projective plane
of order 2 (up to isomorphism), any projective plane of order 2 is Desarguesian. ut
3.8 Lemma. Let P be the projective plane of order 2, and let G be the full
automorphism group of P.

(a) The group G consists of 168 elements.
(b) The group G is generated by the elations15 of P.

Proof. In view of Theorem 8.7 of Chap. 1, every projective plane of order 2 is of
the form

4
5

7

6

321

(a) Step 1. Let ˛ be a collineation of P. The collineation ˛ is uniquely determined
by its definition on three non-collinear points: For, let x1; x2 and x3 be three
non-collinear points, and let ˛ and ˇ be two collineations of P with ˛.xi / D
ˇ.xi / for i D 1, 2, 3. W.l.o.g., let x1 D 1; x2 D 3, and x3 D 7.16

15Remember that an elation is a central collineation where the centre and the axis are incident.
16Since the automorphism group of P operates transitively on the frames of P (Theorem 4.6 of
Chap. 3), it is no restriction to choose x1 D 1; x2 D 3 and x3 D 7.
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If ” WD ˇ�1˛, it follows that ”.1/ D 1; ”.3/ D 3, and ”.7/ D 7. Hence
”.2/ D 2; ”.5/ D 5, and ”.6/ D 6. Finally, it follows that ”.4/ D 4. It follows
from ” D id that ˛ D ˇ.

Step 2. The group G consists of 168 elements: In view of Step 1 and
Theorem 4.6 of Chap. 3, the number of elements of G equals the number of
ordered triangles of P. It follows that jGj D 7 � 6 � 4 D 168.

(b) We shall show that every collineation ˛ of P is the product of at most three
elations: Let x1; x2 and x3 be three non-collinear points of P, and let yi WD
˛.xi / for i D 1, 2, 3. In view of Step 1 of the proof of Part (a), it suffices to
construct three elations �1; �2 and �3 such that �3.�2.�1.xi /// D yi for i D 1,
2, 3.

Step 1. Construction of the first elation �1:
If x1 D y1, let �1 WD id .
If x1 ¤ y1, let z1 be the third point on the line x1y1. Let l be a line through

z1 different from the line x1y1, and let �1 be the elation with centre z1 and axis
l such that �1.x1/ D y1.17 Let x0

2 WD �1.x2/ and x0
3 WD �1.x3/.

Step 2. Construction of the second elation �2:

x'2

y2

l

y1z2

If x0
2 D y2, let �2 WD id .

If x0
2 ¤ y2, let z2 be the third point on the

line x0
2y2. Since the points x1; x2 and x3 are

non-collinear, the points y1 D �1.x1/; x
0
2 D

�1.x2/ and x0
3 D �1.x3/ are also non-collinear. In

particular, we have x0
2 ¤ y1.

In addition, we have y1 ¤ y2. Hence, there is a line l through z2 and y1
different from the line x0

2y2 (such a line also exists if y1 D z2). Let �2 be the
elation with centre z2 and axis l such that �2 .x0

2/ D y2. We have �2.�1.xi // D
yi for i D 1, 2. Let x00

3 WD �2 .x
0
3/.

Step 3. Construction of the third elation �3:
If x00

3 D y3, let �3 WD id .
x"3

y3

y2y1z3

If x00
3 ¤ y3, let z3 be the third point on

the line x00
3y3. Since y1 D �2.�1.x1//; y2 D

�2.�1.x2//; x
00
3 D �2.�1.x3// and y1; y2; y3 are

two sets of non-collinear points, the lines x00
3y3

and y1y2 meet in a point z3 ¤ x00
3; y3.

Let �3 be the elation with centre z3 and axis y1y2 such that �3 .x00
3/ D y3. We

have �3.�2.�1.xi /// D yi for i D 1, 2, 3. ut
In the following, we shall denote by Sn the symmetric group on n elements and by
An the alternating group on n elements.

17This central collineation exists in view of Theorem 6.2 of Chap. 2 and Lemma 3.7.
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3.9 Lemma. Let P be the projective plane of order 2, and let G be the full
automorphism group of P. The group G is a subgroup of the group A7.

Proof. Let � be an arbitrary elation of P with centre z and axis l .

4
5

7

6

321

With a suitable numbering, we have z D 1 and l D
f1; 2; 3g. Hence � D .4 6/.5 7/. Since � is the product
of two transpositions, � is an element of A7. Since G
is generated by elations (Lemma 3.8), G is a subgroup
of A7. ut

3.10 Lemma. Let X WD f1; 2; 3; 4; 5; 6; 7g.

(a) There are 30 distinct ways to endow the set X with lines (as subsets of
f1; 2; 3; 4; 5; 6; 7g) such that a projective plane of order 2 is constructed.

(b) Under the operation of the alternating group A7 the 30 planes constructed in
(a) split into two orbits each containing 15 planes.

Proof. (a) Let P be a projective plane with the point set X D f1; 2; 3; 4; 5; 6; 7g
where the lines of P are subsets of X . Altogether, there exist jS7j D 7!
permutations on the set X . By Lemma 3.8, the full automorphism group of
P consists of 168 elements. It follows that there exist 7Š=168 D 30 projective
planes of order 2 on the point set X (any two of them are isomorphic).

(b) Since the automorphism group of P is a subgroup of A7 (Lemma 3.9) and since
jS7 W A7j D 2, the 30 planes constructed in (a) split up into two orbits each
containing 15 planes under the operation of the group A7. ut

Definition. Let X WD f1; 2; 3; 4; 5; 6; 7g, and let � be the geometry defined as
follows:

(i) The points of � are the elements of X .
(ii) The lines of � are the subsets of X containing three elements.

(iii) The planes of � are the 15 projective planes of an orbit under the operation of
the group A7 of Lemma 3.10.

(iv) A point x of X and a line g are incident if x is contained in g.
(v) Every point of � and every plane of � are incident.

(vi) A line g of � and a plane E of � are incident if g is a line of E .

� is called the Neumaier-geometry [35].

3.11 Theorem (Neumaier). Let � be the Neumaier-geometry.

(a) � is a residually connected geometry with the diagram
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(b) The geometry � cannot be constructed as the set of the points, lines and planes
of a polar space of rank 3.

Proof. (a) Obviously, � is a connected geometry.

Step 1. If E is a plane of � , the residue �E is by construction a projective plane
of order 2. In particular, �E is connected.

Step 2. If g is a line of � , the residue �g is a generalized digon since already in
� , every point is incident with every plane. In particular,�g is connected.

Step 3. Let x be a point of � . The residue �x is a generalized quadrangle:

(i) For, let M WD X n fxg. Every point of �x (that is, every line of �
through x) is a subset ofX of cardinality 3 containing x. Conversely,
every subset of X of cardinality 3 containing x is a point of �x . The
points of �x can be understood as the subsets of M D X n fxg of
cardinality 2.

x

M

(ii) Let E be a line of �x (that is, a
plane of � through x). Then,
the three lines of E through x

define a partition of M .

(iii) Conversely, let ffa; bg, fc; d g, fe; f gg be a partition of M D
X n fxg. Then, there are exactly two ways in which the lines
fx; a; bg, fx; c; d g and fx; e; f g can be continued to a projective
plane of order 2:

c
e

f

d

bax

d
e

f

c

bax

Since the first plane can be transformed into the second plane by the
permutation (c; d ), the two planes are in different orbits under the
group A7. It follows that only one the two planes is a plane of � .
Therefore, the partitions of M D X n fxg each consisting of three
subsets of cardinality 2 of M can be identified with the set of planes
of � through x, that is, with the set of lines of �x .

(iv) By Theorem 3.6, �x is a generalized quadrangle. In particular, �x is
connected.

(b) Any two points of � are incident with five lines. In view of Theorem 2.9,
� cannot stem from a polar space. ut
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4 Polarities

In the present section, we shall investigate the polarities of a projective space and
show that every polarity defines a polar space (Theorem 4.7).

For that purpose, we need the notion of dual projective spaces.

Definition. Let P be a projective space, and let P� D .X�; �; type�/ be the
geometry over the type set fpoint, lineg defined as follows:

(i) The points of P� are the subspaces of P of codimension 1. The lines of P� are
the subspaces of P of codimension 2.

(ii) Two elements U and W of P� are incident in P� if they are incident in P.

P� is called the dual space of P.

4.1 Theorem. Let P be a projective space, and let P� be the dual space of P.

(a) The dual space P� of P is a projective space.
(b) We have dim.P�/ D dim.P/.
(c) Let P be of finite dimension d . For every subspace U of P, we have

dimP � .U / D d � 1 � dimP.U /:

Proof. (a) We shall verify Axioms .PS1/ to .PS3/.
Verification of .PS1/: Linearity: Since any two hyperplanes of P meet in

exactly one subspace of codimension 2, any two points of P� are incident with
exactly one line.

Hx

HbHaHp

Hy

Verification of .PS2/: Veblen–Young:
Let Hx; Hy; Ha; Hb and Hp be five
distinct hyperplanes of P such that
Hx \Hy � Hp andHa \Hb � Hp and
Hx \Hy ¤ Ha \Hb .18

SinceHx\Hy andHa\Hb are both hyperplanes ofHp , they meet in a subspaceU
of Hp of codimension 2, that is, in a subspace U of P of codimension 3. It follows
that there are two points r of Hx \Ha and s of Hy \Hb such that

Hx \ Ha D hU; ri and Hy \ Hb D hU; si:
Hence, h.Hx \Ha/; .Hy \Hb/i D hU; r; si is a subspace of codimension 1. It

follows that the lines Hx \Ha and Hy \Hb meet in P� in the point h.Hx \Ha/,
.Hy \Hb/i.

Verification of .PS3/: Let U be a subspace of P of codimension 2, and let g be
line of P disjoint to U . Let x, y and z be three different points on g. The subspaces

18The conditionHx\Hy ¤ Ha\Hb says that in P�, the linesHx\Hy andHa\Hb are distinct.
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hU; xi; hU; yi and hU; zi are three hyperplanes of P through U , that is, on every
line of P�, there are at least three points.
(b) and (c) are easy to verify. ut
We shall turn to the study of dualities and polarities. Remember that a duality ı
of a projective geometry P has been defined as an autocorrelation of P such that ı
induces on the type set of P a permutation of order 2. A polarity of P is a duality of P
of order 2. We shall extend the definition of a duality and of a polarity to projective
spaces of arbitrary dimension:

Definition. Let P be a projective space, and let P� be the dual space of P.

(a) A collineation ˛ W P ! P� from P onto P� is called a duality of P.
(b) A polarity of P is a duality of P of order 2.

4.2 Theorem. Let P be a projective space, and let ı be a bijective transformation
of the set of points of P onto the set of hyperplanes of P. The following conditions
are equivalent:

(i) The transformation ı is a duality of P.
(ii) Three points x; y and z are collinear if and only if the hyperplanes ı.x/; ı.y/

and ı.z/ meet in a common subspace of codimension 2, that is, if

ı.x/\ ı.y/ D ı.y/\ ı.z/ D ı.x/ \ ı.z/ D ı.x/ \ ı.y/\ ı.z/:

Proof. The proof follows from the definition of a duality. ut
4.3 Theorem. Let P be a d-dimensional projective space, and let ı be a duality of
P. Then, for any subspace U of P, we have the relation dim ı.U / D d � 1� dim U .

Proof. By Theorem 7.5 of Chap. 1, P has the diagram

0 1 d-1

By definition, a duality ı induces a permutation ıI of order 2 on the type set I WD
f0; 1; : : : ; d � 1g. Since, by Theorem 2.3 of Chap. 2, ıI fixes the diagram of P, it
follows that ıI .j / D d � 1 � j , for j D 0; : : : ; d � 1. ut
4.4 Theorem. Let P be a projective space, and let ı be a duality of P. For any
subspace U of P, we have

ı .U / D
\

x2U
ı.x/:

Proof. Let U be a subspace of P. Since ı W P ! P� is a collineation, the set
M WD fı.x/ j x 2 U g is a subspace of P�. It follows that

ı.U / D M D hı.x/ j x 2 U iP� D
\

x2U
ı.x/:

ut
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4.5 Theorem. Let P be a projective space, and let id ¤ � be a bijective
transformation of the set of points into the set of hyperplanes of P. The following
two statements are equivalent:

(i) The transformation � is a polarity.
(ii) For any two points x and y of P, the relation “x 2 �.y/” implies the relation

“y 2 �.x/”.

Proof. (i) ) (ii): Let � be a polarity, and let x and y be two points of P such that x
is contained in �.y/. Let � be the incidence relation of the geometry defined by P.
Since � is a polarity, it follows from x��.y/ that �.x/��.�.y//. It follows from
�.�.y// D �2.y/ D y that �.x/� y, that is, y is contained in �.x/.

(ii) ) (i): Step 1. � is a duality: We shall apply Theorem 4.2:
.˛/ Let a, b and c be three collinear points of P, and let x be a point of �.a/ \

�.b/. By assumption (ii), it follows that a and b are contained in �.x/. Since �.x/
is a hyperplane of P, the line ab is contained in �.x/, in particular, the point c is
contained in �.x/. Again by assumption (ii), it follows that x is contained in �.c/.

Altogether, �.a/\�.b/ is contained in �.c/. Due to the symmetry of the points
a, b and c, it follows that

�.a/ \ �.b/ D �.b/\ �.c/ D �.a/ \ �.c/:
Thus, �.a/ \ �.b/\ �.c/ is a subspace of codimension 2 of P.
.ˇ/ Conversely, let a, b and c be three points of P such that the subspace �.a/\

�.b/\ �.c/ is of codimension 2.

π(a)

π(b)

π(c)

π(a) ∩ π(b) ∩ π(c) 

x

Let x be a point of �.c/ n .�.a/ \
�.b/\�.c//, and let c0 WD �.x/\ab be
the intersection point of the hyperplane
�.x/ with the line ab.

From .˛/ follows that �.a/\�.b/ is
contained in �.c0/. Since c0 is contained
in �.x/, by assumption (ii), the point
x is contained in �.c0/. It follows that
�.c0/ D h�.a/ \ �.b/; xi D �.c/.

Since � is bijective, it follows that c D c0. In particular, the points a, b and c are
collinear.

Step 2. � is of order 2: Let x be a point of P, and let y WD �2.x/. Let z be a point
of �.x/. Since � is a duality (Step 1), �.z/ contains �.�.x// D y. It follows that
z is contained in �.y/. Since z is an arbitrary point of �.x/, it follows that �.x/ is
contained in �.y/ and therefore �.x/ D �.y/. Since � is bijective, we have x D y,
hence, �2.x/ D x. Since, by assumption, id ¤ � , it follows that � is of the order 2.

ut
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Definition. Let P be a projective space, and let � be a polarity of P.

(a) A point x of P is called absolute with respect to � if the point x is contained
in the hyperplane �.x/.

(b) A subspace U of P is called absolute with respect to � if dim U � dim�.U /
and if U is contained in �.U /.19

4.6 Theorem. Let P be a projective space, and let � be a polarity of P.

(a) If U is an absolute subspace of P, every point of U is absolute.
(b) Let x and y be two absolute points of P. Then, the line xy through x and y is

absolute if and only if y is contained in �.x/.20

Proof. (a) For any point z of U , we have z 2 U � �.U / � �.z/.
(b) (i) Let g WD xy be an absolute line. By Theorem 4.4, we have y 2 g �

�.g/ � �.x/.
(ii) Let x and y be two absolute points of P such that y is contained in �.x/.

Since � is a polarity, the point x is contained in �.y/. Since x and y are
absolute, it follows that x is contained in �.x/ and that y is contained in
�.y/. It follows that g D xy is contained in �.x/ \ �.y/.

Let z be a point on g different from x and y. Since � is a polarity,
it follows from Theorem 4.2 that �.x/ \ �.y/ � �.z/. It follows that
� .g/ D T

z2g
�.z/ 	 � .x/ \ � .y/ 	 g. Hence, g is absolute. ut

Remark. In general, the converse of Theorem 4.6 (a) is not true. There are polarities
� such that all points of a line g are absolute, without g being absolute with respect
to � .

4.7 Theorem. Let P be a projective space, and let � be a polarity of P such that
there exists at least one absolute line with respect to � . The absolute points and the
absolute lines with respect to � define a polar space.

Proof. We shall verify Axioms .P1/ and .P2/:

y

g

x

Verification of .P1/: Let g be an absolute line of P,
and let x be an absolute point of P not on g. Let y be
an arbitrary point on g. By Theorem 4.6, the line xy
is absolute if and only if y is contained in �.x/.

Since �.x/ is a hyperplane of P, either the line g and the hyperplane �.x/ meet
in a point, or g is contained in �.x/.

19For an absolute subspace U of a d-dimensional projective space P, we always have dim U � 1=2

(d � 1).
20Since � is a polarity, it follows that x is also contained in �.y/.
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It follows that either there exists exactly one absolute line through x intersecting the
line g, or all lines through x intersecting the line g are absolute.

Verification of .P2/: The fact that on every line, there are at least three points
follows from the fact that on every line of P, there are at least three points. ut
Definition. Let P be a projective space, and let � be a polarity of P such that
there exists at least one absolute line with respect to � . Furthermore, let S� be the
geometry over the type set fpoint, lineg defined as follows:

(i) The points and lines of S� are exactly the absolute points and absolute lines
with respect to � .

(ii) A point and a line of S� are incident in S� if they are incident in P.

S� is called the polar space defined by � .

4.8 Theorem. Let P be a projective space, let � be a polarity of P, and let S� be
the polar space defined by � . We have x? D �.x/ \ S� for all points x of S� .21

Proof. By definition, we have

x? D fz 2 S� j x and z are collinearg
D fz 2 S� j x and z are joined by an absolute lineg [ fxg
D fz 2 S� j z 2 �.x/g [ fxg .by Theorem 4.6/

D �.x/ \ S� :

ut
Remark. Let P be a projective space, and let � be a polarity of P. Often, the notation
x? WD �.x/ is used for all points x of P. In view of Theorem 4.8, this definition is
in accordance with the definition of x? for a point x of the polar space S� .

5 Sesquilinear Forms

Dualities can be described algebraically by so-called sesquilinear forms (cf.
Theorem 5.6). Polarities can be described algebraically by so-called reflexive
sesquilinear forms (cf. Theorem 5.7). In the present section, we shall investigate the
relation between dualities, polarities and sesquilinear forms.

In Sect. 6, we shall introduce pseudo-quadrics and pseudo-quadratic forms which
are strongly related to sesquilinear forms. We will follow the outline of Tits [50].
Since Tits considers vector spaces in [50] as right vector spaces and since we want
to make it easier for the reader to follow the exposition of Tits, all vector spaces in
the present chapter are right vector spaces.

21Note that �.x/ is defined for all points of P, whereas x? is only defined for the points x of S�
(absolute points of P).
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Definition. Let K be a skew field. A transformation � W K ! K is called an anti-
automorphism if � fulfils the following two conditions:

(i) � is bijective.
(ii) We have �.�C �/ D �.�/C �.�/ for all �; � of K .

(iii) We have �.��/ D �.�/�.�/ for all �; � of K .

5.1 Example. (a) If K is a commutative field, every automorphism is an anti-
automorphism.

(b) Let Q be the quaternion skew field, that is,

Q D faC ib C jc C kd j a; b; c; d 2 Rg
with i 2 D j 2 D k2 D �1 and ij D k; jk D i; ki D j . Then, the
transformation � W Q ! Q with

�.a C ib C jc C kd/ WD a � ib � jc � kd

is an anti-automorphism.

Definition. Let V be a right vector space over a skew field K , and let � W K ! K

be an anti-automorphism.

(a) A �-sesquilinear form is a transformation f W V � V ! K fulfilling the
following conditions:

(i) We have f .v1 C v2; w1 C w2/ D f .v1; w1/C f .v1; w2/ C f .v2; w1/C
f .v2; w2/ for all v1; v2; w1; w2 of V.

(ii) We have f .v �; w �/ D �.�/ f .v; w/ � for all �; � ofK and v, w of V.

(b) A �-sesquilinear form f W V � V ! K is called nondegenerate if for any
vector 0 ¤ v of V, there exists a vector w such that f .v; w/ ¤ 0 and if for any
vector 0 ¤ w0 of V, there exists a vector v0 such that f .v0; w0/ ¤ 0.

(c) A �-sesquilinear form f W V � V ! K is called a bilinear form if the field K
is commutative and � D id , that is, f .v �; w �/ D � f .a; b/ � for all �; �
of K and all v, w of V.

(d) A bilinear form f W V � V ! K is called symmetric if f .v; w/ D f .w; v/ for
all v, w of V.

Definition. Let P be a projective space over a right vector space V, and let P� be the
dual space of P. Let ı W P ! P� be a duality. Let f W V�V ! K be a �-sesquilinear
form such that

ı.hvi/ D fw 2 V j f .v; w/ D 0g for all v of V:

Then, the duality ı is called the duality of P induced by f . It is denoted by ıf .

5.2 Theorem. Let P be a d-dimensional projective space over a vector space V,
and let ı be a duality of P. Furthermore, suppose that there exists a �-sesquilinear
form f W V � V ! K such that ı D ıf .
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For any two points x D hvi and y D hwi of P, where 0 ¤ v; w are two elements
of V, the point y is contained in ı.x/ if and only if f .v; w/ D 0.

Proof. The proof follows from the fact that ı.x/ D fw 2 V j f .v; w/ D 0g. ut
In Theorem 5.6, we shall see that there exists for any duality ı a �-sesquilinear
form f such that ı D ıf . For the proof of this assertion, we shall make use of the
following information about opposite fields and dual vector spaces:

Definition. LetK be a skew field. The opposite fieldK� ofK is defined as follows:

(i) The elements of K� are the elements of K .
(ii) The addition in K� is the addition in K .

(iii) For two elements �; � of K�, let ��� WD � �. The operation � is the
multiplication in K�.

5.3 Theorem. Let K be a skew field. The opposite field K� of K is also a skew
field.

Proof. The proof is obvious. ut
Definition. Let V be a right vector space over a skew fieldK . The dual right vector
space V� of V over the opposite field K� of K is defined as follows:

• The elements of V� are the linear transformations ' W V ! K .
• For two elements '1; '2 of V�, let .'1 C '2/.v/ WD '1.v/C '2.v/.
• For an element ' of V� and an element � ofK , let .'�/.v/ WD �'.v/.22

5.4 Theorem. Let V be a right vector space over a skew field K . Then, the dual
vector space V� of V is a right vector space over the opposite field K�.

Proof. The proof is obvious. Note that

.'.���//.v/ D .���/'.v/ D .��/'.v/ D �.�'/.v/ D �.'�/.v/ D ..'�/�/.v/;

hence ' .� � �/ D .' �/ �. ut
5.5 Theorem. Let P be a projective space over a right vector space V. Let P� be
the dual space of P, and let V� be the dual space of V. Then, P� and P.V�/ are
isomorphic.

Proof. Let ˛ W P.V�/ ! P� be defined as follows: For an element 0 ¤ ' of V�, set

˛.'/ WD Kern ':

Step 1. ˛ W P.V�/ ! P� is well-defined: For, let 0 ¤ ' be an element of V�, and
let 0 ¤ � be an element of K�. Set  WD '�. Obviously, '.v/ D 0 if and only if
 .v/ D .' �/.v/ D � '.v/ D 0. Hence ˛.'/ D Kern ' D Kern  D ˛. /.

Step 2. ˛ W P.V�/ ! P� is injective: For, let 0 ¤ ' and 0 ¤  be two elements
of V� with ˛.'/ D Kern ' D Kern  D ˛. /. Let fv0g [ fvi j i 2 I g be a

22Note that '.v/ is an element of K . Hence, the expression � '.v/ is well-defined.
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basis of V such that fvi j i 2 I g is a basis of Kern ' D Kern  . It follows that
'.vi / D  .vi / D 0 for all i of I . Since 0 ¤ ' and 0 ¤  , we have '.v0/ ¤ 0, and
 .v0/ ¤ 0. Since '.v0/ and  .v0/ are elements of K , there exists an element � of
K such that '.v0/ D �  .v0/. It follows that  � D '. Hence, h'i D h i.

Step 3. ˛ W P.V�/ ! P� is surjective: Let H be a hyperplane of P. There exists
a hyperplane W of V such that H D P.W /. Let fv0g [ fvi j i 2 I g be a basis of
V such that fvi j i 2 I g is a basis of W . Define the transformation ' W V ! K by
'.v0/ D 1 and '.vi / D 0 for all i of I . It follows that ˛.'/ D Kern' D W .

Step 4. ˛ W P.V�/ ! P� is a collineation:

(i) Let h'i; h i and h�i be three collinear elements of P.V�/. W.l.o.g., there exist
two elements � and � of K such that ' D  � C ��. Let v be an element of
Kern  \ Kern �. It follows that

'.v/ D . �C ��/.v/ D . �/.v/C .��/.v/ D � .v/C ��.v/ D 0:

Hence, Kern  \ Kern� � Kern '. It follows that ˛.'/; ˛. / and ˛.�/ are
collinear in P�.

(ii) Let ˛.'/; ˛. / and ˛.�/ be three collinear elements of P�. W.l.o.g., let
Kern  \ Kern � be contained in Kern '. Let fv0g [ fv1g [ fvi j i 2 I g be
a basis of V such that fvi j i 2 I g is a basis of Kern  \ Kern �, such that
fv0g [ fvi j i 2 I g is a basis of Kern  and such that fv1g [ fvi j i 2 I g is a
basis of Kern �.

Let b WD  .v1/ and c WD �.v0/. It follows that b ¤ 0 and c ¤ 0. Let
a0 WD '.v0/, and let a1 WD '.v1/. Finally, set � WD a1 b

�1 and � WD a0 c
�1. It

follows that

. �C ��/.v0/ D . �/.v0/C .��/.v0/ D � .v0/C��.v0/ D 0C� c D a0 D '.v0/

. �C ��/.v1/ D . �/.v1/C .��/.v1/ D � .v1/C ��.v1/ D �b C 0 D a1 D '.v1/

. �C ��/.vi / D . �/.vi /C .��/.vi / D � .vi /C ��.vi / D 0 for all i of I:

Hence, ' D  �C ��, that is ';  and � are collinear. ut
5.6 Theorem. Let P be a projective space over a right vector space V, and let ı be
a duality of P. There exists a �-sesquilinear form f W V � V ! K inducing ı, that
is, ı D ıf .

Proof. Let P� be the dual space of P, and let V� be the dual space of V. Note that, by
Theorem 5.4, the vector space V� is a right vector space over the opposite fieldK�.

By Theorem 5.5, P� and P.V�/ are isomorphic. Since ı W P.V/ ! P.V�/ is a
collineation, it follows from Theorem 8.3 of Chap. 3 that there exists a semilinear
transformation A W V ! V� with accompanying isomorphism � W K ! K�
inducing ı. Obviously, � induces an anti-automorphism K ! K which we also
denote by � .

Define the transformation f W V � V ! K by f .v; w/ WD .A.v//.w/. Then, f
is a �-sesquilinear form:
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Let v, w, v1; v2; w1 and w2 be some arbitrary elements of V, and let � and � be
two elements of K . We have

f .v1 C v2; w1 C w2/ D .A.v1 C v2//.w1 C w2/

D .A.v1 C v2//.w1/C .A.v1 C v2//.w2/

D .A.v1//.w1/C .A.v2//.w1/C .A.v1//.w2/C .A.v2//.w2/

v D f .v1; w1/C f .v2; w1/C f .v1; w2/C f .v2; w2/

f .v�; w�/ D .A.v�//.w�/

D ..A.v �//.w//�

D ..A.v/�.�//.w//�

D �.�/.A.v/.w//�

D �.�/f .v; w/�:

Hence, f W V � V ! K is a �-sesquilinear form. ut
In what follows, we shall investigate the relation between sesquilinear forms and
polarities.

Definition. Let V be a right vector space over a skew fieldK , and let f W V � V !
K be a nondegenerate �-sesquilinear form. f is called reflexive if for all elements
v, w of V, the relation

f .v; w/ D 0 , f .w; v/ D 0

holds.

5.7 Theorem. Let P be a projective space over a vector space V, and let ı be a
duality of P. Furthermore, let f W V � V ! K be a �-sesquilinear form such that
ı D ıf .

(a) ı is a polarity if and only if f is reflexive.
(b) If ı is a polarity, the �-sesquilinear form f is nondegenerate.

Proof. (a) Let ı be a polarity, and let x D hvi and y D hwi be two points of P.
Then, we have

ı polarity , .x 2 ı.y/ , y 2 ı.x// .Theorem 4.5/

, .f .w; v/ D 0 , f .v; w/ D 0/ .Theorem 5.2/

, f is reflexive:

(b) Since ı is induced by f , we have ı.hvi/ D fw 2 V j f .v; w/ D 0g.
Step 1. Let 0 ¤ v0 be a vector of V. Since ı.hv0i/ is a hyperplane, we have

fw 2 V j f .v0; w/ D 0g ¤ P, hence, there exists a vector w0 of V such that
f .v0; w0/ ¤ 0.

Step 2. Let 0 ¤ w0 be a vector of V. In view of Step 1, there exists a vector
v0 of V such that f .w0; v0/ ¤ 0. Since ı is a polarity, f is reflexive, and it
follows that f .v0; w0/ ¤ 0.

From Steps 1 and 2, it follows that f is nondegenerate. ut
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5.8 Theorem. Let V be a right vector space over a skew field K with d � 2, and
let f W V � V ! K be a nondegenerate �-sesquilinear form. The following two
conditions are equivalent:

(i) f is reflexive.
(ii) There is an element 0 ¤ " of K such that

f .w; v/ D �.f .v; w//" for all v; w of K:

Proof. (ii) ) (i): Let f .v; w/ D 0 for two vectors v, w of V. Then,

f .w; v/ D �.f .v; w//" D �.0/" D 0:

It follows that f is reflexive.
(i) ) (ii): Let f be reflexive. Since f is reflexive and since � W K ! K is an

anti-automorphism, we have fw 2 V j f .v; w/ D 0g D fw 2 V j ��1.f .w; v// D
0g.

For an element 0 ¤ v of V, let fv W V ! K and gv W V ! K be the
transformations fv.w/ WD f .v; w/ and gv.w/ WD ��1.f .w; v//. Obviously, fv is
a linear transformation. Since

gv.w�/ D ��1.f .w�; v//
D ��1.�.�/f .w; v//

D ��1.f .w; v//��1.�.�//
D ��1.f .w; v//�

D gv.w/�

gv is a linear transformation as well. Since fv and gv are both linear applications
from V into K and since Kern fv D Kern gv, it follows that there exist elements ”v

of K , such that gv.w/ D ”v fv.w/ for all w of V.
Let "v WD �.”v/. Then,

��1.f .w; v// D gv.w/ D ”v fv.w/ D ”v f .v; w/ for all w of V:

It follows that f .w; v/ D �.”v f .v; w// D �.f .v; w//�.”v/ D �.f .v; w//"v

for all w of V.
Let u, v be two elements of V. We need to show that "u D "v.
First case. Let u and v be linearly independent. For an arbitrary vector w of V, we

have:

f .w; u C v/ D �.f .u C v; w//"uCv D �.f .u; w//"uCv C �.f .v; w//"uCv:

At the same time we have

f .w; u C v/ D f .w; u/C f .w; v/ D �.f .u; w//"u C �.f .v; w//"v:

It follows that



5 Sesquilinear Forms 163

�.f .u; w//."uCv � "u/ D �.f .v; w//."v � "uCv/:

Since f is nondegenerate and since u and v are linearly independent, there exists
a vector w of V such that f .u; w/ ¤ 0 and f .v; w/ D 0. It follows that "uCv D "u.
Analogously, it follows that "uCv D "v, hence "v D "u.

Second case. Let u and v be linearly dependent. Since, by assumption, dim V �
2, there exists a vector w, linearly independent from u and v. By Case 1, it follows
that "v D "w D "u. ut
5.9 Corollary. Let P be a projective space over a right vector space V, and let �
be a polarity of P.

(a) There exists a reflexive �-sesquilinear form f such that � is induced by f , that
is, � D �f .

(b) There exists an element " of K such that f .w; v/ D �.f .v; w//" for all v, w
of V.

(c) If f is a �-sesquilinear form inducing� , then f is reflexive and nondegenerate.

Proof. (a) follows from the Theorems 5.6 and 5.7.
(b) follows from Theorem 5.8.
(c) follows from Theorem 5.7. ut
Definition. Let V be a right vector space over a skew field K . A nondegenerate
�-sesquilinear form f W V � V ! K is called .�; "/-hermitian if there exists an
element " of K such that

f .w; v/ D �.f .v; w//" for all v; w of V:

By Theorem 5.8, for dim V � 2, every nondegenerate reflexive �-sesquilinear form
is .�; "/-hermitian and vice versa. In this sense, the notions reflexive and .�; "/-
hermitian are equivalent.

5.10 Theorem. Let V be a right vector space over a skew field K , and let f be a
.�; "/-hermitian sesquilinear form. Then, we have

(a) �."/ D "�1.
(b) �2."/ D ".
(c) �2.�/ D " � "�1 for all � of K .

Proof. We shall prove Parts (a) to (c) in common. Let � be an element of K . Since
f is nondegenerate, there exist two elements v, w of V such that f .v; w/ D �. It
follows that

� D f .v; w/ D �.f .w; v//" D �.�.f .v; w//"/" D �."/�2.�/"; that is;

� D �."/�2.�/": (�)

For � D 1, it follows that 1 D �."/�2.1/" D �."/", hence, �."/ D "�1. This proves
Part (a). Using �."/ D "�1, we obtain from equation .�/:
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� D "�1�2.�/"; that is;

�2.�/ D "�"�1:

This proves (b) and (c). ut
Definition. Let V be a right vector space over a skew fieldK , and let f be a .�; "/-
hermitian sesquilinear form.

(a) f is called alternating if the following conditions are fulfilled:

(i) K is a field.
(ii) We have f .w; v/ D �f .v; w/ for all v, w of V, that is, � D id and

" D �1.
(iii) We have f .v; v/ D 0 for all v of V.

(b) f is called symmetric if the following conditions are fulfilled:

(i) K is a field.
(ii) We have f .w; v/ D f .v; w/ for all v, w of V, that is, � D id and " D 1.

(c) f is called hermitian if the following conditions are fulfilled:

(i) We have �2 D id and � ¤ id .
(ii) We have f .w; v/ D �.f .v; w// for all v, w of V, that is, " D 1.

(d) f is called anti-hermitian if the following conditions are fulfilled:

(i) We have �2 D id and � ¤ id .
(ii) We have f .w; v/ D ��.f .v; w// for all v, w of V, that is, " D �1.

Given a polarity � of a projective space P, in general, there exists more than one
reflexive �-sesquilinear form f W V � V ! K inducing � . This is due to the fact
that the polarity � is defined on the 1-dimensional subspaces of V, whereas f is
defined on the elements of V (more precisely on the pairs (v;w) where v;w are two
elements of V). “Proportional” sesquilinear forms define the same polarity.

The following Theorem of Birkhoff and von Neumann says that every polarity is
induced by an alternating, a symmetric, a hermitian or an anti-hermitian sesquilin-
ear form.

5.11 Theorem (Birkhoff, von Neumann). Let P be a projective space over a right
vector space V, and let � be a polarity of P. There exists an alternating, a symmetric,
a hermitian or an anti-hermitian sesquilinear form inducing the polarity � .

Proof. By Corollary 5.9, there exists a reflexive nondegenerate �-sesquilinear form
f such that � is induced by f , that is, � D �f .

First case. Let � D id and let " D �1. Since � D id; K is a field. It follows
from " D �1 that f .w; v/ D �f .v; w/ for all v;w of V.

If CharK ¤ 2, it follows from f .v; v/ D �f .v; v/ for all v of V that f .v; v/ D
0 for all v of V. It follows that f is alternating.
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If Char K D 2; f .w; v/ D f .v; w/ for all v, w of V, and f is symmetric.
Second case. Let " D �1 and let � ¤ id . Since �2.�/ D " � "�1 for all � of K

(Theorem 5.10), it follows that �2 D id . Hence, f is anti-hermitian.
Third case. Let " ¤ �1. Then, "�1 ¤ �1, and it follows that � WD 1C "�1 ¤ 0.
In the following Steps 1–5, we will define a sesquilinear form g and show that

g is symmetric or hermitian. In the final Step 6, we will show that the polarity � is
induced by g.

Step 1. Let � W K ! K be defined by �.�/ D � �.�/ ��1 for all � of K . Then,
� is an anti-automorphism of K: We have

�.�	/ D ��.�	/��1

D ��.	/�.�/��1

D ��.	/��1��.�/��1

D �.	/�.�/ for all �; 	 of K:

Step 2. We define the transformation g W V � V ! K by g.v; w/ WD � f .v; w/.
Then, g is a �-sesquilinear form: We have

g.v�; w/ D � f .v �; w/

D ��.�/f .v; w/

D ��.�/ ��1 �f .v; w/

D �.�/ g.v; w/:

Step 3. g is nondegenerate: Let 0 ¤ v be an element of V. Since f is
nondegenerate, there exists a vector w of V such that f .v; w/ ¤ 0. It follows from
� ¤ 0 that g.v; w/ D � f .v; w/ ¤ 0.

Step 4. g is .�; ı/-hermitian with ı WD � �.�/�1 ": We have

g.w; v/ D � f .w; v/

D ��.f .v; w//"

D ���1��.f .v; w//��1�"
D ���1�.f .v; w//�"

D �.��1 g.v; w// �"

D �.g.v; w//�.��1/�"
D �.g.v; w//��.��1/ ��1�"
D �.g.v; w//��.��1/ "
D �.g.v; w//ı for all v; w of V:

Step 5. g is symmetric or hermitian: Since g is a .�; ı/-hermitian sesquilinear
form, we need to show that �2 D id and ı D 1: We have
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�.�/ D �.1C "�1/
D �.1/C �."/�1

D 1C " .Theorem 5.10/

D ""�1 C "

D "."�1 C 1/

D "�:

It follows that

ı D � �.��1/ "
D � �.�/�1 "
D � ." �/�1 "
D � ��1 "�1 " D 1:

By Theorem 5.10, we have �2.�/ D ı � ı�1 D � for all � of K . It follows that
�2 D id . For � D id , g is symmetric. For � ¤ id ; � is hermitian.

Step 6. The polarity � is induced by g, that is, � D �g: Indeed, for any point
x D hvi of P, where 0 ¤ v is an element of V, we have

�g.x/ D fw 2 V j g.v; w/ D 0g
D fw 2 V j � f .v; w/ D 0g
D fw 2 V j f .v; w/ D 0g .since � ¤ 0/

D �.x/:

It follows that � D �g . ut

6 Pseudo-Quadrics

Closely related to the sesquilinear forms are the pseudo-quadratic forms introduced
by Tits [50]. They are used to construct the so-called pseudo-quadrics. The pseudo-
quadrics provide a further class of polar spaces (cf. Theorem 6.5).

The difference between a polar space defined by a pseudo-quadric and a polar
space defined by a polarity is not obvious. We shall discuss these aspects at the end
of the present section.

Definition. Let K be a skew field, let � W K ! K be an anti-automorphism, and
let 0 ¤ " be an element of K such that �."/ D "�1, and �2.�/ D "�"�1 for all � of
K . The set

K�;" WD f� � �.�/" j � 2 Kg
is called the .�; "/-subgroup of K .
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6.1 Theorem. Let K be a skew field, and letK�;" be a .�; "/-subgroup ofK . Then,
K�;" is an additive subgroup ofK .

Proof. Let x WD � � �.�/ " and y D � � �.�/ " be two elements of K�;". Then,
we have

x � y D .� � �.�/ "/ � .� � �.�/ "/

D � � �� .�.�/ � �.�// "
D � � �� �.� � �/ " 2 K�;":

ut
6.2 Theorem. Let K be a skew field, and let K�;" be a .�; "/-subgroup of K .

(a) For � D id and " D 1, we have K�;" D f0g.
(b) The following statements are equivalent:

(i) We have K�;" D K .
(ii) We have � D id ; " D �1 and Char K ¤ 2.

Proof. (a) For � D id and " D 1, we have K�;" D f� � �.�/ " j � 2 Kg D f0g.
(b) (i) ) (ii): Let x WD � � �.�/ " be an element of K�;" D K . Then,

�.x/ D �.� � �.�/ "/

D �.�/ � �.�.�/ "/

D �.�/ � �."/ �2.�/

D �.�/ � "�1 " � "�1 .definition of K�;"/

D �.�/ � � "�1

D �.�/ " "�1 � � "�1

D .�.�/ " � �/ "�1

D �.� � �.�/ "/ "�1

D �x "�1:

From K�;" D K , it follows that " is an element of K�;". It follows that �."/ D
�" "�1 D �1, that is, " D ��1.�1/ D �1. In particular, we have �.x/ D
�x "�1 D x for all x ofK . Hence, we have � D id .

Assume that Char K D 2. Then, K�;" D f� C � j � 2 Kg D f0g, in
contradiction to K�;" D K .
(ii) ) (i): From � D id and " D �1, it follows that

K�;" D f� � �.�/ " j � 2 Kg
D f�C � j � 2 Kg
D f2 � j � 2 Kg
D K if Char K ¤ 2:

ut
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Definition. Let V be a right vector space over a skew field K , and let K�;" be a
.�; "/-subgroup of K such that K�;" ¤ K . A transformation q W V ! K=K�;" is
called a pseudo-quadratic form with respect to � and " if q fulfils the following
two conditions:

(i) We have q.v �/ D �.�/ q.v/ � for all v of V and all � of K .
(ii) There exists a .�; "/-sesquilinear form f W V � V ! K such that

q.v C w/ D q.v/C q.w/C .f .v; w/CK�;"/:

We say that f belongs to q.

If K D K�;", then K=K�;" D 0. This is the reason why this case is excluded in the
definition of a pseudo-quadratic form.

Pseudo-quadratic forms are generalizations of quadratic forms:

Definition. Let V be a vector space over a commutative fieldK , and let f W V�V !
K be a symmetric bilinear form. The set

Rad.f/ WD fv 2 V j f .v; w/ D 0 for all w 2 Vg
is called the radical of f.

Definition. Let V be a vector space over a commutative field K .

(a) A transformation q W V ! K is called a quadratic form if q fulfils the
following two conditions:

(i) We have q.v �/ D �2 q.v/ for all v of V and all � of K .
(ii) The transformation f W V � V ! K defined by

f .v; w/ WD q.v C w/ � q.v/� q.w/
is a symmetric bilinear form. We say that f belongs to q.

(b) The quadratic form q W V ! K is called nondegenerate or non-singular if

Rad.f/\ q�1.0/ D f0g;
that is, if for every element 0 ¤ v of V with q.v/ D 0, there exists an element
w of V with f .v; w/ ¤ 0.

The following theorem says that pseudo-quadratic forms are a generalization of
quadratic forms.

6.3 Theorem. Let V be a right vector space over a skew field K , and let K�;" be
a .�; "/-subgroup of K . Furthermore, let q W V ! K=K�;" be a pseudo-quadratic
form with respect to � and ". If � D id and " D 1, q is a quadratic form.

Proof. Let � D id and " D 1. By Theorem 6.2, we have K�; " D f0g. It follows
that K=K�;" D K . Let f W V � V ! K be the .�; "/-hermitian sesquilinear form
belonging to q. Since � D id and since " D 1, we obtain the equations
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f .v �; w �/ D � f .v; w/ � for all v; w of V; �; � of K and

f .w; v/ D f .v; w/ for all v; w of V:

Since � is an anti-automorphism and since � D id , it follows that

� � D �.� �/ D �.�/ �.�/ D � �

for all elements � and � ofK . Hence,K is commutative. Thus, the .�; "/-hermitian
sesquilinear form f is a symmetric bilinear form. ut
6.4 Theorem. Let V be a right vector space over a skew fieldK , letK�;" be a .�; "/-
subgroup ofK such thatK�;" ¤ K , and let q W V ! K=K�;" be a pseudo-quadratic
form with sesquilinear form f .

(a) Let v be an element of V with q.v/ D N0.23 Then, f .v; v/ D 0.
(b) Let hv; wi be a 2-dimensional subspace of V. Then, the following two statements

are equivalent:

(i) We have q.z/ D N0 for all z of hv; wi.
(ii) We have q.v/ D N0; q.w/ D N0 and f .v; w/ D 0.

Proof. (a) Assume that there exists an element 0 ¤ v of V with q.v/ D N0 and
f .v; v/ ¤ 0. By assumption on a pseudo-quadratic form, we have K ¤ K�;",
that is, there exists an element � of KnK�;". Let � WD f .v; v/�1 �. Then,

f .v; v �/ D f .v; v/ � D f .v; v/ f .v; v/�1 � D �:

On the other hand, we have

N0 D q.v/

D �.1C �/ q.v/ .1C �/ .since q.v/ D N0/
D q.v.1C �//

D q.v C v �/

D q.v/C q.v �/C .f .v; v �/CK�;"/

D q.v/C �.�/ q.v/ �C .f .v; v/ �CK�;"/

D N0C N0C .f .v; v/ f .v; v/�1 �CK�;"/

D .�CK�;"/ ¤ N0; .since � … K�;"/

a contradiction.
(b) (i) ) (ii): Let q.z/ D N0 for all z of hv; wi. Obviously, we have q.v/ D N0

and q.w/ D N0. Assume that f .v; w/ ¤ 0. As in the proof of (a), let � WD
f .v; w/�1 � for some � of KnK�;". Then,

23We denote by N0 the neutral element of the factor group K=K�;".
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N0 D q.v C w �/

D q.v/C q.w �/C .f .v; w �/CK�;"/

D q.v/C �.�/ q.w/ �C .f .v; w/ �CK�;"/

D N0C N0C .f .v; w/ f .v; w/�1 �CK�;"/

D .�CK�;"/;

in contradiction to � … K�;".
(ii) ) (i): Let q.v/ D q.w/ D N0, and let f .v; w/ D 0. Let � be an arbitrary
element of K . We have

q.v C w �/ D q.v/C q.w �/C .f .v; w �/CK�;"/

D q.v/C �.�/ q.w/ �C .f .v; w/ �CK�;"/

D N0C N0C .0CK�;"/ D N0 for all v C w � of hv; wi:

ut
Definition. (a) Let P be a projective space over a right vector space V, and let
q W V ! K=K�;" be a pseudo-quadratic form.

The setQ WD fx D hvi 2 P j q.v/ D N0g is called a pseudo-quadric with respect
to q.

(b) Let P be a projective space over a vector space V over a commutative field K ,
and let q W V ! K be a quadratic form.

The set Q WD fx D hvi 2 P j q.v/ D 0g is called a quadric with respect to
q. If P is a projective plane, a quadric is also called a conic.

(c) A line g of P is called a line of a quadric or of a pseudo-quadricQ if all points
on g are contained in Q.

6.5 Theorem. Let P be a projective space, and let Q be a pseudo-quadric in P. If
Q contains a line, the points and the lines of Q define a polar space.

Proof. Let x D hvi and g WD hw1; w2i be a point and a line of P such that x is not
on g. We shall show that either exactly one point of g or all points of g are joined
with x by a line of Q.

Let q be the pseudo-quadratic form with respect to Q, and let f be the .�; "/-
sesquilinear form belonging to q. Furthermore, let fv W V ! K be the linear
transformation defined by fv.w/ WD f .v; w/. Note that q.v/ D N0 and q.u/ D N0
for all u of hw1; w2i, since x D hvi is contained in Q and since g D hw1; w2i is
contained in Q. For a point y D hui on g D hw1; w2i, we have:

The point y D hui is joined with the point x D hvi by a line of Q

, hv; ui � Q

, q.v/ D N0; q.u/ D N0 and f .v; u/ D 0: .Theorem 6.4/

, f .v; u/ D 0 .since q.v/ D q.u/ D N0/
, u 2 Kern fv:
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Since Kern fv \ hw1; w2i is either of dimension 1 or 2, either exactly one point
of g is joined with x by a line ofQ or x is joined with all points of g by a line ofQ.

Obviously, on every line of Q, there are at least three points. ut
Definition. Let P be a projective space, and letQ be a pseudo-quadric of P defined
by a pseudo-quadratic form q such that Q contains at least one line. Furthermore,
let Sq be the geometry over the type set fpoint, lineg defined as follows:

(i) The points and lines of Sq are exactly the points and lines of P contained in Q.
(ii) A point and a line of Sq are incident in Sq if they are incident in P.

Sq is called the polar space defined by q.

In the rest of this section, we shall explain the relation between polar spaces defined
by polarities and polar spaces defined by a pseudo-quadratic form.

By Theorem 6.3, pseudo-quadratic forms are generalizations of quadratic forms.
The pseudo-quadrics stemming from a quadratic form are called quadrics. Quadrics
and quadratic forms are the subject of Chap. 5.

Let q be a nondegenerate quadratic form with (nondegenerate) symmetric
bilinear form f . Since f .v; w/ D f .w; v/, the bilinear form f is reflexive.
Suppose that there exists a polarity � such that � is induced by f . The polarity
� defines itself a polar space S� (Theorem 4.7). On the other hand, the quadratic
form q defines a polar space Sq by Theorem 6.5.

We shall see in the following theorem that Sq D S� if and only if Char K ¤ 2.
For CharK D 2, the bilinear form f and the quadratic form q define different polar
spaces.

Moreover, for Char K D 2, there exists a symmetric bilinear form f such that
there is no quadratic form q with the property that f belongs to q.

6.6 Theorem. Let V be a vector space over a commutative field K , and let P D
P.V/ be the projective space defined by V.

(a) Let q W V ! K be a nondegenerate quadratic form with symmetric bilinear
form f , and suppose that there exists a polarity � such that � is induced by f .
Let Sq be the polar space defined by q, and let S� be the polar space defined
by � .

(i) If Char K ¤ 2; Sq D S� .
(ii) If Char K D 2; Sq ¤ S� .

(b) Let f W V � V ! K be a nondegenerate symmetric bilinear form, and suppose
that there exists a polarity � such that � is induced by f .

(i) If Char K ¤ 2, there exists a quadratic form q such that f belongs to q.
We have Sq D S� .

(ii) If Char K D 2 and if there exists an element v of V with f .v; v/ ¤ 0,
there is no quadratic form q such that f belongs to q.
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Proof. (a) (i) Let Char K ¤ 2, and let x D hvi be a point of P. Then,
f .v; v/ D q.v C v/� q.v/ � q.v/

D q.2v/� 2 q.v/

D 4 q.v/� 2 q.v/

D 2 q.v/:

Hence;

q.v/ D 1=2 f .v; v/:
It follows that

x D hvi is a point of Sq
, q.v/ D 0

, f .v; v/ D 0

, x 2 �.x/
, x D hvi is a point of S�

.definition of Sq/

.since q.v/ D 1=2 f .v; v//

.Theorem 5.2/

.definition of S�/:

Let x D hvi and y D hwi be two points of P, and let g D xy D hv; wi be
the line of P through x and y. Then,

g D xy D hv; wi is a line of Sq
, q.v/ D q.w/ D 0 and f .v; w/ D 0

, f .v; v/ D f .w; w/ D 0 and f.v; w/ D 0

, x 2 �.x/; y 2 �.y/ and y 2 �.x/
, g D xy is a line of S�

.Theorem 6.4/

.since q.v/ D 1=2 f .v; v//

.Theorem 5.2/

.Theorem 4.6/:

It follows that Sq D S� .

(ii) Let Char K D 2. Let x D hvi be a point of P. Then,

f .v; v/ D q.v C v/� q.v/� q.v/ D q.0/� 0 D 0:

By Theorem 5.2, every point of P is a point of S� .24 On the other hand, there
exists a point of P that is not a point of Sq: Otherwise, we would have q.v/ D 0

for all v of V. Since, by assumption, f is nondegenerate, there exist vectors
w1; w2 of V such that f .w1; w2/ ¤ 0. It follows that

0 D q.w1 C w2/ D q.w1/C q.w2/C f .w1; w2/

D f .w1; w2/ ¤ 0; a contradiction:

It follows that Sq ¤ S� .

(b) (i) Let Char K ¤ 2. Set q.v/ WD 1=2f .v; v/ for all v of V. We have

q.v �/ D 1=2 f .v �; v �/ D �2 1=2 f .v; v/ D �2 q.v/ and

q.v C w/ � q.v/ � q.w/ D 1=2 f .v C w; v C w/� 1=2 f .v; v/� 1=2 f .w; w/

24Note that this fact does not mean that every line of P is a line of S� .
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D 1=2 f .v; w/C 1=2 f .w; v/

D 1=2 f .v; w/C 1=2 f .v; w/:

D f .v; w/:

It follows that q is a quadratic form with bilinear form f . It follows from Part
(a) that Sq D S� .

(ii) Let Char K D 2, and let v be an element of V with f .v; v/ ¤ 0. Assume that
there is a quadratic form q such that f is the bilinear form belonging to q. Then,

0 ¤ f .v; v/ D q.vCv/�q.v/�q.v/ D q.0/�0 D 0; a contradiction: �

In what follows we shall indicate the motivation for the definition of a pseudo-
quadratic form: For, let f W V�V ! K be a .�; "/-hermitian sesquilinear form.
By definition, we have

f .w; v/ D �.f .v; w// " for all v; w of V:

For a quadratic form q and for its symmetric bilinear form f , we have the
equation

q.v C w/ � q.v/ � q.w/ D f .v; w/

which is not valid if q is a .�; "/-hermitian sesquilinear form with .�; "/ ¤
.id; 1/, since, otherwise, we would have

f .v; w/ D q.v C w/ � q.v/ � q.w/ D f .w; v/ D �.f .v; w// ":

Instead of the relation f .v; w/ � f .w; v/ D 0, we have

f .v; w/� f .w; v/ D f .v; w/ � �.f .v; w// " 2 f� � �.�/ " j � 2 Kg D K�; ":

It follows that f .v; w/ � f .w; v/ D N0 mod K�; ". This relation motivates the
definition of a pseudo-quadratic form as a transformation q W V ! K=K�; "

with q.v �/ D �.�/ q.v/ � and

q.v C w/� q.v/� q.w/ D f .v; w/CK�; "

for a .�; "/-hermitian sesquilinear form f W V � V ! K . ut

7 The Kleinian Polar Space

Definition. Let P be a 3-dimensional projective space, and let S be the set geometry
defined as follows:

(i) The points of S are the lines of P.
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(ii) For a point x of P and a plane E of P through x, let Ex be the set of lines of
E through x. The lines of S are the sets Ex where x is a point of P and E is a
plane of P through x.

S is called the Kleinian polar space defined by P.

7.1 Theorem. Let S be the Kleinian polar space defined by a 3-dimensional
projective space P.

(a) Two points g and h of S are collinear in S if and only if g and h as lines of P
intersect in a point.

(b) Let g and h be two collinear points of S, let x WD g \ h be the intersection
point of g and h in P, and let E be the plane of P generated by g and h. There
is exactly one line of S through g and h, namely the line Ex.

(c) S is a nondegenerate polar space.
(d) For a point x of P and a plane E of P, let Gx be the set of lines of P through x,

and let GE be the set of lines of P in E . The sets Gx (x point of P) and GE (E
plane of P) are the planes of S.

(e) S is a polar space of rank 3.
(f) If Ex is a line of S, Ex is incident with exactly the two planesGx and GE .
(g) Let A and B be two planes of S.

IfA D Gx andB D Gy for two points x and y of P,A D B or dimS .A\B/ D 0.
If A D Gx and B D GE for a point x and a plane E of P, dimS .A \ B/ 2
f�1; 1g.
IfA D GE andB D GF for two planesE andF of P,A D B or dimS .A\B/ D
0.

Proof. (a) and (b) are obvious.
(c) Verification of .P1/: Let g be a point of S (that is, a line of P), and let Ex be a

line of S such that g is not on Ex.
First case. Let g be contained in E . Let h be a point of Ex , that, is a line of

E through x. Since g and h both are contained in E , they meet in P in a point.
By (a), they are collinear. It follows that g is collinear with all points of Ex.

Second case. Suppose that x is incident with g. Let h be a point ofEx . Then,
the lines g and h meet in P in the point x. By (a), they are collinear. It follows
that g is collinear with all points of Ex .

y

x

g

h

E

Third case. Suppose that x is not
incident with g, and let g be not con-
tained in E . Let y be the intersection
point of g and E in P, and let h WD xy

be the line through x and y inE . By (a),
g and h are collinear. All other points on Ex are not collinear with g.

Verification of .P2/: There are at least three points on every line Ex of S since
there are at least three lines of P in E through x.

Verification of .P3/: Since, in P, for every line g, there exists a line h skew to g,
there exists in S for every point g a non-collinear point h.
(d) Let x and E be a point and a plane of P, and let g and h be two points of Gx or

GE . Then, g and h meet in P in a point s and they generate a plane F . We have
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s D x or F D E . By (a), g and h are collinear in S. By (b), the line Fs through
g and h is contained in Gx and in GE . It follows that the sets Gx and GE are
subspaces of S.

If g, h and l are three pairwise collinear points in S, there exists in P either
a point x such that x D g \ h \ l or a plane E such that g, h, l are contained
in E . It follows that hg; h; liS D Gx or hg; h; liS D GE . It follows that the
sets Gx and GE are the planes of S.

(e) Let E be a plane of P, and let g be a point of S outside of GE . If s is the
intersection point of g andE in P and if h is a line ofE not incident with s, the
lines g and h are disjoint in P, that is, g and h are non-collinear in S.

s

gh

E

It follows that for every point g of S
outside of GE , there exists a point h of GE
non-collinear with g, that is,GE is a maximal
subspace of S. Analogously, for a point x of
P, the set Gx is a maximal subspace of S. It
follows that S is a polar space of rank 3.

(f) is obvious.
(g) (i) Let A D Gx and B D Gy for two points x and y of P, and let A ¤ B .

Then, we have x ¤ y. Let g be the line through x and y. Obviously, we
have fgg D Gx \Gy . In S, the planesA and B meet in the point g, hence,
dimS.A \ B/ D 0.

(ii) LetADGx andB DGE for a point x and a planeE of P. If x is contained
in E (in P), Ex DGx \ GE . It follows that dimS .A \ B/D 1. If x is not
contained in E , we have Gx \GE D ¿, hence, dimS.A\B/D �1.

(iii) Let A D GE and B D GF for two planes E and F of P, and let A ¤ B .
Then, E ¤ F . In P, g WD E \ F is a line. Hence, fgg D GE \ GF , and
it follows that dimS.A \ B/ D 0. ut

In Theorem 7.2, we shall see that every polar space S of rank 3 with the property
that every line of S is incident with exactly two planes, is a Kleinian polar space.

7.2 Theorem. Let S be a nondegenerate polar space of rank 3 such that every line
of S is incident with exactly two planes. There exists a 3-dimensional projective
space P such that S is the Kleinian polar space defined by P.

Proof. The proof is organised as follows: In Steps 1–3, we shall see that the planes
of S split into two equivalence classes T and S where two planes A and B of S
are equivalent if A D B or if dimS .A \ B/ D 0. These two equivalence classes
correspond to the sets fGx j x 2 Pg and fGE j E plane of Pg of Theorem 7.1 and
hence to the points and planes of P.

In order to construct the projective space P of S, we will define in Step 4 the
geometry � as follows: The points of � are the planes of S of one equivalence class,
the planes of � are the planes of the other equivalence class. The lines of � are the
points of S.

In Steps 5 and 6, we shall show that the so-defined geometry � is a 3-dimensional
projective space.
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Step 1. Let A and B be two planes of S through a line l, and let C be a further
plane of S. We have j dimS.A \ C/� dimS .B \ C/j D 1:

First case. Suppose that l is contained in C . Since there are exactly two planes
through l, we haveC D A orC D B . W.l.o.g., letC D A. It follows that j dimS .A\
C/� dimS.B \ C/j D 2 � 1 D 1.

Second case. Suppose that x WD l \C is a point. The residue Sx is a generalized
quadrangle. In Sx , l is a point not incident with the line C . By Axiom .V1/, in Sx ,
there exists exactly one line D through l intersecting C in a point m. In S, D is
a plane through l intersecting the plane C in the line m. Since there are exactly
two planes through l , we have D D A or D D B . W.l.o.g., let D D A. Then,
A\C D D \C D m and B \C D x. It follows that j dimS .A\C/� dimS.B \
C/j D 1 � 0 D 1.

Third case. Let l \ C D ¿.

l

C

Wq

s

q

p

Wp

Wp ∩ C 

Wq ∩ C 
D

(i) There is a planeD through l intersecting
the plane C in a point s: Let p and
q be two points on l . Since C is a
maximal subspace of S, by the Theorem
of Buekenhout–Shult (Theorem 2.18),
there exist two planes Wp and Wq

through p and q, respectively such that
dimS .Wp \ C/ D dimS .Wq \ C/ D 1.
Let s be the intersection point of the lines
Wp \ C and Wq \ C in C .

Since s is contained in Wp and in
Wq and since the points p and q are
collinear, it follows that there exists a plane D through the points p, q and
s containing the line l D pq.

(ii) There is at most one plane through l intersecting the plane C in a point:
Assume that there are two planes E and F through l both intersecting the
plane C in a point. We have x WD C \ E ¤ y WD C \ F since, otherwise,
E D hx; li D hy; li D F . It follows that the points of l and the points x
and y are pairwise collinear, hence, there is a subspace U WD hl; x; yi. By
construction, the plane E is properly contained in U , in contradiction to the
maximality of E .25

(iii) We have j dimS.A \ C/ � dimS .B \ C/j D 1: By (i) and (ii), there exists
exactly one plane D through l , intersecting the plane C in a point. Since there
are only the two planes A and B through l , w.l.o.g. let D D A. It follows that
B \ C D ¿. Thus

j dimS.A \ C/� dimS .B \ C/j D j0 � .�1/j D 1:

Step 2. Let A, B , C be three planes of S. Then, the number

n WD dimS .A\ B/C dimS .B \ C/C dimS.A \ C/

25S is a polar space of rank 3, hence the planes of S are the maximal subspaces of S.
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is even: Let B D X0; X1; : : :; Xr D A be a sequence of planes such that
dimS .Xi�1 \ Xi/ D 1. Such a sequence exists in view of Theorem 7.10 of
Chap. 1 since S is residually connected (Theorem 3.2). Furthermore, let ni WD
dimS .Xi \ B/C dimS.B \ C/C dimS .Xi \ C/. We have

n0 D dimS .X0 \ B/C dimS .B \ C/C dimS .X0 \ C/
D dimS B C dimS .B \ C/C dimS .B \ C/

D 2C 2 dimS.B \ C/:

It follows that n0 is even. By Step 1, for i D 1; : : : ; r , we have

ni � ni�1 D dimS .Xi \ B/C dimS.B \ C/C dimS .Xi \ C/
�.dimS .Xi�1 \ B/C dimS .B \ C/C dimS.Xi�1 \ C//

D dimS .Xi \ B/ � dimS .Xi�1 \ B/

CdimS.Xi \ C/� dimS .Xi�1 \ C/

D ˙1˙ 1 2 f�2; 0; 2g:
Since n0 is even, n1; : : : ; nr D n are also even.
Step 3. Two planesA and B of S are called equivalent if A D B or if dimS.A\

B/ D 0. The set of the planes of S splits into two equivalence classes: We first
shall show that the relation is an equivalence relation. Obviously, the relation is
reflexive and symmetric. In order to verify the transitivity, we consider three planes
A,B andC such thatA andB as well asB andC are equivalent. Then, dimS .A\B/
and dimS .B \C/ are even, by Step 2, dimS .A\C/ is also even, that is, A D C or
dimS .A\ C/ D 0. It follows that A and C are equivalent.

Let A and B be two planes through a line l. Since dimS .A \ B/ D 1, A and B
are in different equivalence classes. Let C be a further plane of S. If A and C are
not in a common equivalence class, dimS .A \ C/ 2 f�1; 1g. By Step 1, we have
dimS .B \ C/ 2 f0; 2g. It follows that B and C are equivalent. Altogether, there
exist exactly two equivalence classes.

Step 4. Definition of the geometry � : Let P and E be the two equivalence
classes of the planes of S as described in Step 3, and let � D .X; �; type/ be the
geometry over the type set fpoint, line, planeg defined as follows: The points of �
are the planes of P . The lines of � are the points of S, and the planes of � are the
planes of E . A point x of � or a plane E of � is incident with a line g of � if, in S,
the point g is incident with the plane x or with the plane E . A point x of � and a
plane E of � are incident if, in S, x and E intersect in a line.

We shall use the following notations:
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� S

point of � (Notation: xA) plane of S of P (Notation: A)
line of � (Notation: ga) point of S (Notation: a)
plane of � (Notation: EX/ plane of S of E (Notation: X)

The point xA of � corresponds to the plane A of P , etc. With these notations,
we have the following incidence relations:

� S

xA
� ga a 2 A

xA
� EX dimS .A \X/ D 1

ga
� EX a 2 X

Step 5. � is a residually connected geometry with diagram

0 1 2

(i) It is easy to see that � is a connected geometry.
(ii) Let x D xA be a point of � . The residue �x consists of the lines ga of � and

the planes Ex of � incident with xA, that is, �x consists of the points a of S
and the planes X of S such that a is contained in A and X and A intersect in a
line of S.

Since every line of A is incident with exactly two planes of S (one of them
being A itself), the planes of S intersecting A in a line may be identified with
the lines of A. Hence, �x is a projective plane. In particular, �x is connected.

(iii) Let E D EX be a plane of � . As in (i), it follows that �E is a projective plane.
In particular, �E is connected.

(iv) Finally, let g D ga be a line of � . The residue �g consists of the points xA
and the planes EX of � incident with ga, that is, �g consists of the planes
A of P and the planes X of E such that, in S, a is contained in the planes
A and X. Since A and X are in different equivalence classes, it follows that
dimS .A \ X/ D �1, or dimS.A \ X/ D 1. Since the point a is contained in
both planes, it follows that dimS .A\X/ D 1, hence, A and X are incident. In
particular, �g is connected.

Step 6. It follows from Theorem 7.15 of Chap. 1 that � is a 3-dimensional
projective space. ut
We finish this section with the classification theorem of polar spaces of rank at least
3, whose maximal subspaces are Desarguesian projective spaces.

7.3 Theorem (Veldkamp, Tits). Let S be a polar space of rank at least 3, whose
maximal subspaces are Desarguesian projective spaces. Then, S is isomorphic to
one of the following geometries �:



8 The Theorem of Buekenhout and Parmentier 179

(i) Let P be a projective space, and let � be a polarity of P such that there exists at
least one absolute plane with respect to � . Let � be the polar space S� defined
by � .

(ii) Let P be a projective space over a vector space V, letK�;" be a .�; "/-subgroup
ofK such thatK�;" ¤ K , and let q W V ! K=K�;" be a pseudo-quadratic form
such that the pseudo-quadric of P defined by q contains at least one plane. Let
� be the polar space Sq defined by q.

(iii) Let P be a 3-dimensional projective space. Let � be the Kleinian polar space
defined by P.

Proof. For a proof see Veldkamp [56], Tits [50] or Buekenhout and Cohen [20]. ut

8 The Theorem of Buekenhout and Parmentier

The theorem of Buekenhout [17] and Parmentier [37] characterizes projective
spaces as linear spaces admitting a generalization of polarities. Although the
theorem is not so well known, it deserves to be called “classical”.

Definition. Let L be a linear space with a symmetric and reflexive relation 
 on the
point set P of L.

(a) For a point p of L, the set p? WD fx 2 P j x 
 pg is called the polar
hyperplane of p.

(b) For a subset X of the point set of L, let

X? WD
\

p2X
p?:

(c) The linear space L (with a symmetric and reflexive relation 
 on its point set)
is called a linear space with polarity if the following three conditions are
fulfilled:

(i) If p is a point and if g is a line of L, either g is contained in p?, or g and
p? meet in a point.

(ii) For every line g of L, we have .g?/? D g.
(iii) For every point p of L, we have p? ¤ P .

Remark. (a) Condition (i) means that p? either is a hyperplane or the whole point
set of L. Condition (iii) excludes the case that p? is the point set of L.

(b) Condition (ii) means that a point p and a line g of L are incident if and only if
g? is contained in p? (see Step 8 in the proof of Part (a) of Theorem 8.1).

8.1 Theorem (Buekenhout and Parmentier). Let P be a linear space with
polarity such that every line of P is incident with at least three points. For a point p
of P, let p? WD �.p/.
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(a) P is a projective space.
(b) If dim P < 1, the transformation � is a polarity of P.26

Proof. (a) Step 1. Let X and Y be two subsets of P such that X is contained in Y .
Then, Y ? is contained in X?: We have

Y ? D
\

y2Y
y? �

\

x2X
x? D X?:

Step 2. For every point p of P, the point set p? is a maximal subspace of P:
The maximality of p? follows from Condition (i) and Theorem 3.4 of Chap. 1.

Step 3. Let p and q be two points of P. The point p is contained in q? if and
only if the point q is contained in p?: We have

p 2 q? , p 
 q , q 
 p , q 2 p?:

Step 4. Let p be a point, and let g be a line of P. The point p is contained in
g? if and only if g is contained in p?: We have

p 2 g? , p 2 x? for all x on g

, x 2 p? for all x on g .Step 3/

, g � p?:

Step 5. Let p and q be two points of P, and let g be the line joining p and q.
We have p? \ q? D g?:

From g? WD T

x2g
x?, it follows that g? is contained in p? \ q?.

Conversely, let z be a point of p? \ q?. It follows from Step 3 that p and q
are contained in z?. Hence, the line g D pq is contained in z?. By Step 4, the
point z is contained in g?. Hence, p? \ q? is contained in g?.

Step 6. Let p and q be two points of P, and let x be a point outside of
p?\q?. There exists a unique point y of P such that the subspace hx; p?\q?i
is contained in y?. The point y is incident with the line pq:

p
q

y

x⊥

Existence of the point y: Let g D pq be the
line joining p and q. By Step 5, we have g? D
p? \ q?.

Since x is not contained in p? \ q? D g?,
it follows from Step 4 that g is not contained in
x?. By Condition (i), x? and g intersect in a
point y.

Since the point y is contained in x?, the point
x is contained in y? (Step 3). Since y is contained in g D .g?/?, it follows

26In particular, �.p/ D p? is a hyperplane of P for all points p of P.
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from Step 4 that p? \q? D g? is contained in y?. It follows that hx; p? \q?i
is contained in y?.

Uniqueness of the point y: Let z be a second point of P such that hx; p? \
q?i is contained in z?. Since the point x is contained in z?, z is contained in x?.
Since g? D p? \ q? is contained in z?, z is contained in .g?/? D g D pq. It
follows that z? D g \ x? D y.

Step 7. Let p and q be two distinct points of P. We have p? ¤ q?: Assume
that p? D q?. Let c be a point of P outside of p?. Let g WD pq be the line
joining p and q. Since c is not contained in p?, the point p is not contained in
c?. It follows that the line g is not contained in c?, hence g and c? meet in a
point z.

Since z is contained in c?, the point c is contained in z?. Since z is incident
with g, it follows that

z? 	
\

x2g
x? D g? D p? \ q? D p?:

Hence, P D hp?; ci is contained in z?, in contradiction to Condition (iii).
Step 8. Let p be a point of P, and let g be a line of P. Then, p and g are

incident if and only if g? is contained in p?:

(i) Suppose that p and g are incident. Let q be a further point on g. It follows from
Step 5 that g? D p? \ q?. In particular, g? is contained in p?.

(ii) Suppose that g? is contained in p?. Let a and b be two points on g. Since
a? ¤ b? (Step 7), the subspace g WD a? \ b? is not maximal. Since, by Step
2, the subspace p? is maximal, p? cannot be contained in g?. It follows that
there exists a point x of p? outside of g?. By Step 6, there is a unique point y
of P such that the subspace hx; a? \ b?i is contained in y?. Again by Step 6,
the point y is incident with the line ab D g. Since hx; a? \ b?i is contained
in p?, it follows that y D p. In particular p and g are incident.

p a b 

x y 

Step 9. P is a projective space. It
remains to verify the axiom of Veblen–
Young. For, let p; x; y; a; b be five points
such that the lines xy and ab meet
in p.

(i) The subspace x? \ a? is not contained in y? \ b?: Assume that x? \ a? is
contained in y? \ b?. From Step 5, it follows that

.xa/? D x? \ a? � y? \ b? D .yb/?:

From Step 1, it follows that xa D ..xa/?/? 	 ..yb/?/? D yb, hence xa D
yb, a contradiction.
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(ii) In view of Step (i), there is a point z of x? \a? which is not contained in y? \
b?. By Step 6, there is a unique point r such that the subspace hz; y? \ b?i is
contained in r?. Again by Step 6, the point r is incident with the line yb.

(iii) x? \ a? is contained in r?: Let s be an arbitrary point of x? \ a?. Since z
is contained in r?, we can assume w.l.o.g. that s ¤ z. Since z is contained in
x? \ a?, it follows that the whole line sz is contained in x? \ a?.

By Condition (i), the line sz and the subspace p? have at least one point u
in common. It follows that u is contained in p? \ x? D .px/? D .py/? D
p? \ y? and that u is contained in p? \ a? D .pa/? D .pb/? D p? \ b?.
In particular, u is contained in y? \ b?.

By Step (ii), the line zs D zu is contained in r?. Since s is an arbitrary point
of x? \ a?, it follows that x? \ a? is contained in r?.

(iv) The lines xa and yb meet in r : By Step (ii), the point r is incident with the
line yb. By Step (iii), the subspace .xa/? D x? \ a? is contained in r?. It
follows from Step 8 that the point r is incident with the line xa.

(b) Let P be the point set of P. By Step 2 of (a), �.x/ WD x? is a maximal subspace
of P, hence a hyperplane for all points x of P.

Step 1. Let z be a point of P, and let H be a hyperplane of P. We have
z? D H if and only if z is contained in H?:

H � z? , x 2 z? for all x of H

, z 2 x? for all x of H .Step 3 of .a//

, z 2
\

x2H
x?

, z 2 H?:

As H is a hyperplane of P, the inclusion H � z? impliesH D z?.

Step 2. Let z be a point of P, and let H be a hyperplane of P. We have z? D H

if and only if z D H?: In view of Step 1, we need to show that z D H? if and only
if z 2 H?. Assume that there is a second point y in H?. By Step 3 of Part (a), we
have y? ¤ z?, a contradiction.

Step 3. Let z be a point of P. Then, we have z D .z?/?: Let H WD z?. It follows
from Step 2 that .z?/? D H? D z.

Step 4. Let P� be the dual projective space of P, and denote by Im.�/ WD
f�.x/ j x 2 Pg the image of P under � . Then, Im.�/ is a subspace of P�: For,
let p? and q? be two points of Im.�/, and let H be a further point of P� on the
line of P� through p? and q?. By definition of P�, H is a hyperplane of P through
p? \ q?. Let x be a point ofH outside of p? \ q?. We haveH D hx; p? \ q?i.

By Step 6 of the proof of Part (a), there exists a (unique) point y of P such that the
subspace hx; p? \ q?i is contained in y?. Since the subspaces hx; p? \ q?i and
y? both are hyperplanes of P, it follows that H D hx; p? \ q?i D y? D �.y/.
Hence,H is a point of Im.�/.
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Step 5. � is a bijective transformation of the set of points of P into the projective
space Im.�/: It follows from Step 3 that .z?/? D z for all points z of P. Hence, �
is an injective transformation with �2 D 1.

Step 6. The transformation � W P ! Im.�/ is a collineation: For, let x, y and z
be three points of P, and let H WD x?; L WD y? andM WD z?.

(i) Suppose that the points x, y and z are collinear. It follows that the point z is
contained in the line xy implying that

z? 	 .xy/? D x? \ y?:

Hence, the subspaceH\L is contained inM , that is,H ,L andM are collinear
in P�.

(ii) Suppose that the subspacesH , L and M are collinear in P�. It follows that the
subspaceH \ L is contained in M , that is, z? 	 x? \ y?. It follows that

z D .z?/? 2 .x? \ y?/? D ..xy/?/? D .g?/? D g:

The equation z D .z?/? follows from Step 3, the relation .z?/? 2 .x? \
y?/? follows from Step 1 of Part (a), the equation .x? \ y?/? D ..xy/?/?
follows from Step 5 of Part (a), and the equation .g?/? D g follows from
Condition (ii).

From (i) and (ii), it follows that the points x, y and z are collinear if and only if
x?; y? and z? are collinear. It follows together with Step 5 that � W P ! Im.�/ is
a collineation.

Step 7. If P is of finite dimension d , the transformation � is a polarity: By
Theorem 4.1, the dual projective space P� is also of dimension d . By Step 6,
� W P ! Im.�/ is a collineation. By Theorem 4.2 of Chap. 2, we have dim.P/ D
dim.Im.�//. It follows that Im.�/ D P�. Hence, � is a bijective transformation of
the set of points into the set of hyperplanes of P with the property that for any two
points x and y of P, the relation “x 2 �.y/” implies the relation “y 2 �.x/” (Step
2 of the proof of Part (a)). It follows from Theorem 4.5 that � is a polarity. ut
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Chapter 5
Quadrics and Quadratic Sets

1 Introduction

The present chapter is devoted to the study of quadrics and quadratic sets of a
projective space. The main result is the Theorem of Buekenhout saying that every
nondegenerate quadratic set is either an ovoid or a quadric (Theorems 6.4 and
Corollary 6.5).

In Sect. 2, we shall introduce the notion of a quadratic set and we shall see that
a quadratic set defines a polar space. Furthermore, we shall prove some elementary
properties of quadratic sets.

Quadrics and quadratic forms, which have already been introduced in Sect. 6
of Chap. IV as special cases of pseudo-quadrics and pseudo-quadratic forms, are
the subject of Sect. 3. We shall discuss the relation between quadratic forms and
homogeneous quadratic polynomials, and we shall see that every quadric is a
quadratic set.

In Sect. 4, we will consider the quadratic sets of a 3-dimensional projective space.
Mainly, we shall investigate the so-called hyperbolic quadrics. We will see that a
nondegenerate quadratic set of a 3-dimensional projective space is either an ovoid
or a hyperbolic quadric.

For the investigation of quadratic sets and of quadrics, central collineations play
a crucial role. In Sect. 5, we will see that nondegenerate quadratic sets containing
at least one line, are perspective, that is, that there are “many” central collineations
fixing the quadratic set.

Section 6 contains the main result of the present chapter: Every nondegenerate
quadratic set is either an ovoid or a quadric.

In Sect. 7, we will introduce the Kleinian quadric. This quadric is of particular
interest, since it provides a proper family of polar spaces which has been introduced
in Sect. 7 of Chap. IV.

In Sect. 8, we will turn to one of the most famous results of finite geometries,
namely the Theorem of Segre [43] saying that every oval of a finite Desarguesian
projective plane of odd order is a conic (that is, a quadric in a projective plane).

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-20972-7 5, © Springer-Verlag Berlin Heidelberg 2011
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2 Quadratic Sets

In the present section, we shall introduce quadratic sets and we shall prove some of
their elementary properties.

Definition. Let P be a projective space, let U be a subspace of P, and let Q be a set
of points of U.

(a) Let x be a point of Q. A line g of P is called a tangent of Q at x if g intersects
the set Q in the point x or if all points of g are contained in Q.

(b) Let x be a point of Q. The tangent set Qx consists of the point x and all points
y of P such that the line xy is a tangent of Q at x.1

(c) The set Q is called a quadratic set of U if Q fulfils the following two
conditions:

.Q1/ Every line of U has at most two points in common with Q, or it is
completely contained in Q.
.Q2/ For any point x of Q, the tangent set Qx is the point set of a hyperplane
of U or it is the whole point set of U . The set Qx is called the tangent space
of Q at x with respect to U . If U D P the set Qx is just called the tangent
space of Q at x.

(d) A point x of Q with the property that Qx D P is called a double point. The set
of all double points of Q is called the radical of Q. It is denoted by Rad(Q).2

(e) A non-empty quadratic set Q which does not contain any double points (that is,
Rad.Q/ D ¿) is called nondegenerate.3

The definition of a quadratic set is due to Buekenhout [11].

2.1 Theorem. Let P be a projective space, and let Q be a quadratic set. Further-
more, let x and y be two points of Q. The point y is contained in the tangent space
Qx if and only if the line xy is contained in Q. In particular the point y is contained
in Qx if and only if the point x is contained in Qy .

Proof. The point y is contained in Qx if and only if the line xy is a tangent of Q.
Since the line xy contains the points x and y of Q, the line xy is a tangent of Q if
and only if all points of the line xy are contained in Q. ut
2.2 Theorem. Let P be a projective space, and let Q be a quadratic set. Let S be
the geometry over the type set fpoint, lineg defined as follows:

(i) The points of S are the points of Q.
(ii) The lines of S are the lines of P contained in Q.

(iii) The incidence in S is induced by the incidence in P.

1The tangent set Qx is a subset of the point set of P, but, in general, not a subset of Q.
2Note that a quadratic set may be empty. In this case, the radical Rad(Q) is empty as well.
3A nondegenerate quadratic set is a quadratic set such that for any point x of Q, the tangent space
Qx is a hyperplane of P.
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Then, we have:

(a) If Q contains at least one line, the geometry S is a polar space.
(b) If Q is nondegenerate, S is nondegenerate.

Proof. (a) Verification of .P1/: Let x be a point of Q, and let g be a line in Q not
containing x. Let Qx be the tangent space at Q through x. By definition, Qx is
a hyperplane or P.

x y

g
Qx

In any case, the line g contains
at least one point y of Qx \ Q. By
Theorem 2.1, the line xy is contained
in Q. It follows that there exists
at least one line of S through x

intersecting the line g in a point.

Next, we consider the case that there are at least two points y and z on g such
that the lines xy and xz are contained in Q. It follows that y, z are contained in
Qx . Hence, the plane generated by x, y and z is contained in Qx , that is, every
line of P through x intersecting g in a point, is a tangent of Q through x. Any
of these lines contains at least two points of Q (the point x and the intersection
point with g), thus, any of these lines is contained in Q.
It follows that either exactly one point or all points of g are joined with x by a
line of S.
Verification of .P2/: Since on every line of P, there are at least three points, on
any line of S, there are also at least three points.

(b) Let Q be a nondegenerate quadratic set, and let x be a point of Q. Furthermore,
let Qx be the tangent space at Q through x. Since Qx is a hyperplane, there
exists a line g through x not contained in Qx . Since g is not a tangent and
contains a point of Q (namely x), there is exactly one further point y of Q on
g. It follows that the points x and y are non-collinear in S. ut

Definition. Let P be a projective space, and let Q be a quadratic set in P. Let t be
the maximal dimension of a subspace of P contained in Q. Then, r WD t C 1 is
called the rank of Q. (A possible value for t is t D 1.)

The rank of a quadratic set Q is, by definition, the rank of the polar space defined
by Q.

2.3 Theorem. Let P be a d-dimensional projective space, and let Q be a nondegen-
erate quadratic set. If U is a subspace of P contained in Q, we have dim U < 1=2 d .

Proof. By Theorem 2.2, the subspaces of P contained in Q define a nondegenerate
polar space S. Let U be a subspace of S, and let M be a maximal subspace of
S through U . By Theorem 2.15 of Chap. IV, there exists a maximal subspace W

of S disjoint to M . Since M and W are disjoint subspaces of P, it follows that
dim U � dim M < 1=2 d . ut
2.4 Theorem. Let P be a projective space, and let Q be a quadratic set. Further-
more, let E be a plane of P which has a point p in common with Q. Then, either E
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contains exactly one tangent of Q through p, or all lines of E through p are tangents
of Q.

Proof. Since the tangent space Qp is either a hyperplane of P or P, either the
intersection E \ Qp is a line, or we have E \ Qp D E . ut
2.5 Theorem. Let P be a projective space, and let Q be a quadratic set. If U is a
subspace of P, the set Q \ U is a quadratic set of U. Furthermore, for any point p

of Q \ U , the relation Qp \ U D .Q \ U /p holds.

Proof. Step 1. We first shall prove the relation Qp \ U D .Q \ U /p: For, let x be
a point of U distinct from p. Then, we have

x 2 Qp \ U , x 2 U and px is a tangent of Q at p

, px � U and px is a tangent of Q at p

, px is a tangent of Q \ U at p

, x 2 .Q \ U /p:

Step 2. Q \ U is a quadratic set of U : Axiom .Q1/ follows from the fact that
every line of P intersects the set Q in at most two points or is contained in Q. Hence,
this is true for every line of U .

In order to verify Axiom .Q2/, we consider the set .Q\U /p D Qp \U (Step 1).
Since Qp is a hyperplane of P, or Qp D P, it follows that Qp \ U is a hyperplane
of U, or Qp \ U D U . ut
The rest of this section is devoted to the investigation of the radical Rad(Q) (the set
of double points) of a quadratic set Q.

2.6 Theorem. Let Q be a nondegenerate quadratic set of a projective space P, and
let H be a hyperplane of P. Furthermore, let p be a point of Q \ H .
The point p is a double point of the quadratic set Q \ H if and only if Qp D H .

Proof. Let Q0 WD Q \ H . By Theorem 2.5, we have Q0
p D Qp \ H . Since Q is a

nondegenerate quadratic set, Qp is a hyperplane of P. It follows that

p is a double point of Q0 WD Q \ H , Q0
p D H , Qp \ H D H , Qp D H:

ut
2.7 Theorem. Let P be a projective space, and let Q be a quadratic set. Then, the
radical Rad(Q) of Q is a subspace of P.

Proof. Let x and y be two double points of Q, and let g WD xy be the line through
x and y. Let z be a point on g. Since x is a double point of Q, the line g is a tangent
of Q. Since g contains the two points x, y of Q, it follows that g is contained in Q.
In particular, the point z is contained in Q.
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x z y

g
h

s
E

Let h be a line of P through z.
Assume that h is not a tangent. On h,
there is exactly one further point s of Q

different from z. Since s is contained
in Q \ Qx \ Qy , it follows from
Theorem 2.1 that the lines sx and sy

are contained in Q. Since the points
and lines of Q define a polar space,
every line through s intersecting the line
g D xy, is contained in S .
It follows that h D sz is a tangent of Q, in contradiction to the assumption. Thus,
every line through z is a tangent, hence, z is a double point. ut
2.8 Theorem. Let Q be a quadratic set of a projective space P.

(a) If x is a point of Q, every line xy, where y is a point of Rad(Q), is contained
in Q.

(b) For every point x of Q, the subspace hx; Rad.Q/i is contained in Q.
(c) For every point x of Q, the subspace Rad(Q) is contained in Qx.

Proof. (a) Let y be a point of Rad(Q). Every line through y is a tangent of Q. Since
the line xy contains two points of Q (namely x and y), it follows that xy is
contained in Q.

(b) and (c) follow from (a). ut
2.9 Theorem. Let Q be a quadratic set of a projective space P with Q ¤
Rad.Q/ ¤ ¿. Furthermore, let U be a complement4 of Rad(Q) in P.

(a) Q0 WD Q \ U is a nondegenerate quadratic set of U.
(b) Let Q0 WD Q \ U . Q consists of all points incident with a line joining a point

of Q0 with a point of Rad(Q), that is,

Q D fx 2 P j 9 a 2 Q0 9 b 2 Rad.Q/ wi th x 2 abg:

Proof. (a) Let x be a point of Q0. Assume that x is a double point of Q0. Then,
U D Q0

x D Qx \ U is contained in Qx. By Theorem 2.8, it follows that
Qx contains hU; Rad.Q/i D P. It follows that x is a double point of Q, in
contradiction to the assumption that U is a complement of Rad(Q).

(b) Let X WD fx 2 P j 9 a 2 Q0 9 b 2 Rad.Q/ with x 2 abg. We need to show
that X D Q.

(i) X is contained in Q: Let x be a point of X. Then, there exists a point a of
Q0 � Q and a point b of Rad(Q) such that x is incident with the line ab.
By Theorem 2.8, we have

x 2 ab � ha; Rad.Q/i � Q:

4That is, U is a subspace of P with U \ Rad.Q/ D ¿ and hU; Rad.Q/i D P.
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(ii) Q is contained in X : Let x be a point of Q. If x is contained in Rad(Q), x

is contained in X . W.l.o.g., let x be a point outside of Rad(Q).

xb
a

U

Q ∩ U
Rad(Q)

<x, Rad(Q)>

By Theorem 2.8, the subspace hx; Rad.Q/i is contained in Q. Since the
subspaces Rad(Q) and U are complementary, the subspaces hx; Rad.Q/i and
U meet in a point a of U \ Q D Q0. Since the line ax is contained in the
subspace hx; Rad.Q/i, the line ax intersects the subspace Rad(Q) in a point b.

It follows that x is incident with the line ab where a is contained in Q0 and
b is contained in Rad(Q), that is, x is contained in X. ut

In view of Theorem 2.9, the study of quadratic sets can be restricted to the study of
nondegenerate quadratic sets.

2.10 Theorem. Let Q be a quadratic set of a projective space P. Q is a subspace
of P if and only if Q D Rad.Q/.

Proof. (i) If Q D Rad.Q/, by Theorem 2.7, Q is a subspace of P.

(ii) Conversely, let Q be a subspace of P. Since every line of P is either contained
in Q or has at most one point common with Q, all lines through a point x of
Q are tangents of Q. It follows that every point of Q is a double point, that is,
Q D Rad.Q/. ut

2.11 Theorem. Let Q be a quadratic set of a projective space P with Q ¤ Rad.Q/.
Then, hQi D P.

Proof. Since Q ¤ Rad.Q/, there exists a point x of Q which is not a double point.
Then, H WD Qx is a hyperplane of P. For every line g through x not contained in
H, there is point of Q on g distinct from x (otherwise, g would be a tangent of Q).
It follows that hQi � hP n H i D P. ut
Next, we shall determine the quadratic sets of a projective plane.

Definition. Let P be a projective plane, and let O be a set of points of P satisfying
the following properties:

(i) On every line of P, there are at most two points of O .
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(ii) Through any point of O , there is exactly one
tangent, that is, there is exactly one line of P
intersecting O in exactly one point.

The set O is called an oval of P.

2.12 Theorem. Let P be a projective plane, and let Q be a quadratic set of P. Then,
Q is one of the following sets:

(i) Q is a subspace of P. In this case, we have Rad.Q/ D Q.
(ii) Q consists of the set of the points of two lines, intersecting in a point x. In this

case, we have Rad.Q/ D x.
(iii) Q is an oval. In this case, we have Rad.Q/ D ¿.

Proof. First case: Let Rad.Q/ D ¿, and let Q ¤ ¿.
Step 1. Any point of Q is incident with exactly one tangent: Assume that there

is a point p of Q incident with two tangents t1 and t2. Then, Qp � ht1; t2i D P, in
contradiction to Rad.Q/ D ¿.

Step 2. Q does not contain a line: Assume on the contrary that Q contains a
line g. Since hQi D P (Theorem 2.11), Q contains a point x not on g. The point x

is incident with exactly one tangent t intersecting the line g in a point z. Hence, the
point z of Q is incident with two tangents, a contradiction.

It follows from Steps 1 and 2 that Q is an oval.
Second case. Let Rad.Q/ D x be a point. Let g be a line of P not incident with x.

Then, g is a subspace of P complementary to x. Hence, we can apply Theorem 2.9:
If g \ Q D ¿, we have Q D Rad.Q/ D x.
If g and Q meet in a point x, we have Q D xy and xy D Rad.Q/, in

contradiction to Rad.Q/ D x.
If g and Q meet in two points y and z, we have Q D xy [ xz, and we have

x D Rad.Q/.
If g is contained in Q, we have Q D hx; gi D P and P D Rad.Q/, a

contradiction to Rad.Q/ D x.
Third case. Let Rad.Q/ D g be a line. Let p be a point outside of g. We shall,

once more, apply Theorem 2.9.
If p is not contained in Q, we have Q D g and g D Rad.Q/.
If p is contained in Q, we have Q D hp; gi D P and P D Rad.Q/, a

contradiction to Rad.Q/ D g.
Fourth case. We have Q D P and P D Rad.Q/. ut

3 Quadrics

Quadrics have been introduced in Sect. 6 of Chap. IV as special cases of pseudo-
quadrics. In the present chapter we shall consider the relation between quadrics
and homogeneous quadratic polynomials, and we shall show that every quadric is
a quadratic set. Since the main results about quadrics and quadratic sets presented
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in the present chapter are about quadrics and quadratic sets in finite-dimensional
projective spaces, we generally restrict ourselves to finite-dimensional projective
spaces.

Every quadratic form defines a homogenous quadratic polynomial and vice versa.
This relation is the subject of Theorems 3.1 and 3.2.

Definition. Let V be a .d C 1/-dimensional vector space over a commutative field
K , and let P D P G.d; K/ be the corresponding d -dimensional projective space.

For i; j D 0; 1; : : : ; d , let qij be some elements of K . Define the
transformation q W V ! K by

q .x0; x1; : : : ; xd / WD
dX

i;j D0

qij xi xj :

Then, q is called a homogenous quadratic polynomial.

3.1 Theorem. Let V be a .d C 1/-dimensional vector space over a commutative
field K , and let q W V ! K be a quadratic polynomial. Then, q is a quadratic form.

Proof. Since q is a quadratic homogenous polynomial, for i; j D 0; 1 : : : ; d ,
there exist elements qij of K such that

q .x0; x1; : : : ; xd / D
dX

i;j D0

qij xi xj :

(i) We have q.� v/ D �2 q.v/ for all v of V and for all � of K: For a vector
v D .x0; x1; : : : ; xd /t of V and an element � of K , we have5

q.� v/ D q.� x0; � x1; : : : ; � xd /

D
dX

i;j D0

qij �xi �xj

D �2

dX

i;j D0

qij xi xj D �2q .v/ :

(ii) The transformation f W V � V ! K defined by

f .v; w/ WD q.v C w/ � q.v/ � q.w/

is a symmetric bilinear form: For all vectors v, w of V with v D .x0; x1; : : : ; xd /t

and w D .y0; y1; : : : ; yd /t , we have

5Note that, by assumption, K is commutative.
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f .v; w/ D q.v C w/ � q.v/ � q.w/

D
dX

i;j D0

qij .xi C yi /
�
xj C yj

� � qij xi xj � qij yi yj

D
dX

i;j D0

qij

�
xi yj C xj yi

�
:

A simple computation yields for u, v, w of V and � of K:

f .v C u; w/ D f .v; w/ C f .u; w/

f .� v; w/ D � f .v; w/

f .v; w C u/ D f .v; w/ C f .v; u/

f .v; � w/ D � f .v; w/ and

f .v; w/ D f .w; v/: ut
Remark. If q W V ! K is a quadratic homogenous polynomial with

q .x0; x1; : : : ; xd / D
dX

i;j D0

qij xi xj ;

by Theorem 3.1, q is a quadratic form and hence defines a quadric Q. One says that

the quadric Q is defined by the quadratic equation
dP

i;j D0

qij xi xj D 0.

By Theorem 3.1, a quadratic homogenous polynomial is a quadratic form. As we
shall see in Theorem 3.2, conversely, every quadratic form of a finite-dimensional
vector space defines a homogenous quadratic polynomial. For finite-dimensional
vector spaces, the two notions are equivalent.

3.2 Theorem. Let V be a .d C 1/-dimensional vector space over a commutative
field K , and let q W V ! K be a quadratic form with symmetric bilinear form f.

Then, q is a quadratic homogenous polynomial.

Proof. Let fe0; e1; : : : ; ed g be a basis of V. For i; j D 0; 1; : : : ; d , set

qii WD q.ei /

qij WD f .ei ; ej / D q.ei C ej / � q.ei / � q.ej / for i < j

qij WD 0 for i > j:

Let v D
dP

rD0

xrer be an element of V. Furthermore, let

vk WD
kX

rD0

xrer for k D 0; : : : ; d:
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Finally, let g W V ! K be the transformation defined by g.v/ WD
dP

i;kD0

qik xi xk .

We shall prove by induction on k that

q.vk/ D g.vk/ for all k D 0; : : : ; d:

k D 0: We have q.v0/ D q.x0 e0/ D x0
2 q.e0/ D q00 x0

2 D g.v0/.
k � 1 ! k: We have

q.vk/ D q.vk�1 C xk ek/

D f .vk�1; xk ek/ C q.vk�1/ C q.xk ek/

D
k�1X

iD0

xi xk f .ei ; ek/ C g.vk�1/ C xk
2q.ek/

D
k�1X

iD0

qik xi xk C
k�1X

i;j D0

qij xi xj C qkk xk
2

D
kX

iD0

qik xi xk D g.vk/:

It follows from q.vd / D g.vd / that q is a homogenous quadratic polynomial. ut
In Theorem 3.7, we shall see that every quadric is a quadratic set. Theorems 3.3
to 3.6 prepare the proof of this assertion.

3.3 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V over a commutative field K . Furthermore, let Q be a quadric of P.

Every line of P intersects the quadric Q in at most two points, or all points of the
line are contained in Q.

Proof. Let q W V ! K be the quadratic form defining the quadric Q. Let g be a line
of P which has three points x D hvi; y D hwi and z D hv C � wi for some element
0 ¤ � of K in common with Q. We need to show that all points of g are contained
in Q.

For, let a WD hv C � wi with 0; � ¤ � 2 K be a further point on g. Since x, y,
z are contained in Q, it follows that q.v/ D q.w/ D q.v C � w/ D 0. In particular,
we have

0 D q.v C � w/ D f .v; � w/ C q.v/ C q.� w/

D � f .v; w/ C q.v/ C �2 q.w/

D � f .v; w/:

Since � ¤ 0, we have f .v; w/ D 0. It follows that

q.v C � w/ D f .v; � w/ C q.v/ C q.� w/

D � f .v; w/ C q.v/ C �2 q.w/

D 0;

that is, a D hv C � wi is contained in Q. ut
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3.4 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V over a commutative field K . Let Q be a quadric of P with quadratic
form q W V ! K and bilinear form f. Let x D hvi and w D hyi be two points of Q.

The line xy is contained in Q if and only if f .v; w/ D 0.

Proof. (i) Suppose that the line xy is contained in Q. In particular, the point hvCwi
is contained in Q. It follows that f .v; w/ D q.v C w/ � q.v/ � q.w/ D 0.

(ii) Suppose that f .v; w/ D 0. Let hv C �wi be an arbitrary point on xy. It
follows that

q.v C �w/ D f .v; �w/ C q.v/ C q .�w/ D � f .v; w/ C q.v/ C �2 q.w/ D 0:

Hence, the point hv C �wi is contained in Q. ut
Definition. Let V be a .d C 1/-dimensional vector space over a commutative field
K , and let q W V ! K be a quadratic form with bilinear form f . For an element
0 ¤ v of V, set

hvi? WD fw 2 V j f .v; w/ D 0g:
Note that hvi? is a subspace of V and hence a subspace of P D P G.d; K/.

3.5 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V over a commutative field K . Let Q be a quadric of P with quadratic
form q W V ! K .

(a) For every point hvi of P, we have: If hvi is contained in Q, the point hvi is
contained in hvi?. If Char K ¤ 2, the converse is also true, that is, if hvi is not
contained in Q, the point hvi is not contained in hvi?.

(b) For an element 0 ¤ v of V, the subspace hvi? is a hyperplane of P or hvi?
equals P.

(c) For every point hvi of Q, the subspace hvi? is the tangent set at Q through hvi.
(d) For every two points hvi and hwi of Q, we have: The line hv; wi is contained in

Q if and only if hwi is contained in Q \ hvi?, or hvi is contained in Q \ hwi?.

Proof. (a) Let hvi be a point of Q. We have q.v/ D 0, and it follows that

f .v; v/ D q.v C v/ � q.v/ � q.v/ D 22 q.v/ � q.v/ � q.v/ D 0;

thus, v is contained in hvi?.
Let Char K ¤ 2, and let hvi … Q. Then, q.v/ ¤ 0, and it follows that

f .v; v/ D q.v C v/ � q.v/ � q.v/ D 22 q.v/ � q.v/ � q.v/ D 2 q.v/ ¤ 0;

hence, v … hvi?.
(b) The transformation f .v; �/ W V ! K is a linear transformation with Kern

f .v; �/ D hvi?. It follows that hvi? is a hyperplane, or hvi? equals V.
(c) Step 1. Every line of hvi? through hvi is a tangent of Q through hvi: Let g be a

line of hvi? through hvi containing besides hvi a further point hwi of Q. Since
g D hv; wi is contained in hvi?, we have f .v; w/ D 0. Let x D hvC� wi; 0 ¤
� 2 K , be a further point on g.
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Then,

q.v C � w/ D f .v; � w/ C q.v/ C q.� w/

D � f .v; w/ C q.v/ C �2 q.w/

D 0:

It follows that x is contained in Q, that is, the line g is contained in Q.
Step 2. Let hvi be a point of Q. Then, every tangent through hvi at Q is

contained in hvi?: By Theorem 3.3, every line through hvi intersects the quadric
Q in one or in two points or it is completely contained in Q. It follows that we
need to show that every line of P through hvi not contained in hvi?, intersects
the quadric Q in exactly two points.

For, let g D hv; wi be a line through hvi not contained in hvi?. Then, w
is not contained in hvi?, hence, f .v; w/ ¤ 0. Hence, for any point hvi ¤ x D
h� v C wi on g, we have

x 2 Q , 0 D q.� v C w/

D f .� v; w/ C q.� v/ C q.w/

D � f .v; w/ C q.w/

, � D � q.w/

f .v; w/
:

Besides the point x, there is exactly one further point of Q on g, namely the
point y D h� v C wi with � D �q.w/=f .v; w/.

(d) The proof is obvious. ut
3.6 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V over a commutative field K . Furthermore, let Q be a quadric of P
defined by the equation

dX

i;j D0

qij xi xj D 0:

The tangent space Qp of a point p D .p0; p1; : : : ; pd /t of Q is defined by the
equation

dX

i;j D0

qij

�
pi xj C xi pj

� D 0:

Proof. Let p D hvi with 0 ¤ v D .p0; p1; : : : ; pd /t 2 V. By Theorem 3.5,
we have

Qp D hvi? D fw 2 V j f .v; w/ D 0g:
If w D .x0; x1; : : : ; xd /t , we have
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f .v; w/ D
dX

i;j D0

qij

�
pi xj C xi pj

�
:

The assertion follows. ut
3.7 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
vector space V over a commutative field K . Furthermore, let Q be a quadric of P
with quadratic form q.

(a) Q is a quadratic set.
(b) The quadratic set Q is nondegenerate if and only if the quadratic form q is

nondegenerate.

Proof. (a) Verification of .Q1/: By Theorem 3.3, every line of P intersects the
quadric Q in at most two points or is completely contained in Q.

Verification of .Q2/: By Theorem 3.5, for any point hvi of Q, the set hvi? is the
tangent set at Q through hvi. Again by Theorem 3.5, hvi? is a hyperplane of P
or hvi? equals P.

(b) By Theorem 3.5, for any point hvi of Q, the tangent space Qhvi at Q through
hvi equals hvi?. It follows that

q is nondegenerate is the first part of the equivalences

, For any point hvi of Q; there exists an element 0 ¤ w of V
with f .v; w/ D 0:

, We have hvi? ¤ P for all hvi of Q:

, We have Qhvi ¤ P for all hvi of Q:

, Q is nondegenerate:

�

The previous theorems imply a construction method for quadratic sets: Every
homogeneous quadratic polynomial of the form

q .x0; x1; : : : ; xd / WD
dX

i;j D0

qij xi xj

with qij 2 K defines a quadric in P D P G.d; K/ over a commutative field K . By
Theorem 3.7, this quadric is a quadratic set.

4 Quadratic Sets in PG.3; K/

The aim of the present section is the classification of the quadratic sets of a
3-dimensional projective space P D P G.3; K/. This includes a detailed inves-
tigation of the so-called hyperbolic quadrics. The main result of this section
(Theorem 4.13) says that a quadratic set in P D P G.3; K/ is either a subspace
of P, the point set of two planes, a cone, an ovoid or a hyperbolic quadric.
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At the end of this section, we shall see that there are central collineations of P
fixing a hyperbolic quadric (Theorem 4.15).

Definition. Let P be a d -dimensional projective space, and let U and W be two
subspaces of P. The subspaces U and W are called skew if U and W are disjoint.

4.1 Theorem. Let P be a 3-dimensional projective space, and let g and h be two
skew lines of P. Furthermore, let p be a point of P which is neither incident with g

nor with h. There exists exactly one line l through p, intersecting each of the lines g

and h in a point.

Proof. (i) Existence:

x

E

y
l

g

h
p

Let E WD hp; gi be the plane generated by p and g.
Since dim P D 3, the plane E meets the line h

in a point x. Since the lines g and l WD px are
contained in the plane E , the lines g and l meet in
a point y.

(ii) Uniqueness: Assume that there are two lines l1 and l2 through p intersecting
each of the lines g and h in a point. Then, the plane E WD hl1; l2i contains the
lines g and h, in contradiction to the assumption that g and h are disjoint. ut

Definition. Let P be a d -dimensional projective space, and let R be a set of
pairwise skew subspaces of P. A line t of P is called a transversal of R if the
line t intersects each of the subspaces of R in exactly one point.

4.2 Theorem. Let P be a 3-dimensional projective space, and let G be a set of three
pairwise disjoint lines. For the set T of the transversals of G, we have:

(a) The lines of T are pairwise disjoint.
(b) Any point on a line of G is incident with exactly one transversal.
(c) The lines of G are transversals of T .

Proof. The proof of the assertion follows from Theorem 4.1. ut
Definition. Let P be a 3-dimensional projective space, and let R be a set of pairwise
disjoint lines. The set R is called a regulus of P if the set R fulfils the following
conditions:

.R1/ Each point on a line of R is incident with a
transversal of R.
.R2/ Each point on a transversal of R is incident with a
line of R.

4.3 Theorem. Let P be a 3-dimensional projective space, and let R be a regulus
of P.



4 Quadratic Sets in P G.3; K/ 199

(a) R contains at least three lines.
(b) Let x be a point on a line of R. Then, x is incident with exactly one transversal.
(c) Any two transversals of R are skew.
(d) Let T be the set of the transversals of R. Then, T is a regulus. The set of the

transversals of T is R.

Proof. (a) Let t be a transversal of R. Since each point of t is incident with a line
of R, it follows that jRj � 3.

(b) By Axiom .R1/, any point on a line of R is incident with at least one transversal.
The uniqueness follows from Theorem 4.2 together with (a).

(c) Since jRj � 3, the assertion follows from Theorem 4.2.
(d) Step 1. By (c), the set T consists of pairwise disjoint lines.

Step 2. Let g be a line of R. Then, g is a transversal of T : For, let t be a line
of T . Since t intersects every line of R,6 in particular, t and g meet in a point.
It follows that g meets every line of T , that is, g is a transversal of T .

Step 3. The lines of R are exactly the transversals of T : By Step 2, every
line of R is a transversal of T . Conversely, let h be a transversal of T . Let
t1; t2 and t3 be three lines of T , and let x WD h \ t1 be the intersection point
of h and t1. By Axiom .R2/, the point x is incident with a line g of R. Since g

and h are incident with the point x and since g and h meet the lines t2 and t3, it
follows from Theorem 4.1 that h D g is contained in R.

Step 4. T is a regulus: By Step 3, the lines of R are exactly the transversals
of T . Since Axioms .R1/ and .R2/ are symmetric with respect to the sets R
and T , it follows from the fact that R a regulus, that T is a regulus as well. ut

Definition. Let P be a 3-dimensional projective space, and let R be a regulus of P.
Let T be the set of the transversals of R. Then, T is called the opposite regulus7

of R.

4.4 Theorem. Let P be a 3-dimensional projective space, and let R be a regulus of
P. Furthermore, let R be the set of the points on the lines of R. Finally, let T be
the opposite regulus of R.

(a) Each line of P intersects the set R in at most two points or is completely
contained in R.

(b) The lines completely contained in R are exactly the lines of R and T .
(c) Each point of R is incident with exactly one line of R and with exactly one line

of T .

6By assumption, t is a transversal of R.
7Since T is a regulus, R is the opposite regulus of T . In this sense, regulus and opposite regulus
are two symmetric notions.
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Regulus and Opposite Regulus

Proof. (a) and (b) Let h be a line intersecting the set R in at least three points. Then,
either h is a line of R, or h meets at least three lines g1; g2; g3 of R in a point. If h

is a line of R, the assertion is shown. Let us suppose that x WD h \ g1 is a point. By
Theorem 4.2, h is the uniquely determined transversal of these three lines through
the point x. It follows that h is a transversal of R through x. By Axiom .R2/, h is
contained in R.

(c) Since each of the sets R and T consists of pairwise skew lines, any point of
R is incident with exactly one line of R and with exactly one line of T . ut
4.5 Theorem. Let P be a 3-dimensional projective space, and let R be a regulus of
P. Let T be the opposite regulus of R. If R is the set of the points on the lines of
R, R and the lines of R [ T form a generalized quadrangle.

Proof. We shall verify Axioms .V1/; .V2/ and .V3/:
Verification of .V1/: Obviously, any two points of R are incident with at most

one line of R [ T .
Verification of .V2/: Let g be a line of R [ T , and let x be a point of R which

is not on g. If g is contained in R, there exists exactly one line of T (and no line
of R) through x intersecting the line g. If g is contained in T , there exists exactly
one line of R (and no line of T ) through x intersecting the line g.

Verification of .V3/: Obviously, on each line of R [ T , there are at least two
points. By Theorem 4.4, any point of R is incident with two lines of R [ T . ut
4.6 Theorem. Let P be a 3-dimensional projective space over a 4-dimensional
vector space V. Let g, g0 and g1 be three pairwise disjoint lines, and let t, t0 and t1
be three transversals of fg; g0; g1g. There exists a basis fv0; v1; v2; v3g of V with
the following properties:
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(a) We have

g0 \ t0 D hv0i
g0 \ t D hv1i

g0 \ t1 D hv0 C v1i
g \ t0 D hv2i
g \ t D hv3i

g \ t1 D hv2 C v3i
g1 \ t0 D hv0 C v2i
g1 \ t D hv1 C v3i

g1 \ t1 D hv0 C v1 C v2 C v3i:

<v0> <v1>

<v2> <v3>

<v0+v1>

<v0+v2> <v1+v3> 

<v2+v3>

<v0+v1+ v2+v3>

<v0+av1>

<v2+av3>

<v0+bv2>
<v1+bv3>

<v0+v1+b(v2+v3)>

<v0+v2+a(v1+v3)>

g

g1

g0

tt0 t1 ta

gb

(b) For an element a of K , let ta be the line hv0 C a v1; v2 C a v3i. The lines t and
ta .a 2 K/ are exactly the transversals of fg; g0; g1g.

(c) For an element b of K , let gb be the line hv0 C b v2; v1 C b v3i. The lines g and
gb .b 2 K/ are exactly the transversals of ft; t0; t1g.

Proof. (a) Since the lines g0 and g are skew, the points g0 \ t0; g0 \ t; g \ t0 and
g \ t generate P. For hv0i WD g0 \ t0; hw1i WD g0 \ t; hw2i WD g \ t0 and
hw3i WD g \ t , the set fv0; w1; w2; w3g is a basis of V.

For the point g0 \ t1, there exists an element 0 ¤ � of K such that g0 \ t1 D
hv0 C � w1i. Set v1 WD � w1.

Similarly, there exist for the points g1 \ t0 and g1 \ t elements 0 ¤ �; � of
K such that g1 \ t0 D hv0 C � w2i and g1 \ t D hv1 C � w3i. Set v2 WD � w2

and v3 D � w3.
Let h be the line hv0 C v1; v2 C v3i. Then, h meets the lines g0, g and g1 in

the points hv0 C v1i; hv2 C v3i and hv0 C v1 C v2 C v3i, respectively. It follows
that h is a transversal of fg0; g; g1g through the point g0 \ t1 D hv0 C v1i. By
Theorem 4.1, we have h D t1. It follows that
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g \ t1 D g \ h D hv2 C v3i and

g1 \ t1 D g1 \ h D hv0 C v1 C v2 C v3i:

(b) The points on g0 are exactly the points hv1i and hv0 C av1i; a 2 K . Obviously,
for an element a of K , the line ta meets the lines g0, g and g1 in the points
g0 \ ta D hv0 Ca v1i; g\ ta D hv2 Ca v3i and g1 \ ta D hv0 Cv2 Ca .v1 Cv3/i,
respectively.

Hence, the set ftg [ fta j a 2 Kg is the set of the transversals of fg; g0; g1g.
(c) follows analogously to (b). ut
4.7 Theorem. Let P D P G.3; K/ be a 3-dimensional projective space over a
vector space V and a skew field K.

(a) In P, there exists a regulus if and only if K is commutative.
(b) If K is commutative, any three pairwise skew lines are contained in exactly one

regulus.

Proof. (a) In P, there exists a regulus if and only if there exist three pairwise skew
lines g, g0; g1 which are contained in a regulus. Let t, t0; t1 be three transversals
of fg; g0; g1g.

By Theorem 4.6, there exists a basis fv0; v1; v2; v3g of V with the properties
described in Theorem 4.6. The following assertions are equivalent:

The lines g, g0; g1 are contained in a regulus.

, For all elements a, b of K , the lines ta and gb meet in a point sab .
, For all elements a, b of K , there exist �; � of K such that v0 C b v2 C

�.v1 C b v3/ D sab D v0 C a v1 C �.v2 C a v3/.
, For all elements a, b of K , there exist �; � of K such that 0 D .a ��/ v1 C

.� � b/ v2 C .� a � � b/ v3.
, For all elements a, b of K , there exist �; � of K such that � D a; � D

b; � a D �b.8

, For all elements a, b of K , we have ab D ba.
, K is commutative.

(b) Since every three pairwise disjoint lines g, g0; g1 and every three transversals t ,
t0; t1 of fg; g0; g1g can be transformed into the form described in Theorem 4.6,
the assertion follows from (a). ut

4.8 Theorem. Let P D P G.3; K/ be a 3-dimensional projective space over
a vector space V over a commutative field K , and let R be a regulus of P.
Furthermore, let R be the set of the points on the lines of R. There exists a basis
fv0; v1; v2; v3g of V such that the set R consists exactly of the following points:

R D f.0; 0; 01/tg [ f.0; 0; 1; a/t j a 2 Kg [ f.0; 1; 0; a/t j a 2 Kg
[ f.1; a; b; ab/t j a; b 2 Kg:

8Note that the vectors v1; v2; v3 are linearly independent.
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Proof. We choose the notations and the basis fv0; v1; v2; v3g as in Theorem 4.6.
The points of R are exactly the points on the lines g, gb .b 2 K/. The line g consists
of the point .0; 0; 0; 1/t and the points .0; 0; 1; a/t ; a 2 K .

For an element b of K , the line gb consists of the point .0; 1; 0; b/t and the points
.1; a; b; ab/t ; a 2 K . The assertion follows. ut
4.9 Theorem. Let P D P G.3; K/ be a 3-dimensional projective space over
a vector space V over a commutative field K , and let R be a regulus of P.
Furthermore, let R be the set of the points on the lines of R.

(a) The set R is a quadric of P.
(b) There exists a basis fv0; v1; v2; v3g of V such that the quadric R is defined by

the equation

x0 x3 � x1 x2 D 0:

Proof. We shall prove Parts (a) and (b) in common. By Theorem 4.8, there exists a
basis fv0; v1; v2; v3g such that

R D f.0; 0; 0; 1/tg [ f.0; 0; 1; a/t j a 2 Kg [ f.0; 1; 0; a/t j a 2 Kg
[ f.1; a; b; ab/t j a; b 2 Kg:

Let Q be the quadric of P defined by the equation x0 x3 � x1 x2 D 0. Since each
point of R fulfils the equation x0 x3 �x1 x2 D 0, it follows that R is contained in Q.

Conversely, let z D .z0; z1; z2; z3/ be a point of Q. If z0 D z1 D z2 D 0; z D
.0; 0; 0; 1/t is an element of R. If z0 D z1 D 0 and z2 ¤ 0, we have z D
.0; 0; 1; a/t for an element a of K . Again, it follows that z is a point of R.

If z0 D 0 and z1 ¤ 0, we have z D .0; 1; a; b/t for some elements a, b of K .
Since z is an element of Q, it fulfils the equation z0 z3 � z1z2 D 0. Thus, we get
a D 0. Hence, we have z D .0; 1; 0; b/t 2 R.

Finally, let z0 ¤ 0. Then, we have z D .1; a; b; c/t for some a, b, c of K . From
z0 z3 � z1 z2 D 0, it follows that c D ab, that is, z D .1; a; b; ab/t is contained in
R. Altogether, it follows that Q is contained in R. ut
Definition. Let P D P G.3; K/ be a 3-dimensional projective space, and let R be
a regulus of P. Furthermore, let R be the set of the points on the lines of R. Then,
R is called a hyperbolic quadric.

4.10 Theorem. Let P be a 3-dimensional projective space, let R be a regulus of P,
and let R be the hyperbolic quadric defined by the regulus R. Let E be a plane of
P. Then, E and R meet in one of the following sets:

(i) The set E \ R is an oval in E .
(ii) The set E \ R consists of a line of R and a transversal of R.
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Proof. Since R is a quadratic set (Theorem 4.9), E \ R is a quadratic set in E . By
Theorem 2.12, E\R is a subspace of E, the set of the points of two lines intersecting
in a point, or R is an oval.

Since E has at least one point in common with each line of R, we have
jE\Rj�3. It follows that E \ R is an oval, or E \ R contains a line.

We consider the case that E \ R contains a line g. Since the lines contained in
R are either lines of R or transversals of R, we can assume w.l.o.g. that g is a line
of R. Each of the other lines of R intersect E in a point. It follows that E \ R

contains besides the line g at least one further point, that is, E \ R consists of
the set of the points of two lines, or we have E \ R D E . Since no planes are
contained in R, the assertion follows. ut
Definition. Let P be a d-dimensional projective space, and let O be a non-empty set
of points of P. The set O is called an ovoid if O satisfies the following conditions:

(i) No three points of O are collinear.
(ii) For any point x of O , the tangent set Ox is the point set of a hyperplane of P.

For d D 2, an ovoid is an oval.

4.11 Theorem. Let P be a d-dimensional projective space, and let O be an ovoid
of P. Then, O is a nondegenerate quadratic set.

Proof. The assertion follows from the definition of an ovoid. ut

s

E

Definition. Let P be a 3-dimensional
projective space, and let E be a plane of
P. Furthermore, let s be a point of P outside
of E . Finally, let O be an oval in E . The
set of the points on the lines sx, where x

is contained in O , is called a cone with
vertex s.

4.12 Theorem. Let P be a 3-dimensional projective space, and let K be a cone of
P with vertex s. Then, K is a degenerate quadratic set with Rad.K / D s.

Proof. Let O be an oval in a plane E of P such that K consists of the points on the
lines sx where x is contained in O . Furthermore, let G be the set of the lines of P
through s which intersect the plane E in a point of O .

Step 1. By construction of a cone, all lines of P through s are either contained in
K or they intersect K in the point s. In other words, all lines through s are tangents
of K .

Step 2. Each line of P, which is not incident with s, has at most two points in
common with K :
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s

x1

x2

x3

y1

y2

y3

E
gh

Assume that there is a line g of P not
containing s such that g has at least three
points x1; x2; x3 in common with K . Then,
the lines sx1; sx2 and sx3 intersect the
plane E in three points y1; y2 and y3 of O ,
respectively. If h is the intersection line of
the two planes E and hs; gi, it follows that
y1; y2; y3 are incident with h. In particular,
the line h contains three points of O . This contradicts the definition of an oval.

Step 3. Let s ¤ x be a point of K , and let y WD sx \ E be contained in O . Let t

be the tangent of O in E through y. Then, F WD hs; ti is the tangent plane of K at x:

s

x
y

E
gt

l

z

Since t \ O D y, we have F \ K D
sy. It follows that all lines through x in F are
tangents of K .

Conversely, if g is a line through x not
contained in E; h s; gi \ E is a line l

through y distinct from t . Since t is the only
tangent through y at O in E , on the line l ,
there is exactly one further point z of O . It
follows that the line g is incident with the points x and sz \ g of O .

From Steps 1 and 2, it follows that every line of P has at most two points in
common with K or is completely contained in K . From Steps 1 and 3, it follows
that the tangent space at K through a point x of K n fsg is a plane and that the
tangent space at K through s equals P. It follows that K is a quadratic set with
Rad.K / D s. ut
The following theorem classifies all quadratic sets of a 3-dimensional projective
space:

4.13 Theorem. Let P D P G.3; K/ be a 3-dimensional projective space over a
skew field K , and let Q be a quadratic set in P. Then, one of the following cases
occurs:

(a) Q is a subspace U of P. We have U D Rad.Q/.
(b) Q is the set of the points of two planes E1 and E2. If g D E1\E2; g D Rad.Q/.
(c) Q is a cone with vertex s. We have s D Rad.Q/.
(d) Q is an ovoid. We have ¿ D Rad.Q/.
(e) Q is a hyperbolic quadric. We have ¿ D Rad.Q/. Furthermore, K is commu-

tative.

Proof. By Theorem 2.10, every subspace U of P is a quadratic set with U D
Rad.Q/. From now on, let us assume that Q is not a subspace of P.

Step 1. We have dim Rad.Q/ � 1: Assume that E WD Rad.Q/ is a plane.
By assumption, we have E ¤ Q, that is, there exists a point x of Q n E . By
Theorem 2.8, it follows that P D hx; Ei is contained in Q, hence, Q D P, a
contradiction.
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Step 2. Let g WD Rad.Q/ be a line. Then, Q consists of the set of the points of
two planes E1 and E2 intersecting in g: Since Q ¤ Rad.Q/, there exists a point x

of Q not on g. Let h be a line through x disjoint to g. Then, by Theorem 2.9, Q and
h meet in a nondegenerate quadratic set of h, that is, h \ Q consists of two points
x and y. By Theorem 2.9, we have Q D hx; gi [ hy; gi.

Step 3. Let s WD Rad.Q/ be a point. Then, Q is a cone with vertex s: Let E be
a plane of P which does not contain the point s and which is not contained in Q.
By Theorem 2.9, Q \ E is a nondegenerate quadratic set of E . By Theorem 2.12, it
follows that O WD Q \ E is an oval. It follows from Theorem 2.9 that Q is a cone
with vertex s.

Step 4. Let ¿ D Rad.Q/. If Q does not contain any line of P, Q is an ovoid: By
definition, an ovoid is a nondegenerate quadratic set of a 3-dimensional projective
space which does not contain any lines.

Step 5. Let ¿ D Rad.Q/. If Q contains a line of P, Q is a hyperbolic quadric:

(i) By Theorem 2.3, no plane of P is contained in Q.
(ii) Let g be a line in Q, and let x be a point of Q outside of g. Then, there

is exactly one line of Q through x intersecting the line g: By Theorem 2.2,
the subspaces contained in Q define a nondegenerate polar space S. Since S
does not contain any planes, by Theorem 2.20 of Chap. IV, S is a generalized
quadrangle. The assertion follows.

(iii) There are two disjoint lines in Q: Since the subspaces contained in Q define
a polar space (Theorem 2.2), the assertion follows from Theorem 2.15 of
Chap. IV.

(iv) Let g and h be two disjoint lines in Q. For any point x on g, by Part (ii), there
exists exactly one line lx in Q through x intersecting the line h in a point. For
two points x and y on g, the lines lx and ly are disjoint:

y

x

z

g h

lx

lyAssume that the lines lx and ly have a point z
in common. If z is not contained in h, the lines g

and h are contained in hlx; lyi, in contradiction
to the assumption that g and h are disjoint.

y

x

z

g h

ly

lx

If z is incident with h, the point z of Q is incident
with two lines lx and ly of Q intersecting the line
g. This yields a contradiction to Part (ii).

(v) From Part (iv), it follows in particular that Q

contains at least three pairwise disjoint lines.

(vi) Q is a hyperbolic quadric: Let g1; g2; g3 be three pairwise disjoint lines
in Q. Since every transversal of fg1; g2; g3g contains three points of Q,
every transversal is contained in Q. Let T be the set of the transversals of
fg1; g2; g3g.

First case. If P contains a regulus R through fg1; g2; g3g, Q is a hyperbolic
quadric: Let R be the set of the points on the lines of R. Since R is a regulus, R

is the set of the points on the lines of T . It follows that R is contained in Q. If
R D Q; Q is a hyperbolic quadric.
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g1

g2

g3

x

t

y

z

h
Assume that there exists a point x of

Q n R. By Theorem 4.1, there exists a
line h through x meeting the lines g1

and g2 in two different points y and z.
It follows that h is contained in Q. Let t

be the transversal of R through y. Since
t is contained in R, we have t ¤ h. It
follows that there are two lines h and t of
Q through y intersecting the line g2, in contradiction to Part (ii).

Second case. The case, that there does not exist a regulus through fg1; g2; g3g,
yields a contradiction: For, let R be the set of the points on the lines of T . Since T
is not a regulus (otherwise, by Theorem 4.2, the opposite regulus of T would be a
regulus through fg1; g2; g3g/, one of the following two cases occurs:

.˛/ There exists a line h which intersects three of the lines of T without being
contained in R.
.ˇ/ There exists a line l which intersects three of the lines of T , which is
contained in R, but which misses at least one line of T .

The case .˛/ cannot occur: Since such a line h contains three points of R � Q,
it follows that h is contained in Q. It follows that there exists a point x of Q n R.
This fact yields, as in Case 1, a contradiction.

g1
g2

g3

l 
t 

It remains to show that the Case .ˇ/ cannot occur.
For, let l be a line intersecting three of the lines of T
which is contained in R, but which misses at least one
line t of T .

Since T consists of the transversals of fg1; g2; g3g and since l intersects at least
three of the lines of T , it follows from Theorem 4.2 that either l is one of the lines
of fg1; g2; g3g or l is disjoint to the lines g1; g2 and g3. Since t is a transversal of
fg1; g2; g3g and since l is disjoint to t , it follows that l is different from g1; g2 and
g3. Hence, l and g1; g2; g3 are disjoint.

Obviously, t is different from g1. Let E be the plane generated by t and g1. Since
P is of dimension 3, the line l and the plane E meet in a point p. Since l is disjoint
to g1 and to t , the point p is neither on g1 nor on t .

g1

l t 

E
p'

p

Since the line l is contained in R,
there is a transversal t 0 of T through p.
The transversal t 0 meets the line g1 in
a point p0 ¤ p. Hence, t 0 D pp0 is
contained in E .

It follows that the lines t and t 0 inter-
sect in a point, a contradiction.

ut
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Let Q be a hyperbolic quadric of a 3-dimensional projective space P. In
Theorem 4.15, we shall see that for every point z of P n Q, there exists a central
collineation � with centre z such that �.Q/ D Q. The following lemma prepares
the proof of this theorem.

4.14 Lemma. Let P D P G.3; K/ be a 3-dimensional projective space, and let Q

be a hyperbolic quadric of P.

(a) Let z be a point of PnQ. There exists a plane E of P through z such that Q \ E

consists of the set of the points of two lines.

a s

r b
(b) Let a and b be two points of Q which are not

joined by a line of Q. There exist exactly two
points r and s such that r and s are joined with a
and b by some lines of Q. Furthermore, we have
Qa \ Qb D rs.

a

c

r

s

dbe

g

h

(c) Let E be a plane of P such that E \ Q D
g [ h for two lines g and h of E . Let e WD
g \ h be the intersection point of g and h.
Let a and c be two points on g distinct from
e, and let b and d be two points on h distinct
from e. Finally, let r (respectively s) be the, in
view of (b), uniquely determined points of P
different from e which are joined with a and
with b (respectively with c and with d) by a
line of Q.

Then, H WD hQa \ Qb; Qc \ Qd i D he; r; si. In particular, H is a plane of P.9

Proof. (a) Let g be a line of Q. Since z is not contained in Q, the point z is not on
g. It follows that E WD hz; gi is a plane. Since E contains the line g of Q, by
Theorem 4.10, E \ Q consists of the set of the points of two intersecting lines.

s

a
r

b

g

h

m

l

(b) By Theorem 4.4, there are exactly two lines g and
h of Q through the point a. Since the line ab is
not contained in Q, the point b is neither incident
with g nor with h.

By Theorem 4.5, there exists exactly one line l

of Q through b intersecting the line g in a point r

and exactly one line m of Q through b intersecting
the line h in a point s.

9Note that the points r and s are not contained in the plane E D hg; hi.
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Obviously, r and s are contained in Qa\Qb, hence, rs is contained in Qa \Qb.
Since b is not contained in Qa, we have Qa ¤ Qb. From dim Qa D dim Qb D
2, it follows that dim .Qa \ Qb/ D 1. Thus, rs D Qa \ Qb .

(c) In view of (b), we have er D Qa \ Qb and es D Qc \ Qd . It follows that

hQa \ Qb; Qc \ Qd i D h e; r; si:

Assume that l WD h e; r; si is a line. Then, l intersects the lines ar , cs and bd ,
and it follows that l is a transversal of far; cs; bd g. From the uniqueness of this
transversal (Theorem 4.1), it follows that l D ac, in contradiction to the fact
that r , s are not incident with ac. ut

4.15 Theorem. Let P D P G.3; K/ be a 3-dimensional projective space over a
vector space V, and let Q be a hyperbolic quadric of P. Furthermore, let z be a
point of P outside of Q.

(a) There exists a central collineation � W P!P with centre z such that �.Q/ D Q.

z

e

dc

ba

g h(b) Let E be a plane of P through z such that
Q \ E consists of the set of the points of
two lines g and h of E . 10 Let e WD g \ h,
and let a and c be two points on the line g

distinct from e. Furthermore, let b WD za \
h and d WD zc \ h. Finally, let H WD
hQa \ Qb; Qc \ Qd i, and let � be the
central collineation of P with centre z, axis
H and �.a/ D b.11

Then, �.Q/ D Q and � is an automorphism of order 2. In particular, we have
�.b/ D a.

Proof. (a) Obviously, (a) follows from (b).

z

ra

c

e b d

s

(b) By Theorem 4.14, there exist two
points r and s such that r is joined
with the points a and b by some
lines of Q and such that s is joined
with the points c and d by some
lines of Q. Furthermore, again by
Theorem 4.14, H WD he; r; si is a
plane of P.

10Such a plane E exists by Theorem 4.14.
11By Theorem 4.14, H is a plane of P.
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By Theorem 4.6, there exists a basis B D fv0; v1; v2; v3g of V such that a D
hv0i; b D hv1 C v3i; c D hv2i; d D hv0 C v1 C v2 C v3i; e D hv0 C v2i; r D hv1i
and s D hv2 C v3i. Since z D ab \ cd , one easily verifies that z D hv0 C v1 C v3i.

Let A W V ! V be the linear transformation with the following matrix with
respect to the basis B:

A D

0

BB@

0 0 1 �1

�1 1 1 �1

0 0 1 0

�1 0 1 0

1

CCA ;

and let � W P ! P be the projective collineation defined by A. Since H D he; r; si,
we have H D hv0 C v2; v1; v2 C v3i. From A.v0 C v2/ D v0 C v2; A.v1/ D v1 and
A.v2 C v3/ D v2 C v3, it follows that AjH D id , hence, � jH D id . By Theorem 5.3
of Chap. II, � is a central collineation with centre x.

From A.v0/ D �v1 � v3 and A.v2/ D v0 C v1 C v2 C v3, it follows that �.a/ D b

and �.c/ D d .
From A.v1 C v3/ D �v0 and A.v0 C v1 C v2 C v3/ D v2, it follows that �.b/ D a

and �.d/ D c.
It follows that � is a central collineation with axis H , centre x D ab \ cd D z

and �.a/ D b. Since �2 is also a central collineation with axis H and centre z and
since �2.a/ D �.b/ D a, it follows that �2 D id , that is, � is of order 2.

In order to verify the assertion �.Q/ D Q, we shall consider a point x D
.x0; x1; x2; x3/t of Q with homogeneous coordinates with respect to the basis
B. By Theorem 4.9, Q is defined by the equation x0x3 � x1x2 D 0. We have

�.x/ D A

0

BB@

x0

x1

x2

x3

1

CCA D

0

BB@

0 0 1 �1

�1 1 1 �1

0 0 1 0

�1 0 1 0

1

CCA

0

BB@

x0

x1

x2

x3

1

CCA D

0

BB@

x2 � x3

�x0 C x1 C x2 � x3

x2

�x0 C x2

1

CCA :

From .x2 � x3/ .�x0 C x2/ � .�x0 C x1 C x2 � x3/ x2 D x3 x0 � x1 x2 D 0, it
follows that �.x/ is contained in Q. It follows that �.Q/ is contained in Q.

It remains to show that Q is contained in �.Q/: For, let y be an element of Q.
Then, x WD �.y/ is an element of �.Q/ � Q. It follows that �.x/ D �2.y/ D y.
Hence, y is an element of �.Q/. ut

5 Perspective Quadratic Sets

Definition. Let P D P G.d; K/ be a d-dimensional projective space, and let Q be
a quadratic set of P. Q is called perspective if for every point z outside of Q, such
that z is not contained in

T
x2Q

Qx , there exists a central collineation �z with centre z

such that �z.Q/ D Q.
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By Theorem 4.15, a hyperbolic quadric of a 3-dimensional projective space is
perspective. In the present section, we shall see that every nondegenerate quadratic
set Q of rank r � 2 is perspective (Theorem 5.4). In Theorem 5.5, we shall see that
the central collineation �z is uniquely determined.

5.1 Theorem. Let P D P G.d; K/ be a d-dimensional projective space. Let Q be
a nondegenerate quadratic set of rank r � 2.

(a) We have d � 3.
(b) Let x and y be two points of Q such that the line xy is contained in Q. For any

point z incident with the line xy, the set Qx \ Qy is contained in Qz.
(c) For any two points x and y of Q, we have Qx ¤ Qy .
(d) For any two points x and y of Q, we have dim .Qx \ Qy/ D d � 2.

Proof. (a) Since the subspaces contained in Q define a nondegenerate polar space
of rank r (Theorem 2.2), there exist two disjoint subspaces of dimension r � 1

in Q. It follows that d � 2r � 1 � 3.
(b) Let a be a point of Qx \ Qy .

a

x

y

z

If a is a point of Q, ax and ay are lines of
Q through a intersecting the line xy � Q in the
two points x and y. By Theorem 2.2, all lines
through a intersecting the line xy are contained
in Q. In particular, the line az is contained in Q.
Therefore, the point a is contained in Qz.

Next, we shall consider the case that a is a point outside of Q. If za is a tangent
of Q, a is contained in Qz. If za is not a tangent, there exists a point b of za \ Q

different from a and z. Since b is contained in Qx \ Qy ,12 the lines bx and by

are contained in Q. As above, it follows that bz is contained in Q. In particular,
the line za D bz is a tangent, in contradiction to the assumption.

(c) Assume that Qx D Qy . Then, x is contained in Qy , and y is contained in Qx ,
that is, the line xy is contained in Q.

Step 1. For any point z on xy, we have Qx D Qz: By assumption, we have
Qx D Qy . Hence, it follows from (b) that Qx D Qx \ Qy is contained in Qz.
From dim Qx D dim Qz D d � 1, it follows that Qx D Qz.

12Since the line xy is contained in Q and since the point z is incident with xy, z is contained in
Qx \ Qy . Since the point a is also contained in Qx \ Qy , it follows that the line za is contained
in Qx \ Qy . Finally, it follows that b is contained in Qx \ Qy since b is a point on za incident
with Q.
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Qrr

s

y
x

Step 2. The assumption Qx D Qy

yields a contradiction: Let r be a point of
Q outside of Qx, and let s WD Qr \ xy.
Since s is contained in Q \ Qr , the line
sr is contained in Q. It follows that r is
contained in Qs . By Step 1, the point r is
contained in Qs D Qx , in contradiction to
the choice of r .

(d) follows from (c). ut
Definition. Let P D P G.d; K/ be a projective space, and let Q be a nonde-
generate quadratic set. For two points x, y of Q, we denote by Qxy the subspace
Qxy WD Qx \ Qy .

5.2 Theorem. Let P D P G.d; K/ be a projective space, and let Q be a
nondegenerate quadratic set of rank r � 2. Let x and y be two points of Q such
that the line xy is not contained in Q.

(a) We have dim Qxy D d � 2.
(b) We have Q \ Qxy ¤ ¿.
(c) The set Q \ Qxy is a nondegenerate quadratic set in Qxy .
(d) We have Qxy D hQ \ Qxyi.

Proof. (a) follows from Theorem 5.1.
(b) Since Q is a quadratic set of rank r � 2, the point x is incident with a line g of

Q. In particular, g is contained in Qx. Let z WD Qy \ g. Then, z is contained in
Qx \ Qy D Qxy .

(c) By Theorem 2.5, Q \ Qxy is a quadratic set in Qxy . Assume that Q \ Qxy

admits a double point p. Then, all lines of Qxy through p are tangents of Q,
and it follows that Qxy is contained in Qp. On the other hand, it follows from
the fact that p is contained in Qxy and that Qxy is contained in Qx that x is
contained in Qp. Analogously, it follows that y is contained in Qp.

Since the line xy is not contained in Q, the point x is not contained in
Qxy . It follows that dim hx; Qxyi D d � 1, hence hx; Qxyi D Qx . Similarly,
it follows that hy; Qxyi D Qy . By Theorem 5.1, we have Qx ¤ Qy . It follows
that hx; y; Qxyi D hQx; Qyi D P.

Altogether, we have P D hx; y; Qxyi � Qp, that is, Qp D P. It follows
that p is a double point of Q, in contradiction to the assumption that Q is
nondegenerate.

(d) follows from (b) and (c) in view of Theorem 2.11. ut
5.3 Theorem. Let P D P G.d; K/ be a d-dimensional projective space, and let Q

be a nondegenerate quadratic set of P of rank r � 2. Let z be a point of P outside
of Q and outside of

T
x2Q

Qx.
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(a) There exists a plane E of P through z such that Q \ E D g [ h for two lines g

and h.
(b) Let e WD g \ h be the intersection point of the lines g and h. Furthermore, let a

and c be two points on the line g distinct from e, and let b and d be two points
on the line h distinct from e. Then, the subspace hQab; Qcd i is a hyperplane
of P.

Proof. (a) By assumption, there exists a point a

in Q such that z is not contained in Qa. It
follows that on the line az, there is exactly
one further point b of Q.

z

a b

e

g h

E

dc
By Theorem 5.2, we have Q \ Qab ¤ ¿,
that is, there exists a point e of Q \ Qab .
It follows that the lines g WD ae and h WD
be are contained in Q. Let E WD he; a; bi be the plane generated by the points
e, a and b. Then, g [ h is contained in E .

Since the line ab is not contained in Q, we have Q \ E ¤ E . From
Theorem 2.12, it follows that Q \ E D g [ h.

(b) By Theorem 5.1, the hyperplanes Qa; Qb; Qc; Qd ; Qe are pairwise distinct.
Step 1. We have Qab ¤ Qcd : By Theorem 5.1, we have dim Qab D

dim Qcd D d � 2. Assume that Qab D Qcd . Then, U WD Qab D Qab \
Qcd D Qa \ Qb \ Qc \ Qd and dim U D d � 2. In particular, we have
U D Qb \ Qd D Qbd . Since the line bd is contained in Q, the point b is
contained in Qb \ Qd D U . It follows that b is contained in U D Qab � Qa,
in contradiction to the assumption that the line ab is not a tangent of Q.

Step 2. The subspace hQab; Qcd i is a hyperplane of P: By Theorem 5.1,
Qa \ Qc is contained in Qe . In particular, we have Qac D Qa \ Qc � Qa \
Qe D Qae . From dim Qac D d � 2 D dim Qae (Theorem 5.1), it follows that
Qac D Qae . Analogously, we have Qbd D Qbe. It follows that

Qab \ Qcd D Qa \ Qb \ Qc \ Qd

D Qa \ Qc \ Qb \ Qd

D Qa \ Qe \ Qb \ Qe

D Qa \ Qb \ Qe:

Since Qa; Qb; Qe are pairwise distinct hyperplanes of P, it follows that

dim.Qab \ Qcd / D dim.Qa \ Qb \ Qe/ 2 fd � 2; d � 3g:

If dim .Qab \ Qcd / D d � 2; Qab D Qcd , in contradiction to Step 1. It
follows that dim.Qab\Qcd / D d�3, implying that hQab; Qcd i is a hyperplane
of P. ut
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5.4 Theorem (Buekenhout). Let P D P G.d; K/ be a d-dimensional projective
space, and let Q be a nondegenerate quadratic set of rank r � 2.

(a) The quadratic set Q is perspective.
(b) Let z be a point of P outside of Q and outside of

T
x2Q

Qx. Furthermore, let E

be a plane of P through z such that Q \ E D g [ h for two lines g and h.13 Let
e WD g \ h be the intersection point of the lines g and h, and let a and c be two
points on the line g, both distinct from e. Let b WD za \ h and d WD zc \ h.

Finally, let � be the central collineation of P with centre z, axis hQab; Qcd i
and �.a/ D b.14 Then, �.Q/ D Q; �.b/ D a; �.c/ D d and �.d/ D c. In
particular, � is of order 2.

Proof. (a) follows from (b).
(b) The proof of (b) is organized as follows: In Step 1, we shall show that �.g/ D h.

In particular, �.x/ is contained in Q for all points x on g.
In Steps 2 and 3, we shall see that the lines of Q through a (respectively

through c) are mapped under � on lines of Q through b (respectively through
d ) and that we have �.Qa/ D Qb and �.Qc/ D Qd .

For a point x of QnE , there exists at least one line l contained in Q such that
the lines l and g D ae meet in a point f .15 In Step 4, we shall see that �.x/ is
contained in Q if f ¤ e.

Step 5 is devoted to the proof of the equations �.b/ D a and �.Qb/ D Qa. In
particular, we have �.h/ D g, that is, �.x/ is contained in Q for all x of Q \ E

(Step 1).
In Step 6, we shall show that �.x/ is contained in Q for all points x of QnE

such that the line l WD xe is contained in Q.
From Steps 1 to 6, it follows that �.Q/ is contained in Q. It remains to show that

�.Q/ D Q. This verification is the subject of the final Step 7.
In what follows, let H WD hQab; Qcd i.

z

e

dc

ba

g hStep 1. We have �.e/ D e; �.c/ D d and
�.g/ D h: Since the lines g and h are tangents
of Q through a and b, respectively, it follows
that e is contained in Qab � H . Since H is
the axis of � , it follows that �.e/ D e. From
�.a/ D b and �.e/ D e, it follows that �.g/ D
h. Since z is the centre of � , the point �.c/ is on
the line zc. It follows that �.c/ D �.zc \ g/ D
�.zc/ \ �.g/ D zc \ h D d .

13Such a plane exists by Theorem 5.3.
14By Theorem 5.3, the subspace hQab; Qcd i is a hyperplane of P.
15The existence of the point f follows from the fact that the points and lines of Q form a polar
space.
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Step 2. � maps the lines of Q through a (respectively through c) onto the lines
of Q through b (respectively through d ):

Qb

l

z a

b

s

For, let l be a line of Q through a, and
let s WD l \ Qb . Then, s is contained in
Qa \ Qb D Qab � H , and it follows that
�.s/ D s.

Since �.a/ D b; �.s/ D s and since s is contained in Qb , it follows that �.l/ D
bs is a line through b in Qb, that is, a tangent of Q. Since the points s, b are
contained in Q \ �.l/, it follows that �.l/ is contained in Q.

Step 3. We have �.Qa/ D Qb and �.Qc/ D Qd : By Theorem 5.2, we have
dim Qab D d �2, and Qab D hQ \Qabi. Since a is not contained in Qb , it follows
that a is not contained in Qab . Hence, we have Qa D ha; Qabi. Analogously,
it follows that Qb D hb; Qabi. Finally, we have �.Qab/ D Qab , since Qab is
contained in H . Altogether, we have

�.Qa/ D �.ha; Qabi/ D h�.a/; �.Qab/i D hb; Qabi D Qb:

Step 4. Let x be a point of QnE , and let l be a line of Q through x intersecting
the line g D ac in a point f . If f and e are distinct, �.x/ is contained in Q:

E

c
z

ba

x

lf

e

d

U

If f D a or f D c, the assertion follows
from Step 2. Let f ¤ a; c. Let U WD hE; li
be the 3-dimensional subspace of P generated
by E and l . Since a, b, e, x are contained in
Q \U , we have hQ \U i D U . Since Q \U

contains the lines g D ac; h D bd and l , it
follows that Q \ U is neither an ovoid nor a
cone. Since z is contained in U nQ, we have
Q \U ¤ U . By Theorem 4.13, either Q \U

is the set of the points of two planes or Q\U

is a hyperbolic quadric.

First case. If Q \U is the set of the points of two planes, �.x/ is contained in Q:

l
g

x

a

f

e

b

h

F1 F2

Let F1 and F2 be two planes of U such that
Q \ U D F1 [ F2. Since the plane E contains
the point z outside of Q, we have E ¤ F1; F2.
It follows that g is contained in F1 and h is
contained in F2 (or g is contained in F2 and h

is contained in F1). Since l is contained in Q and
since l \ g D f ¤ e, the line l is contained in
the plane F1. It follows that the points a and x are contained in F1, that is, the line
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ax is contained in F1 and hence contained in Q. From Step 2, it follows that �.x/

is contained in Q.
Second case. If Q \ U is a hyperbolic quadric, �.x/ is contained in Q, and

we have �.b/ D a: Let H 0 WD H \ U . Then, H 0 is a plane of U not containing
the points a and b. From �.H 0/ D H 016 and �.a/ D b, it follows that �.U / D
�.ha; H 0i/ D hb; H 0i D U .

Let � 0 WD � jU . Then, � 0 W U ! U is a central collineation with centre z and axis
H 0 WD H \ U . Let Q0 WD Q \ U . By Theorem 2.5, the set Q0 is a quadratic set
with the property that Qx \ U D .Q \ U /x D Q0

x for all points x of Q \ U D Q0.
Using Theorem 2.5, we obtain

H 0 D H \ U

D hQab; Qcd i \ U

� hQab \ U; Qcd \ U i
D hQa \ Qb \ U; Qc \ Qd \ U i
D h.Qa \ U / \ .Qb \ U /; .Qc \ U / \ .Qd \ U /i
D h.Q \ U /a \ .Q \ U /b; .Q \ U /c \ .Q \ U /d i
D ˝

Q0
a \ Q0

b; Q0
c \ Q0

d

˛
:

By Lemma 4.14, we have dim
˝
Q0

a \ Q0
b; Q0

c \ Q0
d

˛ D 2. Since dim H 0 D 2, it
follows that H 0 D ˝

Q0
a \ Q0

b; Q0
c \ Q0

d

˛
.

By Theorem 4.15, we have � 0.Q0/ D Q0 and � 0.b/ D a. From � 0 D � jU , it
follows that �.b/ D a and that �.x/ is contained in Q.

Step 5. We have �.b/ D a and �.Qb/ D Qa. Furthermore, � is of order 2:
We first shall show that there is a 3-dimensional subspace U through the plane
E D ha; b; ei such that Q \ U is a hyperbolic quadric:

l e

ba

x

E

By Theorem 5.2, Q \ Qab is a
nondegenerate quadratic set in Qab . It follows
that there is a line l contained in Qab

with jl \ Qj D 2 through the point e of
Qab . Let x be the point of Q on l distinct
from e. Since x is contained in Q \ Qab ,
the lines ax and bx are contained in Q.
Since Q \ E D g [ h, x is not contained
in E.

Let U WD hx; Ei be the 3-dimensional subspace of P generated by x and E .
Then, Q \ U is a hyperbolic quadric: Since U D hx; a; b; ei and since Q \ U

16H 0 is a subspace of H , and H is the axis of � .
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contains the lines xa, xb, g D ae and h D be, by Theorem 4.13, Q \ U is the set
of the points of two planes of P or a hyperbolic quadric.

a
b

h
g

m

e

F1 F2
Assume that Q \ U is the set of the

points of two planes F1 and F2 of P. Since
E is not contained in Q, we have E ¤
F1; F2. It follows that w.l.o.g. the line g is
contained in F1 and the line h is contained
in F2. For the line m WD F1 \ F2, we get

m D F1 \ F2 � g \ h D e:

Since x is contained in Q \ U D F1 [ F2, the line l D xe is contained in Q, a
contradiction. It follows that Q \ U is a hyperbolic quadric. From Step 4 (Case 2),
it follows that �.b/ D a. Thus, �2 is a central collineation with centre z, axis H and
�2.a/ D �.�.a// D �.b/ D a. It follows that �2 D id .

It remains to show that �.Qb/ D Qa. Since Qb D hb; Qabi; �.b/ D
a and �.Qab/ D Qab (since Qab is contained in H ), we have �.Qb/ D
h�.b/; �.Qab/i D ha; Qabi D Qa.

Step 6. Let x be a point of Q such that the line l WD xe is contained in Q.
Then, �.x/ is contained in Q: If x is contained in H D hQab; Qcd i; �.x/ D x is
contained in Q. W.l.o.g., we shall suppose that x is not contained in H .

(i) There is a point e0 of Q \ .Qab [ Qcd / such that the line e0x is not contained
in Q: Otherwise, for any point y of .Q \ Qab/ [ .Q \ Qcd /, the line yx

is contained in Q. It follows that Q \ Qab is contained in Qx and hence,
Qab D hQ \ Qabi is contained in Qx. Analogously, we can see that Qcd

is contained in Qx. Thus, Qx D hQab; Qcd i D H , in contradiction to the
assumption that x is not contained in H .

e'

d'

b
a

z
c d

ex

c'
g'

h'

m

(ii) W.l.o.g., we shall assume that e0
is contained in Qab . Let m be a
line of Q through x intersecting
the line e0a in a point c0. Since
the line e0x is not contained in
Q, we have c0 ¤ e0. If c0 D a, it
follows from Step 2 that �.x/ is
contained in Q. Hence, we may
assume that c0 ¤ a. Let d 0 WD
zc0 \ e0b.17

If g0 WD ac0 and h0 WD bd 0, the lines g0 and h0 are lines of Q since e0 is
contained in Q \ Qab .

Let E 0 WD hz; a; c0i. Then, Q \ E 0 D g0 [ h0.

17Note that the plane he0; c0; bi contains the point a and therefore the line ab. Hence, the point z
is also contained in this plane. It follows that the lines zc0 and e0b meet in a point.
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(iii) Let � 0 be the central collineation of P with centre z and axis H 0 WD
hQab; Qc0d 0i such that � 0.a/ D b. Then, � 0.b/ D a. Furthermore, � 0.x/ is
contained in Q: Steps 1 to 5 can be applied to the central collineation � 0 with
the following replacements:

z ! z; a ! a; b ! b; c ! c0; d ! d 0; e ! e0; E ! E 0; H ! H 0:

From Step 5, it follows that � 0.b/ D a. Since the point x is on the line xc0 of
Q, it follows from Step 2 that � 0.x/ is contained in Q.

(iv) We have � D � 0. In particular, �.x/ is contained in Q: Since the point z is the
centre of � and of � 0, the transformation � WD � � 0 admits also the point z as
centre. By Theorem 5.6 of Chap. II, � is a central collineation with centre z.
Let L be the axis of � .

Since Qab is contained in H \ H 0; Qab is contained in L. From �.a/ D
�.� 0.a// D �.b/ D a and �.b/ D �.� 0.b// D �.a/ D b, it follows that the
points a, b are contained in L. It follows that L contains hQab; a; bi D P.
Hence, we have � D id . Since � is a collineation of order 2 (Step 5), we have
� D ��1 D � 0.

Step 7. We have �.Q/ D Q: It follows from Steps 1 to 6 that �.Q/ is
contained in Q. Let y be a point of Q, and let x WD �.y/. Then, x is an
element of Q, and it follows that �.x/ D �2.y/ D y. Hence, �.Q/ D Q. ut

5.5 Theorem. Let P D P G.d; K/ be a d-dimensional projective space, and let Q

be a nondegenerate quadratic set of rank r � 2. Let z be a point of P outside of Q

and outside of
T

x2Q

Qx .

There exists exactly one central collineation id ¤ � with centre z and
�.Q/ D Q.

Proof. By Theorem 5.4, there exists a central collineation � with centre z and
�.Q/ D Q. Let H be the axis of � .

By Theorem 5.3, there exists a plane E of P through z such that Q \ E D g [ h

for two lines g and h of Q. Let e WD g \ h be the intersection point of g and h, and
let a be a point on g distinct from e.

Ex

baz

Step 1. If b WD za \ h is the intersection point
of the lines za and h; Qab is contained in H : Let
x be a point of Q \ Qab . Then, the lines xa and
xb are contained in Q. Let E WD ha; b; xi be the
plane generated by the points a, b and x.

Since E contains the lines ax and bx of Q, we have Q\E D ax[bx or Q\E D E

(Theorem 2.12). Since the point z is contained in E , it follows that Q \ E ¤ E ,
hence, Q \ E D ax [ bx. In particular, we have zx \ Q D x. Since z is the centre
of � and since �.Q/ D Q, it follows that
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�.x/ D �.zx \ Q/ D �.zx/ \ �.Q/ D zx \ Q D x:

Thus, x is contained in H . By Theorem 5.2, Qab D hQ \ Qabi is contained in H .
Step 2. Let c be a point on the line g distinct from e and a, and let d WD zc \ h.

Then, Qcd is contained in H : The assertion follows as in Step 1.
Step 3. The transformation � is uniquely determined: It follows from Steps 1 and

2 that H contains hQab; Qcd i. By Theorem 5.3, hQab; Qcd i is a hyperplane of P,
it follows that H D hQab; Qcd i. Thus, for every central collineation id ¤ � with
centre z, axis H and the property that �.Q/ D Q, we have H D hQab; Qcd i and
�.a/ D b. It follows that � is uniquely determined. ut

6 Classification of the Quadratic Sets

In this section we shall present the main result of the present chapter, namely the
classification of the quadratic sets. The main results are as follows:

• An oval of the projective plane P D P G.2; K/, which is perspective, is a
quadric. In particular, the field K is commutative (Corollary 6.1).

• If Q is a nondegenerate quadratic set of rank r � 2 of the projective space
P D P G.d; K/, Q is perspective, Q is a quadric, and K is commutative
(Theorem 6.4).

• If Q is a nondegenerate quadratic set of the projective space P D P G.d; K/, Q

is either an ovoid or a quadric, and K is commutative (Corollary 6.5).

6.1 Theorem. Let P D P.V/ be a projective plane over a right vector space over
a skew field K , and let Q be an oval of P. If Q is perspective, we have:

(a) Q is a quadric.
(b) The field K is commutative.

Proof. (a) Step 1. Let a, b and c be three points on Q. W.l.o.g., let a D
.0; 1; 0/t ; b D .1; 0; 0/t and c D .1; 1; 1/t . Let ta and tb be the tangents of
Q through a and b, respectively, and let s WD ta \ tb be the intersection point of the
tangents ta and tb . Since the points a, b, c, s form a frame, we can choose w.l.o.g.
the point s as s D .0; 0; 1/t .

a

b
c

s

ta Q

g

z
tb

Step 2. Let g WD ab be the line joining the
two points a and b. Then, for every point z on
g different from a and b, it follows that z is not
contained in Q and that z is not contained in
\fQx j x 2 Qg:

Since Q is an oval and since a, b are contained
in Q, it follows that Q\g D fa; bg. In particular,
z is not contained in Q. Since Qa D ta and Qb D tb , it follows from z ¤ ta \ tb
that z is not contained in

T
x2Q

Qx .
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Step 3. The points on g different from a and b are exactly the points z D
.1; m; 0/t with 0 ¤ m 2 K . Since Q is perspective, for every point zm D
.1; m; 0/t with 0 ¤ m 2 K , there exists a central collineation id ¤ �m with
centre zm such that �m.Q/ D Q.

Step 4. We have �m.s/ D s: Since the line g D ab is incident with the centre
zm of �m, we have �m.g/ D g. It follows from �m.Q/ D Q that �m.a/ D a and
�m.b/ D b or �m.a/ D b and �m.a/ D b. It follows that for the tangents ta and
tb , we obtain: �m.ta/ D ta and �m.tb/ D tb or �m.ta/ D tb and �m.ta/ D tb . Since
s D ta \ tb , it follows that �m.s/ D s.

Step 5. Let h be a line through zm intersecting the oval Q in two points x and y.
Then, �m.x/ D y and �m.y/ D x:

Since the line h is incident with the centre zm of �m, we have �m.h/ D h. From
�m.Q/ D Q, it follows that �m.x/ D x and �m.y/ D y or �m.x/ D y and
�m.y/ D x. Assume that �m.x/ D x and �m.y/ D y. Then, the line h is incident
with the three fixed points x, y and zm, and it follows that h is the axis of �m. Since
the centre zm of �m is incident with h, h is the only fixed line of �m through x. Since
�m.x/ D x and �m.Q/ D Q, the collineation �m fixes the tangent tx through x at
Q. It follows that tx D h, in contradiction to h \ Q D fx; yg.

Step 6. We have �m.a/ D b and �m.b/ D a: The line g meets the oval Q in
the points a and b. Furthermore, zm is incident with g, and s is not incident with g.
From Step 5, it follows that �m.a/ D b and �m.b/ D a.

Step 7. Let Am be the matrix representation of �m. Then, we have

Am D
0

@
0 m�1 0

m 0 0

0 0 �1

1

A W

From a D .0; 1; 0/t ; b D .1; 0; 0/t ; s D .0; 0; 1/t and �m.a/ D b; �m.b/ D
a, �m.s/ D s, it follows that there exist non-zero elements ˛; ˇ and � of K such that

Am D
0

@
0 ˛ 0

ˇ 0 0

0 0 �

1

A :

Since zm D .1; m; 0/t and Am.zm/ D zm, it follows that there exists an element
0 ¤ � of K such that

0

@
1

m

0

1

A � D Am

0

@
1

m

0

1

A D
0

@
0 ˛ 0

ˇ 0 0

0 0 �

1

A

0

@
1

m

0

1

A D
0

@
˛m

ˇ

0

1

A :

It follows that � D ˛m and m� D ˇ. Hence, ˛ D m�1ˇm�1.
The lines gk through the point zm D .1; m; 0/t are of the form
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�kmx0 C kx1 C x2 D 0

for some element k of K . In other words, the lines through the point zm are exactly
the lines gk D Œ�km; k; 1�. Since the point zm is the centre of �m, it follows that
�m.gk/ D gk for all k of K . On the other hand, we have

�m.gk/ D Œ�km; k; 1�

0

@
0 ˛ 0

ˇ 0 0

0 0 �

1

A D Œkˇ; �km˛; ��:

Hence, there exists an element 0 ¤ � 2 K such that � Œ�km; k; 1� D
Œkˇ; �km˛; ��. It follows that � D � and that

kˇ D �� k m for all k of K: (1)

If we consider the case k D 1, it follows from (1) that

ˇ D �� m: (2)

From (1) and (2), it follows that

k� D � k for all k of K: (3)

Hence, � is an element of the centre Z(K) of K . W.l.o.g. we may suppose that
� D �1 (otherwise, by Theorem 4.4 of Chap. III, we may replace the matrix Am

by ���1Am). It follows from (2) that ˇ D m. Hence, ˛ D m�1ˇm�1 D m�1.
Altogether, we have

Am D
0

@
0 m�1 0

m 0 0

0 0 �1

1

A :

Step 8. We have Q D f.m�1; m; �1/t j 0 ¤ m 2 Kg [ f.1; 0; 0/t ; .0; 1; 0/tg:
Let M WD f.m�1; m; �1/t j 0 ¤ m 2 Kg [ f.1; 0; 0/t ; .0; 1; 0/tg.

(i) M is contained in Q: Let 0 ¤ m be an element of K . By Step 1, the point
c D .1; 1; 1/t is contained in Q. Let �m be the central collineation with centre
zm D .1; m; 0/t and �m.Q/ D Q (see Step 3). By Step 7, it follows that

�m .c/ D Am

0

@
1

1

1

1

A D
0

@
0 m�1 0

m 0 0

0 0 �1

1

A

0

@
1

1

1

1

A D
0

@
m�1

m

�1

1

A :

Since �m.Q/ D Q; .m�1; m; �1/t D �m.c/ is contained in Q.
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z = zm

b

a

c

x(ii) Q is contained in M : Obviously, the points a

and b are contained in M . Let x be a point on
Q distinct from a and b. If x D c, the point x

is contained in M . Hence, we may assume that
x ¤ c. Let z WD ab \ xc be the intersection
point of the lines ab and xc.

By Step 3, there exists an element 0 ¤ m of K such that z D zm D .1; m; 0/t .
Let �m be the central collineation with centre zm such that �m.Q/ D Q. By Step 7,
we have �m.c/ D .m�1; m; �1/t . From Step 5, it follows that �m.c/ D x.
Altogether, the point x D .m�1; m; �1/t is contained in M .

Step 9. The field K is commutative: For, let m and n be two elements of K n f0g.
By Step 8, the point x WD .n�1; n; �1/t is contained in Q. Let �m be the central
collineation defined in Step 3. By Step 7, �m has the matrix representation

Am D
0

@
0 m�1 0

m 0 0

0 0 �1

1

A :

It follows that

�m .x/ D Am

0

@
n�1

n

�1

1

A D
0

@
0 m�1 0

m 0 0

0 0 �1

1

A

0

@
n�1

n

�1

1

A D
0

@
m�1n

mn�1

1

1

A

is contained in Q. Since m, n ¤ 0, it follows from Step 8 that �m.x/ is of the form
.��1; �; �1/ for some 0 ¤ � of K . Hence, �m.x/ D .�m�1n; �mn�1; �1/t with

1 D .�m�1n/.�mn�1/ D m�1nmn�1:

It follows that mn D nm, hence, K is commutative.
Step 10. Let Q0 be the quadric of P with the equation x0x1 � x2

2 D 0. Then,
Q D Q0. In particular, Q is a quadric:

Let M WD f.m�1; m; �1/t j 0 ¤ m 2 Kg [ f.1; 0; 0/t ; .0; 1; 0/tg. By Step
8, we have M D Q.

(i) M is contained in Q0: Obviously, the points .1; 0; 0/t and .0; 1; 0/t are
contained in Q0. Since m�1m � 1 D 0, every point .m�1; m; �1/t with
0 ¤ m 2 K is contained in Q.

(ii) Q0 is contained in M : Let x D .x0; x1; x2/t be a point of Q. If x2 D 0, it
follows that x0x1 D 0, that is, x D .1; 0; 0/t or x D .0; 1; 0/t . It follows
that x is contained in M . If x2 ¤ 0, we may assume w.l.o.g. that x2 D �1. It
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follows that x0x1 � 1 D 0, that is, x0x1 D 1. Hence, x0; x1 ¤ 0 and x1 D x�1
0 .

Thus, the point x D .x0; x�1
0 ; �1/t is contained in M .

(b) The commutativity of K has been shown in Step 9 of the proof of Part (a). ut
6.2 Theorem. Let P D P G.2; K/ be a projective plane over a commutative field
K , and let O1 and O2 be two conics with the following properties:

(i) We have O1; O2 ¤ P.
(ii) The set O1 \ O2 contains three mutually non-collinear points x, y and z.

(iii) The tangents of O1 at the points x and y equal the tangents of O2 at the points
x and y.

Then, O1 D O2.

Proof. Let tx and ty be the tangents of O1 at the points x and y, respectively, and
let s WD tx \ ty be the intersection point of the tangents tx and ty . Then, the points
s, x and y are not collinear. Since, by Theorem 4.6 of Chap. III, the automorphism
group of P operates transitively on the frames of P, we can assume w.l.o.g. that
x D .1; 0; 0/t; y D .0; 1; 0/t and s D .0; 0; 1/t . It follows that the lines tx D xs

and ty D ys are defined by the equations

tx W x1 D 0

ty W x0 D 0:

x

z

y

ty

s 

tx

Since the points x, y and z are mutually
non-collinear, the point z is neither incident
with the tangent tx nor with the tangent ty .

Since the points x, y, and z are non-
collinear and since z is neither incident with
tx nor with ty , the points x, y, z and s form a
frame. Hence, we may assume w.l.o.g. that
z D .1; 1; 1/t .

The conic O1 is defined by an equation of
the form

ax2
0 C bx2

1 C cx2
2 C dx0x1 C ex0x2 C f x1x2 D 0

for some a, b, c, d , e, f of K . Since x is contained in O1, it follows that a D 0.
Since y is contained in O1, it follows that b D 0.

By Theorem 3.6, the tangents tx and ty are defined by the equations

tx W dx1 C ex2 D 0

ty W dx0 C f x2 D 0:

From tx W x1 D 0, it and ty W x0 D 0, it follows that e D f D 0. Finally, since z
is contained in O1, it follows that c C d D 0. Altogether the conic O1 satisfies the
equation
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cx2
2 � cx0x1 D 0:

Since O1 ¤ P, we have c ¤ 0. Hence, O1 is defined by the equation x2
2 � x0x1 D 0.

Similarly, it follows that O2 is defined by the equation x2
2 � x0x1 D 0. Hence,

O1 D O2. ut
6.3 Theorem. Let P D P G.d; K/ be a d-dimensional projective space over a
commutative field K . Furthermore, let Q be a quadratic set of P which is not a
subspace of P. Assume that E \ Q is a conic for all planes E such that E \ Q is
an oval. Then, Q is a quadric.

Proof. We shall prove the assertion by induction on d . For d D 2, the assertion is
obvious. Hence, we may assume that d � 3.

Step 1. Since Q is not a subspace of P, there exist two points a and b of Q such
that the line g WD ab is not contained in Q. In particular, g is not a tangent of Q.
Let H be a hyperplane of P through a and b. Then, H \ Q is not a subspace of P.
By induction, QH WD H \ Q is a quadric of H .

Step 2. There is a point x of Q n .Q \ H/ which is not a double point of Q:
Since Q is not a subspace of P, by Theorem 2.11, we have hQi D P. It follows that
there exists a point x of Q which is not contained in Q \ H .

x

a

z

b c

g
h

Assume that each point of
Q n .Q \ H/ is a double point.
In particular, the point x is a
double point of Q. It follows that
the lines xa and xb are tangents
of Q. Hence, they are contained
in Q. Let z be a point on the line
xa distinct from x and a. Since
xa is contained in Q, z is a point
of Q n .Q \ H/.

By assumption, z is a double point of Q, that is, all lines of P through z are
tangents of Q. Let h be a line through z intersecting the line g D ab in a point
c ¤ a; b. Since the line h is contained in the plane generated by the points x, a and
b, the lines h and xb intersect in a point. It follows that there are two points (z and
h \ xb) of Q on h. Since h is a tangent of Q, it follows that h is contained in Q.
Hence, c is contained in Q, in contradiction to Step 1.

Step 3. Let p be a point of Q n .Q \ H/ which is not a double point. In P, there
exist coordinates such that p D .1; 0; : : :; 0/t and such that the hyperplanes H and
Qp are defined by the equations H W x0 D 0 and Qp W xd D 0.

Step 4. There is a point q of Q \ H such that the line pq is not contained in Q:
Since the point p is not a double point, the tangent space Qp is a hyperplane of P.
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p

q

H

Qp

H ∩ Qp

Since p is not contained in H , the sub-
space Qp \ H is a .d � 2/-dimensional
subspace of H.

Since hQ \ H i D H (Theorem 2.11),
there exists a point q of Q \H such that q is
not contained in Qp. Since q is not contained
in Qp , the line pq is not contained in Q.

Step 5. Since, by Step 1, QH D Q \ H is a quadric in H and since the subspace
H is defined by the equation x0 D 0, there exist elements aij of K for i; j D
1; : : :; d such that the quadric QH is defined by the equation

QH W
dX

i;j D1

aij xi xj D 0:

Step 6. For every element 0 ¤ � of K , let Q� be the quadric of P defined by the
equation

Q� W �x0xd C
dX

i;j D1

aij xi xj D 0:

Then:

(i) We have Q� \ H D Q \ H D QH .
(ii) The point p is contained in Q�.

(iii) The tangent space Qp of Q at p is the tangent space .Q�/p of Q� at p.

The statements (i) and (ii) are obvious.
By Theorem 3.6, the tangent space .Q�/p of Q� at p D .p0; p1; : : :; pd /t D

.1; 0; : : : ; 0/t is defined by the equation

0 D � .p0xd C pd x0/ C
dX

i;j D1

aij

�
pi xj C pj xi

� D �xd :

Since � ¤ 0, the tangent space .Q�/p is defined by the equation xd D 0. From
Step 3, it follows that .Q�/p D Qp .

Step 7. There is an element 0 ¤ � of K with .Q�/q D Qq (see Step 4; in the
following, this quadric Q� is denoted by Q0):

Since the point q is contained in H , q is of the form q D .0; �1; : : :; �d /t .
Since q is not contained in Qp , it follows that �d ¤ 0. By Theorem 3.6, the tangent
space .Q�/q of Q� at q is given by the equation

0 D � .�0xd C �d xo/ C
dX

i;j D1

aij

�
�i xj C �j xi

� D ��d xo C
dX

i;j D1

aij

�
�i xj C �j xi

�
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(note that �0 D 0). By Step 5 and Theorem 3.6, the tangent space .QH /q of QH at
q in H is given by the equation

.QH /q W
dX

i;j D1

aij

�
�i xj C �j xi

� D 0:

Since, by Theorem 2.5, we have Qq \ H D .Q \ H/q D .QH /q , there exists an
element ˛ of K such that Qq is defined in P by the equation

Qq W ˛x0 C
dX

i;j D1

aij

�
�i xj C �j xi

� D 0:

Since p D .p0; p1; : : :; pd /t D .1; 0; : : :; 0/t is not contained in Qq , we have

0 ¤ ˛p0 C
dX

i;j D1

aij

�
�i pj C �j pi

� D ˛:

It follows that there exists (exactly) one element 0 ¤ � of K , namely � WD ˛�d
�1,

such that .Q�/q D Qq . Set Q0 WD Q� for � WD ˛�d
�1.

In what follows, we shall show that Q D Q0. In particular, this implies that Q is
a quadric. The purpose of Steps 8 to 10 is to verify that Q is contained in Q0.

Step 8. Let x be a point of Q \ H . Then, by Step 6, the point x is contained in
Q0 as well.

Step 9. Let x be a point of Q such that x is not contained in H and such that x is
not contained in hp; .Q \ H/qi. Then, x is contained in Q0:

By construction, the points p, q and x are non-collinear. We consider the plane
E WD hx; p; qi.

x y

q

H

p

E

(Q ∩ H)q

l

The line l WD E \ H is not
contained in the subspace hp; .Q \
H/qi: Otherwise, E D hp; li would
be contained in hp; .Q \ H/qi, in
contradiction to the fact that x is not
a point of hp; .Q \ H/qi.

It follows that l is not a tangent of
Q. Hence, there is a point y of Q on
l different from q.

Since the line pq is not a tangent of Q, by Theorem 2.4, the plane E contains
exactly one tangent tp of Q through p. Since Qp D Q0

p (Step 6), tp is a tangent of
Q0 at p. Analogously, it follows that there is exactly one tangent tq of Q at q in E .
The tangent tq is a tangent of Q0 at q as well. Since pq is not a tangent of Q, we
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have tq ¤ tp . Finally, the plane E is neither contained in Q nor in Q0, since the line
pq is neither contained in Q nor in Q0.18

Since the points p, q and x are non-collinear, E \Q is either the set of the points
of two intersecting lines or it is an oval.

g
p

s q h
E

If E \ Q is the set of the points of two
intersecting lines g and h with s WD g \
h, each of the points p and q is incident
with exactly one of the two lines g and h,
and we have p, q ¤ s. We may assume
w.l.o.g. that p is incident with g and that
q is incident with h. Hence, g D tp and
h D tq .

It follows that E \ Q D tp [ tq D E \ Q0. Hence, x is contained in Q0.
Analogously, it follows that x is contained in Q0 if E \ Q0 is the point set of two
intersecting lines.

Hence, we may assume that O WD E \ Q and O 0 WD E \ Q0 are ovals of E .
By assumption, O is a conic. Since Q0 is a quadric, O 0 is a conic as well. Since the
conics O and O 0 have the points p, q and y and the tangents tp and tq in common,
it follows from Theorem 6.2 that O D O 0. In particular, x is a point of Q0.

Step 10. Let x be a point of Q such that x is not contained in H and such that x

is contained in hp; .Q \ H/qi. Then, x is contained in Q0:
If the line px is contained in Q, it follows from Qp D Q0

p that the line px is
contained in Q0. Hence, x is contained in Q0. Thus, we may assume w.l.o.g. that the
line px is not contained in Q.

z

q

H

p

E

(Q ∩ H)q

tp

x

Let E be a plane through the
points p and x which is not contained
in hp; .Q \ H/qi. Since the line px
is not a tangent of Q, there exists
exactly one tangent tp of Q in E

at p. It follows that there exists a
point z of Q in E which is not on the
line px and hence not contained in
hp; .Q \ H/qi.

Since the points p, x and z are
non-collinear, E \ Q is either the set of the points of two intersecting lines or
of an oval. In the latter case, the oval is by assumption a conic. Since Qp D Q0

p ,
there is a point of Q0 distinct from p on the line px. Hence, E \ Q0 is the set of
the points of two intersecting lines or of a conic (note that Q0 is a quadric). By Step
9, all points of E \ Q, which are not incident with the line px, are contained in
E \ Q0. It follows that E \ Q D E \ Q0. In particular, the point x is contained
in Q0.

18tp ¤ tq is both in Q and in Q0 the only tangent in E through p.
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Step 11. From Steps 8 to 10, it follows that Q is contained in Q0. Analogously,
it follows that Q0 is contained in Q. Altogether, Q D Q0 is a quadric. ut

The following two theorems of Buekenhout [11] are the main results about
quadratic sets.

6.4 Theorem (Buekenhout). Let P D P G.d; K/ be a d-dimensional projective
space over a skew field K , and let Q be a nondegenerate quadratic set of rank
r � 2.

(a) The quadratic set Q is perspective.
(b) The field K is commutative.
(c) Q is a quadric.

Proof. (a) follows from Theorem 5.4.
(b) Let p be an arbitrary point of Q, and let q be a point of Q not contained in the

tangent space Qp . There is a point r of Q which is neither contained in Qp nor
in Qq: Since Q defines a polar space of rank r � 2, there exists a line g of Q

through p. There is a line of Q through q intersecting the line g in a point a. By
construction, the point a belongs to the set p? \q? D Qp \Qq \Q. It follows
from Theorem 2.7 of Chap. IV that p? \ q? is a nondegenerate polar space. In
particular, there exists a point b of p? \ q? which is not collinear with a.

q

p d

c

a

b

r

Let c be a point on the line pa differ-
ent from p and a, and let d be a point
on the line bq collinear with c. We have
d ¤ q and d ¤ b (otherwise, the point
d would be collinear with all points on
the line pa implying that q (resp. b)
would be collinear with p (resp. a)).

Hence, the point c is not collinear with q, and the point d is not collinear
with p. Let r be a point on the line cd different from c and d . Then, r is neither
collinear with p nor with q.

Let E WD hp; q; ri be the plane generated by the points p, q, and r . Since
the points p, q and r are non-collinear, E \ Q is either the point set of two
intersecting lines or the point set of an oval.

Assume that E \Q is the point set of two intersecting lines g and h. Then, at
least two of the points p, q, r would be incident with one of the lines g or h. We
may assume w.l.o.g. that the points p and q are incident with g. It follows that
pq D g is contained in Q, in contradiction to the fact that q is not contained
in Qp.

It follows that E\Q is an oval. Since Q is perspective, E\Q is a perspective
quadratic set in E . By Theorem 6.1, it follows that K is commutative and that
E \ Q is a conic.
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(c) Let E be a plane of Q such that E \ Q is an oval. Since Q is perspective, by
Theorem 6.1, E \ Q is a conic. In view of Theorem 6.3, Q is a quadric. ut

6.5 Corollary (Buekenhout). Let P D P G.d; K/ be a d-dimensional projective
space over a skew field K , and let Q be a nondegenerate quadratic set in P. Then,
one of the following cases occurs:

(i) Q is an ovoid.
(ii) Q is a quadric, and K is commutative.

Proof. A quadratic set Q is of rank r � 2 if and only if Q contains at least one line.
Hence, the assertion follows from Theorem 6.4. ut

7 The Kleinian Quadric

In Sect. 7 of Chap. IV, the Kleinian polar space S has been introduced whose points
are the lines of a 3-dimensional projective space P D P G.3; K/. In the present
section, we shall see that if the field K is commutative, there exists a quadric Q (the
so-called Kleinian quadric) in PG(5, K) such that the Kleinian polar space S and the
polar space SQ defined by Q are isomorphic.

In other words, if K is commutative, the Kleinian polar space S stems from a
quadric. If K is not commutative, the Kleinian polar space S forms its proper class
of polar spaces which is not related to quadrics.

7.1 Theorem. Let P3 D P G.3; K/ and P5 D P G.5; K/ be two projective spaces
over the vector spaces V4 and V6 over the same commutative field K of dimension
3 and 5, respectively.19 Let L3 be the set of the lines of P3.

(a) For two points x D h.x0; x1; x2; x3/t i and y D h.y0; y1; y2; y3/t i of P3, let

	 W L3 ! P5

	 W g D xy ! a D h.a01; a02; a03; a23; a31; a12/t i

where aij WD xi yj � xj yi .
	 W L3 ! P5 is a well-defined transformation of the set L3 of the lines of P3

into the set of the points of P5.
(b) The image of 	 is the quadric of P5 with the equation

p0p3 C p1p4 C p2p5 D 0:

Proof. (a) Let g D xy be a line of P3 with x D h.x0; x1; x2; x3/
t i and y D

h.y0; y1; y2; y3/
t i. Obviously, 	.xy/ D a D h.a01; a02; a03; a23; a31; a12/t i

is a point of P5.

19The vector spaces V4 and V6 are of dimension 4 and 6, respectively.
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In order to show that the transformation 	 is well-defined, we will consider
two points r WD �x C �y and s WD ˛x C ˇy on g with �; �; ˛; ˇ 2 K such
that � ˇ � � ˛ ¤ 0.

Let b D h.b01; b02; b03; b23; b31; b12/
t i WD 	.rs/. Then, we have for

ij D 01, 02, 03, 23, 31, 12:

bij D .� xi C �yi /.˛ xj C ˇ yj / � .� xj C �yj /.˛xi C ˇyi /

D � ˛ xi xj C � ˇxi yj C �˛ xj yi C � ˇ yi yj � � ˛ xi xj � � ˇxj yi

� � ˛xi yj � � ˇ yi yj

D .� ˇ � � ˛/.xi yj � xj yi /

D .� ˇ � �˛/aij :

Since �ˇ � �˛ ¤ 0, it follows that b D a. Hence, 	 W L3 ! P5 is well-
defined.

(b) Let Q be the quadric of P5 with the equation p0p3 C p1p4 C p2p5 D 0.
Step 1. The image of 	 is contained in Q: Let g D xy be a line of P3

with x D h.x0; x1; x2; x3/
t i and y D h.y0; y1; y2; y3/

t i, and let 	.xy/ D
h.a01; a02; a03; a23; a31; a12/t i. Then,

a01 a23 C a02 a31 C a03 a12

D .x0 y1 � x1 y0/ .x2 y3 � x3 y2/

C.x0 y2 � x2y0/.x3 y1 � x1 y3/ C .x0 y3 � x3 y0/.x1 y2 � x2 y1/

D x0 x2 y1 y3 � x0 x3 y1 y2 � x1 x2 y0 y3

Cx1 x3 y0 y2 C x0 x3 y1 y2 � x0 x1 y2 y3 � x2 x3 y0 y1

Cx1 x2 y0 y3 C x0 x1 y2 y3 � x0 x2 y1y3 � x1x3y0y2 C x2x3y0y1

D 0:

It follows that 	.xy/ is a point of Q.
Step 2. Q is contained in the image of 	:

(i) Let c D .c0; c1; c2; c3; c4; c5/ be a point of Q with c0 ¤ 0. Then, c D 	.xy/

with x D h.0; c0; c1; c2/t i and y D h.�c0; 0; c5; �c4/
t i: For, let 	.xy/ D

h.a01; a02; a03; a23; a31; a12/t i. Then,

a01 D x0y1 � x1y0 D c0c0

a02 D x0y2 � x2y0 D c0c1

a03 D x0y3 � x3y0 D c0c2
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a23 D x2y3 � x3y2 D �c1c4 � c2c5 D c0c3 .since c 2 Q/

a31 D x3y1 � x1y3 D c0c4

a12 D x1y2 � x2y1 D c0c5:

Since c0 ¤ 0, we have 	.xy/ D hc0 � .c0; c1; c2; c3; c4; c5/t i D
h.c0; c1; c2; c3; c4; c5/

t i D c.
(ii) Analogously, one easily verifies the relation 	.xy/ D ci with ci ¤ 0 .i D 1;

2; : : : ; 5/ as indicated in the following table.

ci ¤ 0 x y

c1 ¤ 0 h.0; c0; c1; c2/
t i h.�c1; �c5; 0; c3/ti

c2 ¤ 0 h.0; �c0; �c1; �c2/
t i h.c2; �c4; c3; 0/ti

c3 ¤ 0 h.c1; c5; 0; �c3/
ti h.c2; �c4; c3; 0/ti

c4 ¤ 0 h.c0; 0; �c5; c4/ti h.�c2; c4; �c3; 0/ti
c5 ¤ 0 h.c0; 0; �c5; c4/ti h.c1; c5; 0; �c3/

t i
ut

Definition. Let P3 D P G.3; K/ and P5 D P G.5; K/ be two projective spaces
over the same commutative field K of dimension 3 and 5, respectively, and let L3

be the set of the lines of P3.

(a) The transformation 	 W L3 ! P5 defined in Theorem 7.1 is called a Plücker
transformation.

(b) The quadric Q of P5 with the equation p0p3 C p1p4 C p2p5 D 0 and every
quadric which is projectively equivalent to Q, is called a Kleinian quadric
of P5.

In Theorem 7.2, the properties of a Kleinian quadric and of a Plücker transformation
will be investigated. First, we recall the following fact: Let V6 be a 6-dimensional
vector space over a commutative field K , and let q W V6 ! K be the transformation
defined by

q.p0; p1; p2; p3; p4; p5/ WD p0p3 C p1p4 C p2p5:

Then, q is the quadratic form belonging to the Kleinian quadric Q. For two elements
a WD .a0; a1; a2; a3; a4; a5/

t and b WD .b0; b1; b2; b3; b4; b5/
t of V6, let

f .a; b/ WD q.a C b/ � q.a/ � q.b/

D .a0 C b0/.a3 C b3/ C .a1 C b1/.a4 C b4/ C .a2 C b2/.a5 C b5/

�a0a3 � a1a4 � a2a5 � b0b3 � b1b4 � b2b5

D a0b3 C b0a3 C a1b4 C a4b1 C a2b5 C a5b2:
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Then, f is the symmetric bilinear form belonging to q, and for any two points a and
b of Q, the line g WD ab is contained in Q if and only if f .a; b/ D 0 (Theorem 3.4).

7.2 Theorem. Let P3 D P G.3; K/ and P5 D P G.5; K/ be two projective spaces
over the same commutative field K of dimension 3 and 5, respectively, and let
L3 be the set of the lines of P3. Furthermore, let 	 W L3 ! P5 be the Plücker
transformation, and let Q WD Im 	 be the Kleinian quadric defined by 	 .

(a) For two lines g D xy and h D rs of P3 with x D h.x0; x1; x2; x3/t i; y D
h.y0; y1; y2; y3/

t i; r D h.r0; r1; r2; r3/
t i and s D h.s0; s1; s2; s3/

t i, let
a WD 	.g/ and b WD 	.h/. Then,

f .a; b/ D det

0

BB@

x0 x1 x2 x3

y0 y1 y2 y3

r0 r1 r2 r3

s0 s1 s2 s3

1

CCA :

(b) For two lines g and h of P3, the line of P5 through 	.g/ and 	.h/ is contained
in Q if and only if g \ h ¤ ¿.

(c) The Plücker transformation 	 W L3 ! P5 is injective.

x
s

r

t = λr + μs
g

m

h

l

(d) Let l WD rs be a line of P3, and let x

be a point of P3 not on l. Furthermore,
let t WD �r C� s be an arbitrary point
on l, and let g WD xr; h WD xs and
m WD xt be the lines joining x with r,
s and t, respectively. Then,

	.m/ D � 	.g/ C � 	.h/:

(e) For a plane E of P3 and a point x of P3 such that x is contained in E, let Ex be
the set of the lines of E through x. Then, the set

	.Ex/ WD f	.g/j g 2 Exg

is the set of the points of a line of Q.
(f) Conversely, there exists for every line l of Q a plane E and a point x of E such

that l D 	.Ex/.
(g) Let x be a point of P3, and let Gx be the set of the lines of P3 through x. Then,

the set
	.Gx/ WD f	.g/j g 2 Gxg

is the set of the points of a plane of Q.
(h) Let E be a plane of P3, and let GE be the set of the lines of P3 in E . Then,

the set
	.GE/ WD f	.g/j g 2 GEg

is the set of the points of a plane of Q.
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(i) Conversely, to every plane X of Q, there exists a point x or a plane E of P3 such
that X D 	.Gx/ or X D 	.GE/.

(j) Let R DW f	.Gx/ j x 2 P3g and let S DW f	.GE/ j E plane of P3g. Then, every
line of Q is incident with exactly one plane of R and with exactly one plane
of S.

(k) Let x and y be two points, and let E and F be two planes of P3. Then, we have:

.˛/ If x ¤ y; 	.Gx/ \ 	.Gy/ D 	.xy/ is a point of Q.

.ˇ/ If x is a point of E; 	.Gx/ \ 	.GE/ D 	.Ex/ is a line of Q.

.�/ If x is not contained in E; 	.Gx/ \ 	.GE/ D ¿.

.ı/ If E ¤ F; 	.GE/ \ 	.GF / D 	.E \ F / is a point of Q.

Proof. (a) The assertion follows by computing the determinant.
(b) Let g D xy and h D rs with x D h.x0; x1; x2; x3/

t i; y D
h.y0; y1; y2; y3/

t i; r D h.r0; r1; r2; r3/
t i and s D h.s0; s1; s2; s3/

t i.
For a WD 	.g/ and b WD 	.h/, by (a), we have:

g \ h ¤ ¿ , hx; y; r; si ¤ P3

, f .a; b/ D det

0

BB@

x0 x1 x2 x3

y0 y1 y2 y3

r0 r1 r2 r3

s0 s1 s2 s3

1

CCA D 0:

(c) We consider two different lines g and h of L3, and we set a WD 	.g/ and
b WD 	.h/. If g \ h D ¿, by (a) and (b), we have

0 ¤ f .a; b/ D f .a; a/ D 0;

hence, a ¤ b.
Suppose that x WD g \ h is a point. Let m be a line of P3 intersecting the line

g in a point and being skew to the line h, and let c WD 	.h/. It follows from Part
(b) and Theorem 3.4 that f .a; c/ D 0 and f .b; c/ ¤ 0. Hence, a ¤ b.

(d) Let 	.g/ D h.a01; a02; a03; a23; a31; a12/t i; 	.h/Dh.b01; b02; b03; b23; b31;
b12/

t i and 	.m/ D h.c01; c02; c03; c23; c31; c12/ti. Then, for ij D 01, 02, 03,
23, 31, 12, we get

cij D xi .�rj C�sj /�xj .�ri C�si/ D �.xi rj �xj ri /C�.xisj �xj si / D �aij C�bij :

(e) follows from (d).
(f) Let a and b be two points on l . Since 	 is injective, there exist two lines g and

h of P3 such that a D 	.g/ and b D 	.h/. Since l is contained in Q, by (b), g

and h meet in a point x. Let E be plane generated by g and h. Then, by (e), we
have l D 	.Ex/.

(g) Let x be a point of P3, and let g and h be two lines of Gx . If E is the plane
generated by g and h; 	.Ex/ is contained in 	.Gx/. It follows that 	.Gx/ is a
subspace of P5 contained in Q. Since 	.Ex/ is a line and since 	 is injective,
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we have dim	.Gx/ � 2. By Theorem 2.3, we have dim	.Gx/ � 2. It follows
that 	.Gx/ is a plane of Q.

(h) follows analogously to (g).
(i) Let X be a plane of Q, and let a, b and c be three points of P5 generating

X . Since 	 is injective, there exist three lines g, h and l of P3 such that a D
	.g/; b D 	.h/ and c D 	.l/. By (b), the lines g, h and l meet pairwise. It
follows that there exists a point x of P3 such that g \ h \ l D x or there is a
plane E of P3 such that E D hg; h; li. In the first case we have X D 	.Gx/,
in the second case we have X D 	.GE/.

(j) Let l be a line of Q. Then, by (f), there exists a plane E and a point x of E

such that l D 	.Ex/. It follows that 	.Gx/ and 	.GE/ are the only planes of
R, respectively of S through l .

(k) The assertions .˛/ to .ı/ result from the fact that

Gx \ Gy D xy if x ¤ y

GE \ GF D E \ F if E ¤ F

Gx \ GE D ¿ if x … E

Gx \ GE D Ex if x 2 E:

ut
7.3 Theorem. Let P3 D P G.3; K/ and P5 D P G.5; K/ be two projective
spaces over the same commutative field K , and let Q be the Kleinian quadric of
P5. Furthermore, let S be the Kleinian polar space defined by P3, and let S0 be the
polar space defined by the Kleinian quadric Q.

(a) S and S0 are isomorphic.
(b) With the notations of Theorem 7.2, the following correspondences are valid:

P3 P5 S

Lines of P3 points of Q points of S
Ex (lines of E through x) line of Q line of S
Gx (lines through x) planes of P in Q planes of P in S
GE (lines in E) planes of E in Q planes of E in S

Proof. The proof follows from Theorem 7.2. ut

8 The Theorem of Segre

The Theorem of Segre [43] is a remarkable result about conics in finite projective
planes. It says that every oval of a finite Desarguesian projective plane of odd order is
a conic. The Theorem of Segre has initiated intensive research about finite projective
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spaces and finite geometries, in general. For the basic notions of finite geometries,
we refer to Sect. 8 of Chap. I.

Definition. Let P be a projective plane, and let O be an oval of P. A line g of P is
called a secant of O if g is incident with exactly two points of O .

8.1 Theorem. Let P be a finite projective plane of order q, and let O be an oval of
P. The oval O has exactly q C 1 points.

Proof. Let x be a point of O .

xThen, the point x is incident with exactly
one tangent. All other lines through x are
incident with exactly two points of O where
the point x is one of these points. Since x is
incident with exactly q C 1 lines, it follows
that jOj D q C 1.

ut
8.2 Theorem. Let P be a finite projective plane of order q, and let O be an oval of
P. Furthermore, let x be a point outside of O .

(a) If q is odd, x is either incident with no or with exactly two tangents of P.
(b) If q is even, there exists a point z such that all tangents of O intersect in z.

Proof. (a) Let x be a point outside of O which is incident with at least one tangent
t . Let a be the number of lines disjoint to O , let b be the number of tangents
and let c be the number of secants through x. Then,

q C 1 D jOj D b C 2c:

Since x is incident with the tangent t , we have b � 1. Since q is odd, q C 1

is even, it follows that b C 2c is an even number. Since b � 1, it follows that
b � 2. Hence, x is incident with at least one further tangent.

Since x is an arbitrary point outside of O on t , it follows that for any point
y of t outside of O , the point y is incident with t and with at least one further
tangent of O .

Any point of O is incident with exactly one tangent. By Theorem 8.1, there
are exactly q C1 points on O . Hence, there are exactly q tangents of O different
from t . It follows that every point on t n O is incident with exactly one tangent
different from t . In particular, the point x is incident with exactly two tangents.

(b) Step 1. Any point of P is incident with at least one tangent: Since O is an oval,
any point of O is incident with exactly one tangent.

Let x be a point outside of O , and let a be the number of lines disjoint to O ,
let b be the number of tangents and let c be the number of the secants through
x. Then,

q C 1 D jOj D b C 2c:



236 5 Quadrics and Quadratic Sets

Since q is even, q C 1 is odd, hence, b � 1. Thus, x is incident with at least one
tangent.

Step 2. All tangents of O meet in a common point: Let t1 and t2 be two
tangents, and let z be the intersection point of t1 and t2. Obviously, z is not
contained in O .

Assume that there is a tangent t intersecting the tangents t1 and t2 in two
points different from z. Hence, there are exactly q � 1 points on t which are
neither incident with t1 nor with t2. For each further tangent t 0, it holds: There
are at most q points on t 0 outside of t1 and t2. Altogether, the q C 1 tangents of
O cover at most

q C 1 .points on the tangent t1/

Cq .points on the tangent t2 which are not on t1/

Cq � 1 .points on the tangent t which are neither on t1 nor on t2/

C.q � 2/q

�
.maximal number of points on the remaining q � 2 tangents
which are neither on t1 nor on t2/

D q2 C q:

�
.maximal number of points of P which are incident with at
least one tangent/

Since P has q2 C q C 1 points, there is a point of P which is not incident with
any tangent of O , in contradiction to Step 1. ut

For the investigation of ovals in Desarguesian projective planes of finite order, we
need the following Theorem of Wedderburn about finite fields.

8.3 Theorem (Wedderburn). Let K be a finite (skew) field. Then, K is commuta-
tive.

For a proof, the interested reader is referred to [33].

Definition. Let P be a projective plane, and let a, b and c be three non-collinear
points. The triangle 
abc is the set of the points on the lines ab, bc and ac.
In what follows, we will have to compute the coordinates of the lines joining two
points and the coordinates of the intersection points of two lines in the projective
plane P D P G.2; K/. Therefore, we recall the following obvious property:

8.4 Lemma. Let P D P G.2; K/ be a projective plane over a commutative
field K.

(a) If g W �1 x1 C �2 x2 C �3 x3 D 0 and h W �1 x1 C �2 x2 C �3 x3 D 0 are two
lines of P, the point s D .s1; s2; s3/

t is the intersection point of g and h if and
only if �1 s1 C �2 s2 C �3 s3 D 0 and �1 s1 C �2 s2 C �3 s3 D 0.

(b) The line g W �1 x1 C �2 x2 C �3 x3 D 0 is the line joining the two points
a D .a1; a2; a3/t and b D .b1; b2; b3/

t if and only if �1 a1C�2 a2C�3 a3 D 0

and �1 b1 C �2 b2 C �3 b3 D 0.
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8.5 Lemma. Let P D P G.2; K/ be a projective plane over a commutative field
K . Let a1 WD .1; 0; 0/t ; a2 WD .0; 1; 0/t and a3 WD .0; 0; 1/t .

(a) The lines a1a2; a1a3 and a2a3 satisfy the equations x3 D 0; x2 D 0 and
x1 D 0, respectively.

(b) Let c D .c1; c2; c3/
t be a point of P which is not contained in the triangle


a1a2a3. Then, c1 ¤ 0; c2 ¤ 0 and c3 ¤ 0.
(c) Let c D .c1; c2; c3/

t be a point of P which is not contained in the triangle

a1a2a3. Then, the lines g1 WD a1c; g2 WD a2c and g3 WD a3c are given by the
equations

g1 W x2 D �1 x3 with �1 D c2c3
�1 ¤ 0

g2 W x3 D �2 x1 with �2 D c3c1
�1 ¤ 0

g3 W x1 D �3 x2 with �3 D c1c2
�1 ¤ 0:

Furthermore, we have �1 �2 �3 D 1.

Proof. (a) follows from Lemma 8.4.
(b) follows from Part (a).
(c) The equations of the three lines is a consequence of Lemma 8.4 and Part (b).

Furthermore, we have �1 �2 �3 D c2c3
�1 c3c1

�1 c1c2
�1 D 1. ut

8.6 Theorem. Let K D GF.q/ be a finite field with q elements, and let q be odd.
We have Y

�2K;�¤0

� D �1:

Proof. It is well known that the multiplicative group K� of K is a cyclic group of
order q � 1.20 Since q is odd, K� is a cyclic group of even order, that is, there is
exactly one element � of K� of order 2. Since � ¤ ��1 for all � of K� nf�g, it
follows that Y

�2K�;�¤�

� D 1; that is;
Y

�2K�

� D �:

Since K is a field, we have � D �1. ut
In the following, we will only consider Desarguesian projective planes of odd order.

8.7 Theorem. Let P D P G.2; q/ be a finite Desarguesian projective plane of odd
order, and let a1 WD .1; 0; 0/t ; a2 WD .0; 1; 0/t and a3 WD .0; 0; 1/t . Furthermore,
let O be an oval of P through the points a1; a2 and a3.

(a) Let t1; t2 and t3 be the tangents of O at the points a1; a2 and a3, respectively.
Then, there exist elements 0 ¤ �1; �2; �3 of K such that the lines t1; t2 and t3
satisfy the following equations:

20See Jungnickel [33], Theorem 1.2.4.
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t1 W x2 D �1 x3

t2 W x3 D �2 x1

t3 W x1 D �3 x2:

(b) We have �1 �2 �3 D �1.
(c) Let z1 WD t2 \ t3; z2 WD t1 \ t3 and z3 WD t1 \ t2. Then, z1 D

.�3; 1; �2 �3/t ; z2 D .�3 �1; �1; 1/t and z3 D .1; �1 �2; �2/t .

z2

a1

a2

a3

t1

t2

t3

z3

z1

g3

g2

g1

p 

(d) The lines g1 WD a1z1; g2 WD
a2z2 and g3 WD a3z3 satisfy the
equations

g1 W x3 D �2 �3 x2

g2 W x1 D �3 �1 x3

g3 W x2 D �1 �2 x1:

(e) The lines g1; g2 and g3 meet in
the point p D .1; �1 �2; ��2/t .
The point p is not contained in
the triangle 
a1a2a3.

Proof. (a) Let �1 x1 C �2 x2 C �3 x3 D 0 be the equation defining t1. Since a1

is incident with t1, it follows that �1 D 0. Since t1 is a tangent of O , we have
t1 ¤ a1a2. By Lemma 8.5 (a), it follows that �3 ¤ 0.

Similarly, it follows from t1 ¤ a1a3 that �2 ¤ 0. Thus, t1 satisfies the equation
x2 D �1 x3 with �1 WD ��3 �2

�1 ¤ 0.
The statements about the tangents t2 and t3 follow analogously.
(b) Step 1. Let c ¤ a1; a2; a3 be a point on O . Then, the lines g1 WD a1c; g2 WD

a2c and g3 WD a3c satisfy the equations

g1 W x2 D �1 x3 with 0 ¤ �1 ¤ �1

g2 W x3 D �2 x1 with 0 ¤ �2 ¤ �2

g3 W x1 D �3 x2 with 0 ¤ �3 ¤ �3:

Furthermore, we have �1 �2 �3 D 1:
Since c is a point of O , the point c is not contained in the triangle 
a1a2a3. If

c D .c1; c2; c3/t , by Theorem 8.5 (c), the lines g1; g2 and g3 satisfy the equations

g1 W x2 D �1 x3 with �1 D c2c3
�1 ¤ 0

g2 W x3 D �2 x1 with �2 D c3c1
�1 ¤ 0

g3 W x1 D �3 x2 with �3 D c1c2
�1 ¤ 0:
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Furthermore, we have �1 �2 �3 D 1. Since the lines g1; g2 and g3 are not
tangents of O , it follows that �1 ¤ �1; �2 ¤ �2; �3 ¤ �3.

Step 2. Conversely, let h1; h2 and h3 be three lines of P with the equations

h1 W x2 D �1 x3 with 0 ¤ �1 ¤ �1

h2 W x3 D �2 x1 with 0 ¤ �2 ¤ �2

h3 W x1 D �3 x2 with 0 ¤ �3 ¤ �3:

Then, for i D 1, 2, 3, the line hi is a secant of O through the point ai intersecting
O in a second point different from a1; a2; a3:

Obviously, a1 is a point on h1. Furthermore, the lines through a1 are exactly
the lines

x2 D � x3 with � 2 K and

x3 D 0:

The line defined by the equation x3 D 0 is the line a1a2. The line defined by the
equation x2 D 0 (that is, � D 0) is the line a1a3. The line defined by the equation
x2 D �1 x3 is the tangent of O through a1. All other lines are secants of O through
a1 intersecting O in a second point different from a2 and a3. For the lines h2 and
h3, the assertion can be seen analogously.

Step 3. We have �1 �2 �3 D �1: For a point c of O with c ¤ a1; a2; a3, let
�1.c/; �2.c/; �3.c/ be three elements of K such that the lines g1 WD a1c; g2 WD a2c

and g3 WD a3c satisfy the following equations as indicated in Step 1:

g1 W x2 D �1.c/ x3

g2 W x3 D �2.c/ x1

g3 W x1 D �3.c/ x2:

By Step 2, we have 0 ¤ �i .c/ ¤ �i for i D 1, 2, 3. Furthermore, we have
�1.c/ �2.c/ �3.c/ D 1. It follows from Step 2 and Theorem 8.6 that

1 D
Y

.�1.c/�2.c/�3.c/ j c 2 O; c ¤ a1; a2; a3/

D
Y

.�1�2�3 j �1; �2; �3 2 K; 0 ¤ �i ¤ �i .i D 1; 2; 3//

D
�Y

.�/ j � 2 K; 0 ¤ � ¤ �1

� �Y
.�/ j � 2 K; 0 ¤ � ¤ �2

�

�Y
.�/ j � 2 K; 0 ¤ � ¤ �3

�
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D
0

@
Y

�2K;�¤0

�

1

A ��1
1

0

@
Y

�2K;�¤0

�

1

A ��1
2

0

@
Y

�2K;�¤0

�

1

A ��1
3

D .�1/ ��1
1 .�1/ ��1

2 .�1/ ��1
3

D ���1
1 ��1

2 ��1
3 :

The second equation follows from the fact that we compute the cardinality of the
following set:

fl secant of O j a1 2 l; l¤a1a2; a1a3g � fl secant of O j a2 2 l; l¤a1a2; a2a3g
�fl secant of O j a3 2 l; l ¤ a1a3; a2a3g:

Hence, �1 �2 �3 D �1.
(c) and (d) follow from Lemma 8.4.
(e) From ��2 D �1 �2 �3 �2 D �2 �3 �1 �2, it follows that p is a point on g1.
From 1 D ��1 �2 �3 D �3 �1 .��2/, it follows that p is a point on g2.
From �1 �2 D �1 �2, it follows that p is a point on g3.
It follows that p D .1; �1 �2; ��2/

t is the intersection point of the lines g1; g2

and g3. By Lemma 8.5 (a), it follows that the point p is not contained in the triangle

a1a2a3. ut
8.8 Theorem. Let P D P G.2; q/ be a finite Desarguesian projective plane of odd
order q, and let O be an oval of P. Let a1; a2; a3 be three points on O , and let
t1; t2; t3 be the tangents of O at a1; a2 and a3, respectively. Finally, let z1 WD
t2 \ t3; z2 WD t1 \ t3; z3 WD t1 \ t2; g1 WD a1z1; g2 WD a2z2 and g3 WD a3z3.

z2

a1

a2

a3

t1

t2

t3

z3

z1

g3

g2

g1

p 

(a) The lines g1; g2 and g3 meet in a
point p.

(b) The point p is not contained in
the triangle 
a1a2a3.

Proof. Since P is Desarguesian, we
can assume w.l.o.g. that a1 D
.1; 0; 0/t ; a2 D .0; 1; 0/t and a3 D
.0; 0; 1/t . Hence, the assertion
follows from Theorem 8.7. ut
8.9 Theorem (Segre). Let P D P G.2; q/ be a finite Desarguesian projective
plane of odd order q. Then, every oval of P is a conic.

Proof. Let O be an oval of P, and let a1; a2; a3 be three points on O . W.l.o.g., let
a1 D .1; 0; 0/t ; a2 D .0; 1; 0/t and a3 D .0; 0; 1/t .

Let t1; t2; t3 be the tangents of O at a1; a2 and a3, respectively. Then, by
Theorem 8.7, there exist elements �1; �2; �3 2 K n f0g with
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t1 W x2 D �1 x3

t2 W x3 D �2 x1

t3 W x1 D �3 x2:

Furthermore, by Theorem 8.7, for the points z1 WD t2 \ t3; z2 WD t1 \ t3 and
z3 WD t1 \ t2, we have z1 D .�3; 1; �2 �3/

t ; z2 D .�3 �1; �1; 1/t and z3 D
.1; �1 �2; �2/

t .
Finally, again by Theorem 8.7, the lines a1z1; a2z2 and a3z3 meet in the point

p D .1; �1 �2; ��2/t . Since the point p is not contained in the triangle 
a1a2a3,
we can assume w.l.o.g. that p D .1; 1; 1/t .

It follows that p D .1; 1; 1/t D .1; �1 �2; ��2/t , hence, �2 D �1 and
�1 D �1. Since, by Theorem 8.7, the relation �1 �2 �3 D �1 holds, it follows that
�3 D �1.

Let c D .c1; c2; c3/
t be an arbitrary point on O different from a1; a2; a3. By

Lemma 8.5, we have c1 ¤ 0; c2 ¤ 0 and c3 ¤ 0. Let b be the tangent of O at c

with the equation
b W b1 x1 C b2 x2 C b3 x3 D 0:

Step 1. We have b1 c1 C b2 c2 C b3 c3 D 0: This assertion follows from the fact
that the point c is incident with the line b.

Step 2. We have b1 ¤ 0; b2 ¤ 0 and b3 ¤ 0: Assume on the contrary that
b1 D 0. Then, the point a1 D .1; 0; 0/t would be on the line b, in contradiction
to the fact that b is a tangent of O at c ¤ a1. Similarly, it follows that b2 ¤ 0 and
b3 ¤ 0.

Step 3. We have �b1 Cb2 Cb3 ¤ 0; b1 �b2 Cb3 ¤ 0 and b1 Cb2 �b3 ¤ 0: The
point z1 is incident with the two tangents t2 and t3. By Theorem 8.2, any point of P
is incident with at most two tangents of O . It follows that z1 is not incident with b.
Analogously, it follows that z2 is not on b and that z3 is not on b. Since �1 D �2 D
�3 D �1, we have z1 D .�1; 1; 1/t ; z2 D .1; �1; 1/t and z3 D .1; 1; �1/t . Since
z1 is not on b, it follows that

�b1 C b2 C b3 ¤ 0:

The two other equations follow from the fact the z2 and z3 are not on b.
Step 4. We have b2 .c1 C c2/ D b3 .c1 C c3/:

(i) Let r1 WD z1 D t2 \ t3; r2 WD b \ t3 and r3 WD b \ t2. Then, by Theorem 8.4, we
have r1 D .�1; 1; 1/t ; r2 D .�b3; b3; b1 �b2/t and r3 D .b2; b3 �b1; �b2/

t .
(ii) Let h1 WD r1c; h2 WD r2a2 and h3 WD r3a3. Then, again by Lemma 8.4, the

lines h1; h2 and h3 satisfy the following equations:

h1 W .c3 � c2/ x1 C .c1 C c3/ x2 � .c1 C c2/x3 D 0

h2 W .b1 � b2/ x1 C b3 x3 D 0

h3 W .b1 � b3/ x1 C b2 x2 D 0:
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(iii) By Theorem 8.8, it follows that the three lines h1; h2 and h3 intersect in a
point, that is, the system of equations defined by the lines h1; h2; h3 has a
non-trivial solution. It follows that

0 D det

0

@
c3 � c2 c1 C c3 �c1 � c2

b1 � b3 b2 0

b1 � b2 0 b3

1

A

D .c3 � c2/ b2 b3 C .c1 C c2/ b2 .b1 � b2/ C .c1 C c3/.b3 � b1/b3

D .b1 � b2 � b3/.b2.c1 C c2/ � b3 .c1 C c3//:

By Step 3, we have b1 �b2 �b3 ¤ 0, hence, we have b2 .c1 Cc2/ D b3 .c1 Cc3/.
Step 5. By considering the points a1; c; a3 and a1; a2; c, we get as in Step 4 the

equations

b3 .c2 C c3/ D b1 .c1 C c2/

b1 .c1 C c3/ D b2 .c2 C c3/:

Step 6. We have c1 c2 Cc1 c3 Cc2 c3 D 0: By Step 2, we have b1; b2; b3 ¤ 0. We
have c1 Cc3 ¤ 0: Otherwise, it follows from b1 .c1 Cc3/ D b2 .c2 Cc3/ and b2 ¤ 0

that c2 C c3 D 0. In the same way, it follows that c1 C c2 D 0 and c1 C c3 D 0.
Hence, c1 D �c3 and c1 D �c2 implying that c2 D c3. It follows that c2 C c2 D 0.
Since q is odd, we have c2 D 0. Hence, c1 D c2 D c3 D 0, a contradiction.

From Steps 4 and 5, it follows that

b1

b2

D c2 C c3

c1 C c3

and
b3

b2

D c1 C c2

c1 C c3

:

By Step 1, we have b1 c1 C b2 c2 C b3 c3 D 0. Thus, it follows that

0 D b1

b2

c1 C c2 C b3

b2

c3

D c2 C c3

c1 C c3

c1 C c2 C c1 C c2

c1 C c3

c3; hence;

0 D 2.c1 c2 C c1 c3 C c2 c3/:

Since q is odd, the field K is of odd order,21 thus, we have Char K ¤ 2. Hence

c1 c2 C c1 c3 C c2 c3 D 0:

21It is jKj D q.
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Step 7. O is a conic: Let Q be the conic with the quadratic equation

x1 x2 C x1 x3 C x2 x3 D 0:

By Step 6, any point c D .c1; c2; c3/t of O with c ¤ a1; a2; a3 satisfies the
equation c1 c2 C c1 c3 C c2 c3 D 0, that is, c is a point of Q. Furthermore, the points
a1; a2; a3 are contained in Q. It follows that O is contained in Q.

Since every conic is an oval, it follows from Theorem 8.1 that jQj D qC1. Since
O is contained in Q and since jOj D q C 1 D jQj, it follows that O D Q. ut
8.10 Corollary (Barlotti, Panella). Let Q be an ovoid in P D P G.3; q/, q odd.
Then, Q is a quadric.

Proof. From the Theorem of Segre (Theorem 8.9), it follows that E \ Q is a conic
for all planes E such that E \ Q is an oval. By Theorem 6.3, Q is a quadric. ut

Corollary 8.10 was proven by Barlotti [5] and Panella [36] without using
Theorem 6.3.

9 Further Reading

An introduction into the foundations of projective and polar spaces can only present
a limited selection of results. As a consequence, a wide range of important and
interesting results had to be omitted. Therefore, at the end of this book, I want to
give some hints about further literature. These hints are by no means complete.

There are two encyclopaedic works about incidence geometry, namely the
Handbook of Incidence Geometry [18] and the forthcoming book of Buekenhout
and Cohen [20]. In both works, the interested reader will find a lot of information
about projective and polar geometries and related topics.

The textbooks dedicated to projective and affine spaces are divided into books
about projective and affine planes and about projective and affine spaces in general.
For projective and affine planes see for example Hughes and Piper [31] and Pickert
[41]. The interested reader will find in both books a lot of results about non-
Desarguesian projective planes.

For projective and affine spaces in general see Artin [2], Baer [3], Beutelspacher
and Rosenbaum [6], Cameron [22], Hilbert [27], Segre [44] and Veblen and Young
[55]. All these books deal with the structure of projective spaces in detail, but
with different priorities. In Beutelspacher and Rosenbaum [6], the reader will find
applications of projective geometry for example to cryptography.

I only know about two textbooks concentrating on polar spaces, namely Bueken-
hout and Cohen [20] and Cameron [22]. Whereas Cameron [22] is an introduction
into polar spaces, Buekenhout and Cohen [20] provides a detailed analysis of
polar spaces including the Classification Theorem of Polar Spaces (Theorem 7.3
of Chap. IV). A detailed study of polar spaces is also included in Tits [50] where the
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Classification Theorem of Polar Spaces is proved using the theory of buildings. In
fact, Tits [50] also provides a classification of polar spaces of rank 3 whose planes
are Moufang.

Since polarities stem from sesquilinear forms (see Theorem 5.11 of Chap. IV),
the study of polarities is strongly related to the study of the classical groups. The
interested reader is referred to Artin [2], Borel [8], Dieudonné [24], Garrett [26],
Suzuki [45] and Taylor [46].

Projective and polar spaces are important classes of buildings. Further informa-
tion about buildings can be found in Abramenko and Brown [1], Bourbaki [9],
Brown [10], Garrett [26], Ronan [42], Tits [50], Tits [51] and Weiss [57, 58]. In
Bourbaki [9], buildings are called systèmes de Tits. There are two main definitions
for buildings, both introduced by Tits in [50, 51].

Generalized polygons have been introduced by Tits [49]. Two classes of gen-
eralized polygons are the projective planes and the generalized quadrangles. For
the theory of generalized polygons see Payne and Thas [39], Thas [47], Tits
and Weiss [52] and van Maldeghem [54]. Payne and Thas [39] and Thas [47]
deal with finite generalized quadrangles, whereas Tits and Weiss [52] and van
Maldeghem [54] deal with arbitrary generalized polygons.

Although diagram geometries are an important part of modern incidence geome-
try, I only know the textbook of Pasini [38], which is totally devoted to this subject.
Buekenhout is one of the pioneers in diagram geometry. The interested reader is
referred to [13, 15, 19].

Last but not least, there is a rich literature about finite geometries. The interested
reader is referred to Batten [5], Dembowski [23], Hirschfeld [28], Hirschfeld [29],
Hirschfeld and Thas [30]. Some contributions of the author to finite geometries can
be found in [53].

Further interesting topics related to incidence geometry like topological
geometry or geometry over rings can be found in the Handbook of Incidence
Geometry [18].
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40. Percsy, N.: On the Geometry of Zara Graphs. J. Combin. Th. A 55, 74–79 (1990)
41. Pickert, G.: Projektive Ebenen. Springer, Göttingen (1955)
42. Ronan, M.: Lectures on Buildings, 2nd edn. Academic, Boston (2009)
43. Segre, B.: Ovals in a fine projective plane. Canad. J. Math. 7, 414–416 (1955)
44. Segre, B.: Lectures on Modern Geometry. Ed. Cremonese, Roma (1961)
45. Suzuki, M.: Group Theory I, Grundlehren der Math. Wissenschaften, vol. 247. Springer,

Berlin (1982)
46. Taylor, D.E.: The Geometry of the Classical Groups, Sigma Series in Pure Math., vol. 9.

Heldermann, Berlin (1992)
47. Thas, K.: Symmetry in Finite Generalized Quadrangles. Birkhäuser, Basel (2004)
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Affine collineation, 105
Affine geometry, 31
Affine plane, 7, 24
Affine space, 24
Affine space over a vector space, 98
Affine subspace, 23
AG.d; K/, 98
Alternating, 164
Anti-automorphism, 158
Anti-hermitian, 164
Autocorrelation, 59
Automorphism, 58
Automorphism group, 58
Axis, 68

Basis, 12, 29
Bilinear form, 158

Central collineation, 68, 72
Centre, 68, 72
Chamber, 2
Codimension, 20
Collinear, 5, 124
Collineation, 61
Co-maximal, 4
Complementary, 20
Cone, 204
Conic, 170
Connected, 44
Corank, 2
Correlation, 59

Desargues configuration, 73
Desargues, Theorem of, 74

Desarguesian, 74
Diagram, 42
Dimension, 17, 30, 136
Double point, 186
Dual space, 153
Duality, 59, 154, 158

Elation, 68
Element of a geometry, 1

Finite, 52
Firm, 4
Fixed element, 67
Fixed line, 68
Fixed point, 68
Flag, 2
Frame, 93

Generalized digon, 42
Generalized polar space, 124
generalized projective plane, 6
generalized projective space, 10
Generalized quadrangle, 124
Geometry, 3

Hermitian, 163, 164
Homogeneous coordinates, 88
Homogenous quadratic polynomial, 192
Homology, 68, 72
Homomorphism, 58
Hyperbolic quadric, 203
Hyperplane, 5
Hyperplane at infinity, 29
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fi, jg-path, 46
Incidence graph, 44
Incidence relation, 1
Incident, 2
Independent, 12, 29
Isomorphic, 67
Isomorphism, 58

Kleinian polar space, 174
Kleinian quadric, 231

Line at infinity, 8
Linear, 47
Linear space, 4

Morphism, 57

Neumaier-geometry, 151
N-gon, 2
Nondegenerate, 158, 168
Non-singular, 168

Opposite field, 159
Opposite regulus, 199
Order, 53, 59
Origin, 102
Oval, 191
Ovoid, 204

P.V /, 84
Parallel, 7, 23, 30, 98
Parallel axiom, 7
Parallel class, 7, 23
Parallelism, 23
Parallelism-preserving collineation, 63
Partial linear space, 124
Path of length r, 44
Perspective, 210
P G.d; K/, 84
Plücker transformation, 231
Polar geometry, 144
Polar hyperplane, 179
Polar space, 124, 157, 171
Polarity, 59, 154
Pregeometry, 1

Projective closure, 9, 29, 65
Projective collineation, 92
Projective geometry, 21
Projective hyperplane, 126
Projective plane, 6
Projective space, 10
Projective space over a vector space, 84
Pseudo-quadratic form, 168
Pseudo-quadric, 170

Quadratic form, 168
Quadratic set, 186
Quadric, 170

Radical, 168, 186
Rank, 2, 125
Reflexive, 161
Regulus, 198
Residually connected, 45
Residue, 39

Secant, 235
Semilinear, 90
Sesquilinear form, 158
Set geometry, 3
Set pregeometry, 3
Singular subspace, 125
Skew, 198
Subgeometry, 4
Subspace, 5
Symmetric, 158, 164

Tangent, 186
Tangent set, 186
Tangent space, 186
Thick, 4
Thin, 4
Translation, 72
Transversal, 198
Type, 1, 2
Type function, 1

Veblen–Young, 10
Vector representation, 102
Vector space associated to an affine space, 102
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