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Preface

Incidence geometry has a long tradition starting with Euclid [25] and his predeces-
sors and is at the same time a central part of modern mathematics. The main progress
in incidence geometry until about 1900 are the axioms of affine and projective
geometries and the two fundamental theorems of affine and projective geometries as
described in David Hilbert’s “Grundlagen der Geometrie” [27]. The specific value
of the fundamental theorems is due to the fact that a few geometric axioms give rise
to algebraic structures as vector spaces and groups.

Starting from these results, modern incidence geometry has been developed
under the strong influence of Jacques Tits and Francis Buekenhout. Jacques Tits
developed the fascinating theory of buildings and classified the buildings of spher-
ical types. The main representatives of buildings of spherical type are projective
spaces and polar spaces.

Starting from the theory of buildings, Francis Buekenhout laid the foundations
for modern incidence geometry, also called diagram geometry or Buekenhout—
Tits-geometry, and contributed a number of outstanding results such as the
classification of quadratic sets or (together with Ernest Shult) the Theorem of
Buekenhout-Shult about polar spaces.

The objective of this book is to give a comprehensible insight into this fascinating
and complex matter. The book provides an introduction into affine and projective
geometry, into polar spaces and into quadratic sets and quadrics.

The book is mainly directed to students who are interested in a clear and
comprehensible introduction into modern geometry and to lecturers who offer
courses and seminars about incidence geometry. However, the book may also be
of interest for researchers since there are many results in this book which were up
to now only available in the original research literature.

The book is organized as follows:

Chapter I introduces the terminology of geometries and diagrams and deals with
projective and affine spaces. The main results of Chap. I are:

* The assignment of subspaces and dimensions to projective and affine spaces (see
Sects. 4 and 5).

vii



viii Preface

* The relation between affine and projective spaces (see Sect. 5).

* The characterization of affine spaces by Buekenhout (see Sect. 6).

* The introduction of diagrams and the Theorem of Tits about the existence of
specific paths in residually connected geometries (see Sect. 7).

e The classification of projective and affine geometries by their diagrams (see
Sect. 7).

e The introduction of finite geometries (see Sect. 8).

Chapter 2 is devoted to the study of isomorphisms and collineations. Among
the collineations, the central collineations are of particular importance. They are
investigated in detail. The main results of Chap. II are:

e The fact that (parallelism-preserving) collineations of projective and affine
spaces are isomorphisms (see Sect. 4).

e The fact that collineations admitting a centre or an axis are already central
collineations (see Sect. 5).

» The fact that every projective space of dimension at least 3 satisfies the Theorem
of Desargues (see Sect. 6).

e The fact that every Desarguesian projective space admits as many central
collineations as possible (see Sect. 6).

Chapter III provides the introduction of coordinates for affine and projective spaces
and the classification of all Desarguesian affine and projective spaces. The main
results of Chap. III are:

e The introduction of projective and affine spaces defined by means of vector
spaces (see Sects. 2, 3 and 5).

e The introduction of collineations of affine and projective spaces defined by
linear and semilinear transformations of the underlying vector space (see Sects. 4
and 6).

e The first fundamental theorem of affine and projective spaces classifying all
Desarguesian projective and affine spaces (see Sect. 7).

e The second fundamental theorem of affine and projective spaces determining the
automorphism group of Desarguesian projective and affine spaces (see Sect. §).

Chapter IV deals with polar spaces and polarities. The classification of buildings of
spherical type by Tits [50] and the work of Veldkamp [56] (for Char K # 2) also
provides a classification of all polar spaces of rank at least 3 such that all planes
are Desarguesian. In Chap. IV these polar spaces are introduced. Unfortunately, an
inclusion of the proof of the classification theorem would go beyond the scope of
this book. The main results of Chap.IV are:

e The Theorem of Buekenhout—Shult providing the current definition of polar
spaces (see Sect. 2).

¢ The classification of polar spaces by means of their diagrams (see Sect. 3).

e The discussion of the Neumaier geometry (see Sect. 3).

¢ The introduction of polar spaces defined by a polarity (see Sect. 4).
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e The Theorem of Birkhoff and von Neumann classifying the polarities by means
of sesquilinear forms (see Sect. 5).

e The introduction of polar spaces defined by a pseudo-quadratic form (see Sect. 6).

e The introduction of the Kleinian polar space defined by the lines of a
3-dimensional projective space (see Sect. 7).

e The Theorem of Buekenhout and Parmentier classifying projective spaces as
linear spaces with polarities (see Sect. 8).

Chapter V is devoted to the study of quadrics and quadratic sets. Quadrics are special
cases of pseudo-quadrics (polar spaces defined by a pseudo-quadratic form). They
have been studied long before polar spaces appeared. The main subject of Chap. V
is the Theorem of Buekenhout stating that every quadratic set of a d-dimensional
projective space is either an ovoid or a quadric. In fact, this theorem is a special case
of the classification of polar spaces mentioned above. The main results of Chap. V
are:

* The fact that every quadratic set defines a polar space (see Sect. 2).

e The fact that every quadric defines a quadratic set (see Sect. 3).

e The classification of quadratic sets in a 3-dimensional projective space (see
Sect. 4).

e The fact that every quadratic set is perspective (see Sect. 5).

e The Theorem of Buekenhout stating that every quadratic set of a d-dimensional
projective space is either an ovoid or a quadric (see Sect. 6).

e The relation between the Kleinian quadric and the Kleinian polar space (see
Sect. 7).

* The Theorem of Segre stating that every oval of a finite Desarguesian projective
plane of odd order is a conic (see Sect. 8).
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Chapter 1
Projective and Affine Geometries

1 Introduction

The present chapter deals mainly with projective and affine geometries. In Sect. 2,
the notions pregeometry and geometry are introduced. In Sects.3-6, affine and
projective spaces are discussed in detail. In particular, the affine and projective
spaces are endowed with a structure of subspaces, and the relation between affine
and projective spaces is explained.

One can assign a little pictogram to a geometry often indicating important
information about this geometry. These pictograms are called diagrams. They are
introduced in Sect. 7. Finally, in Sect. 8, we will turn to finite geometries, that is,
geometries consisting of finitely many elements.

2 Geometries and Pregeometries

The notions geometry and pregeometry are fundamental in the theory of modern
incidence geometry. In the present section, we shall define these two notions, and we
shall illustrate them by considering simple geometries like n-gons or the geometry
of a cube. The whole strength of the concept of geometries will become clearer in
the forthcoming sections and chapters.

Definition. Let / be a non-empty set whose elements are called types. A prege-
ometry over / is atriple ' = (X, *, type) fulfilling the following conditions:

(i) X is a non-empty set whose elements are called the elements of the pregeom-
etry I
(ii) type is a surjective function from X onto /. It is called the type function of I
(iii) * is a reflexive and symmetric relation on X, the so-called incidence relation.
It fulfils the condition: If x and y are incident elements of the same type, that
is, x * y and type(x) = type(y), we have x = y.

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics, 1
DOI 10.1007/978-3-642-20972-7_1, © Springer-Verlag Berlin Heidelberg 2011



2 1 Projective and Affine Geometries

The rank of I' is the cardinality of /. If |/| = n, T is called a pregeometry of
rank n.

Definition. (a) Let A, be an n-gon with the set V' of vertices and the set E
of edges. The geometry I, = (X,, *, type) over I = {0, 1} or [ =
{vertex, edge} of an n-gon is defined as follows: The set X,, consists of the
vertices and the edges of A,. A vertex x and an edge k are called incident if the
vertex x lies in A, on the edge k.

The pregeometry I',, is called an n-gon.

(b) Let A be a polyhedron with the set V' of vertices, the set E of edges and the
set F of faces. The geometry I' = (X, *, type) over I = {0, 1, 2} or [ =
{vertex, edge, face} is defined as follows: The set X consists of the vertices,
the edges and the faces of A. Two elements of X are called incident if, in A,
one of the two elements is contained in the other one.

The geometry of the cube with notations as in the figure 81 7
has the following vertices, edges and faces: 5 | A
Vertices: {1,2,3,4,5,6,7, 8} |
Edges: {12, 23, 34, 14, 15, 26, 37, 48, 56, 67, 78, 58} ,4/’"' A3
Faces: {1234, 1256, 2367, 3478, 1458, 5678} a

1 2

Definition. Let I' = (X, *, type) be a pregeometry over a type set /.

(a) A flag of I is a set of pairwise incident elements of I'. The empty set is a flag
of I" as well.

(b) Two flags F and G are called incident if every element of F is incident with
every element of G.

(c) Let F be a flag of I". The set {type(x) | x € F} is called the type of F and is
denoted by type(F). The rank of F is the cardinality of the set type(F).

(d) The corank of F is the cardinality of the set 7 \ type(F).

(e) A chamber is a flag of type /.

8
The geometry of the cube with notations as in the ! !
figure has the following flags through the vertex 1: 5 —
{13, {1,123, {1, 14}, {1, 15}, M R
{1, 1234}, {1, 1256}, {1, 1458},
{1, 12, 1234}, {1, 12, 1256}, {1, 14, 1234}, 1 2

{1, 14, 1458}, {1, 15, 1256}, {1, 15, 1458}.

An incident vertex-face-pair is an example of a flag
of the pregeometry defined by the cube. The cham- F
bers of the cube are the sets of pairwise incident
elements consisting of exactly one vertex, one edge
and one face.

g

If a line g and a face F of a flag {g, F} are drawn as in the above figure, the origin
of the name flag becomes clear.



2 Geometries and Pregeometries 3

2.1 Theorem. Let " = (X, *, type) be a pregeometry, and let F be a flag of T'.

(a) The sets F and type(F) are of the same cardinality, that is, |F| = |type(F)|. In
particular, the cardinality of F equals the rank of F.

(b) If C is a chamber of T, C and I are of the same cardinality, that is, |C| = |I].
If T is of finite rank n, we have |C| = n.

Proof. The proof is obvious. O

Definition. A pregeometry I" over a type set / is called a geometry if every flag of
T is contained in a chamber of I".

The n-gons and the polyhedra are examples of geometries. Often, a geometry can be
constructed as a set of points and a set of subspaces (lines, planes, etc.) which are
subsets of the point set. This approach is reflected by the definition of a set geometry.

Definition. Let I" = (X,*, type) be a pregeometry over the type set I = {0, 1,...,
d — 1} where the elements of type 0 are called points and all elements are called
subspaces. For a subspace U of T, denote by Uj the set of points incident with U'.

(a) T' is called a set pregeometry if any two subspaces U and W of I' with
type(U) < type(W) are incident if and only if Uy is contained in W, and if
Uy # Wy whenever U # W.

(b) TI'iscalled a set geometry if I' is a set pregeometry and a geometry.

Remark. Let T be a set pregeometry over the type set I = {0, 1,...,d — 1}.
The subspaces of I' can be seen as subsets of the point set of I'. The incidence
relation is defined by set-theoretical inclusion. For set pregeometries, we often use
the terminology “U is contained in W or “W is contained in U” instead of “U and
W are incident”.

2.2 Examples. (a) The geometries of a polyhedron or an n-gon are examples of set
geometries.

(b) Consider the tiling of the Euclidean plane with black and white squares such
that two squares with a common edge have different colours. We shall define
a geometry [" of rank 3 over the type set {point, white, black} as follows: The
point set of I" consists of the vertices of the squares. The white elements are the
white squares, the black elements are the black squares.

A point and a square are incident if the point is a corner of the square. A black
and a white element are incident if they share an edge. The so-defined geometry
is a geometry, but not a set geometry.

In this book, we shall mostly deal with set geometries.
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Definition. Let I' = (X, *, type) be a geometry over a type set /.

(a) Let F be a flag of I'. F is called co-maximal if there exists an element x of
X \ F such that F U {x} is a chamber.

(b) The geometry I' is called thin (respectively thick, respectively firm) if every
co-maximal flag of I" is contained in exactly two (respectively in at least three,
respectively in at least two) chambers.

2.3 Theorem. Let I be a geometry of finite rank n over a type set I. A flag F of T’
is co-maximal if and only if F is of rankn — 1.

Proof. The proof is obvious. O

The n-gons and the geometries of the polyhedra are thin geometries. We shall
illustrate this fact by the geometry of the cube:

The co-maximal flags of I" consist of a vertex and an y i !
edge, a vertex and a face or an edge and a face. Con- 5 i f
sidering as an example the co-maximal flag {1, 12}, 4
we see that there are the two chambers {1, 12, 1234} e 3
and {1, 12, 1256} through this flag. i

1 2

Definition. Let " = (X, *, type) and [' = (X', */, type’) be two geometries over
the type sets I and I’, respectively. I/ is called a subgeometry of I if the following
two conditions are fulfilled:

(i) Wehave I’ C I, X' C X and type’ = type|,.
(ii) Two elements x” and y’ of I'” are incident in I'" if and only if they are incident
inT.

3 Projective and Affine Planes

The main result of the present section is the following relation between projective
and affine planes:

Starting from a projective plane, an affine plane can be constructed by deleting
one line and all of its points (Theorem 3.7). Conversely, by adding points and
one line, the so-called projective closure of an affine plane is constructed. The
projective closure of an affine plane is a projective plane (Theorem 3.8).

Definition. A linear space is a geometry L of rank 2 over the type set {point, line}
satisfying the following conditions:

(L) For every two points x and y of L, there exists exactly one line which is
incident with x and y.

(Ly) Every line is incident with at least two points; there are at least two
(distinct) lines.
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3.1 Theorem. Let L be a linear space. For every two lines g and h, there is at most
one point of L which is incident with g and with h.

Proof. The proof is obvious. O

For linear spaces, we use the following terminology: If a point x is incident with a
line g, we say that x is on g or that g goes through x.

A line, being incident with two points x and y, is called the line through x and
y. Itis denoted by xy.

Conversely, a point, which is incident with two lines g and 4, is called the
intersection point of g and 4. It is denoted by g N A.

Definition. Let L be a linear space, and let U be a set of points of L. U is called
a subspace of L if for any two points x and y of U, all points of the line xy are
contained in U.

Examples of subspaces of a linear space L are the empty set, a single point, a line
or the whole point set of L. In linear spaces, we identify the point set of a subspace
with the subspace itself. If all points of a line g are contained in a point set M, we
say that the line g itself is contained in M .

3.2 Theorem. Let L be a linear space. The intersection of an arbitrary family of
subspaces of L is a subspace of L.

Proof. Let (U;);e; be a family of subspaces of L, and let x and y be two points
contained in U; for all i of I. Since U; is a subspace for all i of 7, the line xy is
contained in U; for all i of . O

Definition. Let L be a linear space.

(a) A set M of points of L is called collinear if all points of M lie on a common
line of L.
(b) Let M be a set of points of L, and let

(M) := N U|U is a subspace of L containing M.

(M) is the smallest subspace of L containing M. It is called the subspace
generated by M.

(c) Let x, y and z be three non-collinear points of L. The subspace (x, y, z)
generated by x, y and z is called a plane of L.

3.3 Lemma. Let L be a linear space, and let U be a subspace of L. Furthermore,
let M be a set of points of U. Then, (M) is contained in U.

Proof. The proof is obvious. O

Definition. Let L be a linear space. A maximal proper subspace of L is called a
hyperplane of L.

3.4 Theorem. Let L be a linear space, and let H be a subspace of L with the
property that every line of L has at least one point in common with H. Then, H is
a hyperplane of L.
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Proof. Assume that there exists a proper subspace U y

of L such that H is a proper subspace of U. Let x be

a point of U outside of H, and let y be a point of L

outside of U . Finally, let g be the line joining x and y. U
By assumption, the line g and H meet in a point z #
x. It follows that the line ¢ = xz is contained in U,
in contradiction to the fact that the point y is on g but
not contained in U . |

Definition. (a) A projective plane is a geometry P of rank 2 over the type set
{point, line} satisfying the following conditions:

(P P,) Every two points of P are incident with exactly one line.

(P P;) Every two lines of P meet in exactly one point.

(P Ps3) Every line is incident with at least three points. There are at least two
(distinct) lines.

(b) If the geometry P satisfies the conditions (PP;), (PP,) and the weaker
condition

(PP3’) Every line is incident with at least two points, and there are at least
two lines,

the geometry P is called a generalized projective plane.

Remark. Obviously, a projective plane is a linear space. In order to verify Axiom
(PP,) of a projective plane, it suffices to show that any two lines meet in a point.
The uniqueness of the intersection point then follows from Theorem 3.1.

3.5 Theorem. Let P be a generalized projective plane. Then, one of the following
cases occurs:

(i) P consists of three points and three lines. Every
line has exactly two points. A

(ii) All lines except one line have exactly two points
The point set of P consist of the points on the
“long” line and one further point.'

(iii) P is a projective plane.

Proof. Suppose that P has at least two lines g and / with at least three points. We
shall show that every line of P is incident with at least three points:

I'This structure is sometimes called a near-pencil.
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Let z be the intersection point of g and A, g
and let x; and x;, be two further points on g and X1 m
y1 and y, be two further points on /. The lines X p
x1y; and x,y, meet in a point p which is neither h
incident with g nor with h. Pl v )

Let m be the line through z and p. If [ is a line of P not incident with z, the line /
intersects the lines g, i, and m in three different points. If / is a line of P through z
different from g, the line / is incident with the three different points z, / N x;y,; and
[N xpy,. O

Definition. (a) An affine plane is a geometry A of rank 2 over the type set {point,
line} satisfying the following conditions:
(AP ) Every two points of A are incident with exactly one line.
(AP;) Parallel axiom. Let g be a line and
let x be a point not on g. Then, there exists
exactly one line & through x which has no
point in common with g.

g

(AP3) Every line is incident with at least two points. There are at least two
(distinct) lines.

(b) Two lines g and £ of an affine plane are called parallel if g = & or if g and &
have no point in common. The parallelism of two lines g and / is denoted by
glh.

(c) Let g be a line of an affine plane, and let 7(g) be the set of lines parallel to g.
Then, every set 7 of the form m = 7 (g) is called a parallel class of A.

Obviously, an affine plane is a linear space.
3.6 Theorem. Let A be an affine plane. The relation || is an equivalence relation.

Proof. Since every line is parallel to itself, the relation || is reflexive. Obviously, the
relation || is symmetric. In order to show the transitivity, we consider three lines g,
h and [ such that g and / are parallel and such that 4 and [ are parallel.

Assume that g and [ are not parallel. g X
Then, g and / meet in a point x. Therefore, | ><
x is incident with two lines parallel to #,

namely g and /, in contradiction to the parallel ~ h
axiom. O

Remark. 1t follows from Theorem 3.6 that a parallel class 7 (g) is independent of
the choice of the line g, that is, 7(g) = n(h) for all & of 7 (g).

The following two theorems show that projective and affine planes are strongly
related.

3.7 Theorem. Let P be a projective plane, and let | be a line of P. Let A be the
geometry of rank 2 over the type set {point, line} defined as follows:
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The points of A are the points of P not on .

The lines of A are the lines of P different from .

The incidence and the type function of A are induced by the incidence and the
type function of P.

The geometry A is an affine plane.

Proof. Axiom (AP) follows from Axiom (PP).

For the verification of the parallel axiom (AP;), let g be a line and let x be a
point of A noton g. Let y := g N[ be the intersection point of g and / in P, and let
h := xy be the line joining x and y.

(i) Existence: By construction, the point x lies on
the line /1, and g and & do not have a
point of A in common. h X
(i) Uniqueness: Let m be a line through x
which has (in A) no point in common
with g. Since m and g intersect in P, the y
intersection point lies on /. It follows that
mNg =gNI[l = y.Hence,m = xy = h.

Axiom (APj3) finally follows from Axiom (PP3). Note that Axiom (PP3)
provides the existence of a third line of P. O

Definition. Let P be a projective plane, and let A be the affine plane obtained from
P by deleting a line / and the points on / as described in Theorem 3.7. The affine
plane A is denoted by P\ .

In general, the affine plane P\ [ depends on the choice of the line /. It can occur
that for two distinct lines / and m of a projective plane P, the affine planes P \ [ and
P\ m are not isomorphic.?

Every parallel class of P\ [ corresponds to the set of lines of P through a point
of [. This fact motivates the following definition and the subsequent theorem.

Definition. Let A be an affine plane, and let P (A) be the geometry of rank 2 over
the type set {point, line} defined as follows:
A

The points of P (A) are the points of A h
and the parallel classes of A.

The lines of P (A) are the lines of A and  7(g)
an additional line /. This line is called the
line at infinity.

[ X

n(g)

The incidence between points and lines is defined as follows:

2For the definition of “isomorphic”, see Chap. 2.



3 Projective and Affine Planes 9

Line 1 of A Line / at infinity
Point x of A Incidence as in A x and [ are not incident
Parallel class 7(g) (g) and h are incident 7(g) and [ are for every
if and only if & is con- parallel class 7 (g) inci-
tained in 7 (g) dent (The points of /

are exactly the parallel
classes of A)

P (A) is called the projective closure of A.

3.8 Theorem. Let A be an affine plane. The projective closure P (A) of A is a
projective plane.

Proof. Verification of (PP ): Let x and y be two points of P (A).

If x and y both are contained in A, the line joining x and y in A is the unique
line joining x and y in P (A).

If x is a point of A and if y = m(g) is a parallel class of A, by the parallel
axiom, there exists exactly one line & of 7 (g) through x. This line % is the unique
line joining x and y in P (A).

If x = n(g) and y = 7 (h) are two parallel classes of A, the line / is the unique
line joining x and y in P (A).

Verification of (PP;): Let g and & be two lines of P (A).

If g and / both are lines of A, one has to distinguish whether g and % are parallel
or not. If they are not parallel, there exists an intersection point in A and therefore
also in P (A). If g and & are parallel, g and & both are contained in 7 (g) = w(h),
therefore, g and & intersect in P (A) in the point 7z (g).

If g is aline of A and if i1 = [ is the line at infinity of P (A), g and & meet in the
point 7(g) of P (A).

Verification of (P P3): Since there are at least two lines in A, there are at least
two lines in P (A) as well.

If g is a line of A, 7(g) is an additional point on g in P (A), therefore, g is
incident with at least three points.

It remains to show that the line / has at least three
points. For, let g and & be two lines of A intersecting in
a point x. Let y and z be two further points (different h m
from x) on g and £, respectively, and let m be the line
joining y and z. Then, the lines g, & and m mutually
intersect, hence, the parallel classes 7 (g), 7 (h) and
7t (m) are pairwise distinct.

Consequently, the line / has at least three points. O
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4 Projective Spaces

The present section is devoted to the discussion of projective spaces. Besides the
definition of projective spaces, the notions subspace, basis and dimension will be
introduced.

The main results of this section are the description of a subspace generated
by a subspace and a point (Theorem 4.2), the existence of bases (Theorem 4.7),
the Exchange Lemma (Theorem 4.9), the Exchange Theorem of Steinitz (Theo-
rem 4.10) and the dimension formula (Theorem 4.15).

Finally, it is shown that projective spaces are thick geometries (Theorem 4.20).

Definition. (a) A projective space is a geometry P of rank 2 over the type set
{point, line} satisfying the following conditions:

(PS1) Any two points are incident with exactly one line.

(PS,) Axiom of Veblen-Young. If p, x, y, a
and b are five points of P such that the lines
xy and ab meet in the point p, the lines xa and
yb also intersect in a point.

(PS5) Every line is incident with at least three ~ — p ax|b
points. There are at least two (distinct) lines. I

(b) If the geometry P satisfies the conditions (PS;), (PS2) and the weaker
condition

(PSg) Every line is incident with at least two points, and there are at least
two lines,

the geometry P is called a generalized projective space.

Sometimes, the empty set, a point, or a line together with the points on that line are
also called projective spaces.

4.1 Theorem. Let P be a projective space, and let U be a subspace of P such that
there are at least two lines in U. Then, U is a projective space.

Proof. Verification of (PS): If x and y are two points of U, there exists the line
xy in P. By definition of a subspace, this line is contained in U'.

Verification of (PS,): Let p, x, y, a and b be five points such that the lines
xy and ab meet in the point p. Since P is a projective space, the lines xa and yb
intersect in a point s. Since x and a are points of U, it follows that the point s on xa
is contained in U .

Verification of (P S3): Since every line in P is incident with at least three points,
every line of U is incident with at least three points. By assumption, U contains at
least two lines. O

The following theorem describes the subspace generated by a subspace and a
point. It is an essential step on the way to introduce the notions dimension and basis.

4.2 Theorem. Let P be a projective space, let U be a subspace of P, and let p be a
point of P outside of U. We have (U, p) = U{pu|u e U}.



4 Projective Spaces 11

In other words, the subspace (U, p) consists
of the point p and all points z such that the line U
pz meets the subspace U in a point. p

Proof. Let M := U{pu|u e U}.

(i) M is a subspace of P: Let x and y be two points of M, and let z be an arbitrary
point on the line xy. We need to show that the point z is contained in M .
1*" case. Suppose that the points x and y are contained in U. Then, the line xy is
contained in U. Since U is contained in M, it follows that z € xy is contained
in M.
2" case. Suppose that the point x is contained in U and that the point y is not
contained in U. If y is incident with the line px, z is incident with px and
therefore contained in M .

Let y ¢ px. Since y is a point
of M, the line py intersects the subspace U
in a point b. Since the lines pb and xz meet
in the point y, it follows from the axiom
of Veblen—Young that the lines pz and xb
intersect in a point. Since xb is contained
in U, the point z is a point of M .

3" case. Suppose that neither the point x nor the point y is contained in U If
the points p, x and y are collinear,’ the line pz = py meets the subspace U
since y is contained in M. It follows that z is contained in M .

Let p, x and y be non-collinear. Since x L
and y are contained in M, the lines px and X a
py meet the subspace U in two points a z
and b. The line g := ab is contained in b
U. We shall apply the axiom of Veblen—- —*
v ; P ¥\
oung twice. g

First, we shall construct an auxiliary
point s: Since the lines pb and xz meet
in the point y, it follows from the axiom
of Veblen—Young that the lines px and bz
intersect in a point s.

In particular, the lines pa and bz inter-
sect in s, thus, it follows again from the
axiom of Veblen—Young that the lines pz
and ab = g intersect. Since g is contained
in U, it follows that z is a point of M, therefore, M is a subspace.

3This includes the case x = p or y = p. W.lo.g.,let y # p.
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(i) We have M = (U, p): Since M is a subspace of P containing p and U, it
follows from Theorem 3.3 that (U, p) is contained in M.

In order to show that M is contained in (U, p), we consider a point z of M. If

7= p, zis contained in (U, p).If z # p, the line pz intersects the subspace U

in a point c. Since z is incident with pc, it follows that z is contained in (U, p).

O

4.3 Theorem. Let P be a projective space, and let W = (U, p) be a subspace of
P which is generated by a subspace U of P and a point p of P outside of U.
Let q be a further point of W outside of U. Then, we have

W =(U p)=(U. q).
Proof. (i) Since U and ¢ are contained in W, it follows that (U, ¢) is contained
in W.
(i1) Since g is a point of W, it follows from Theorem 4.2 that the line pq intersects

the subspace U. By Theorem 4.2, it follows that p is contained in the subspace
(U, g). Thus, W = (U, p) is contained in (U, ¢). O

Definition. Let P be a projective space, and let U be a subspace of P. Furthermore,
let B be a set of points of U.

(a) B is called a point set generating U if (B) = U.
(b) B is called independent if for any point x of B, we have: (B \ {x}) # (B).
(c) B iscalled a basis of U if B is independent and if B is generating U .

4.4 Theorem. Let P be a projective space, and let U be a subspace of P. Further-
more, let B be a set of points of U. The following conditions are equivalent:

(i) The set B is a basis of U.
(ii) The set B is a minimal point set generating U .
(iii) The set B is a maximal independent subset of U.

Proof. (1) = (ii): If B is a basis of U, B generates U. Assuming that B is not a
minimal point set generating U, there would exist a proper subset B’ of B with
(B’) = U.Let x be apoint of B\ B’. It follows that (B \ {x}) contains (B’) = U,
in contradiction to the independency of B.

(i) = (iii): Let B be a minimal point set generating U. Since B is minimal, it
follows that B is independent. The assumption that B is not maximal implies the
existence of an independent subset B’ of U such that (B) is strictly contained in
(B'), contradicting the fact that (B) = U.

(iii)) = (1): Since B is maximal, it follows that B is generating U. Since B is
independent, it follows that B is a basis of U. O

4.5 Theorem. Let P be a projective space, and let U be a subspace of P with a
basis B.

(a) Let B’ be a subset of B, and let W := (B’).

(i) B’ isabasisof W.
(ii) The point x is not contained in W for all x of B\ B’.

(b) If p is a point of P outside of U, B U {p} is a basis of (U, p).
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Proof. (a) (i) By definition, the subspace W is generated by B’. Assume that
B’ is dependent. Then, there exists a point z of B’ with (B’\ {z}) = W. It
follows that

(B\{z}) = (B'\{gh) U B\ B') = (W. B\ B') 2 (B", B\ B') = (B) = U,
in contradiction to the independency of B.

(ii) Assume that there is an element x of B \ B’ contained in W. Then, it follows
that x is contained in (B’). Since (B’) is a subset of (B \ {x}), it follows that
(B\{x}) = (B\{x}, x) = (B) = U, in contradiction to the independency
of B.

(b) Let X := (U, p),and let C := B U {p}. We need to show that C is a basis of
X. Obviously, we have (C) = (B U {p}) = (U, p) = X.
In order to show that C is independent, let x be a point of C.
If x = p, it follows that (C \ {x}) = (B) =U # X = (C).

Let x # p. It follows from the independency of B that W := (B \ {x}) # (B) =
U. Let z be a point of U outside of W. We will show that z is not contained in
(C\{x}). Then, it will follow that (C\{x}) # X = (C), that is, the indepen-
dency of C. U

The line pz meets the subspace U
in the point z. Since z is not contained in
W, the line pz and the subspace W do not
have a point in common. p
Because C = BU{p}and W = (B \ {x}),
it follows that (C \ {x}) = (W, p).
By Theorem 4.2, it follows that z is not contained in (W, p) = (C \ {x}). O

In order to prove the existence of a basis in an arbitrary projective space, we need
the Lemma of Zorn. For details about the Lemma of Zorn, see for example Lang
[34].

Lemma of Zorn 4.6. Let (M, <) be a non-empty partially ordered set such that
every chain, that is, every totally ordered subset of M, admits an upper bound in
M. Then, M has a maximal element.

4.7 Theorem. Let P be a projective space, and let U be a subspace of P. Let X be
a set of points of U generating U. Then, there exists a basis of U which is contained
in X. In particular, there exists a basis of U.

Proof. We shall apply the Lemma of Zorn. Let M be the set of independent subsets
of X. Since M contains at least the empty set, M is not empty. Obviously, M is
partially ordered by inclusion.

Let (C;);es be a chain of independent subsets of X, and let A := U{C;|i €
I}. We claim that A is independent: Assume that A is dependent. There exists an
element x of A such that (4 \ {x}) = A.
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Step 1. The point x is not contained in (C; \ {x}) forall j of /.

1*" case. Suppose that x is contained in C; for some j of /. Since C; is
independent, it follows that (C; \ {x}) # C;. In particular, x is not contained in
(C\ ().

2" case. Suppose that x is contained in (C; \ {x}), but not contained in C; for
some j of /. Since x is contained in A = U{C; |i € I}, there exists an index k
of [ such that x is contained in Cy. Since (C;);e; is a chain, it follows that C; is
contained in Cy. It follows that

(C)) = (Cj\{x}) S (Ci\ {x}).

In view of Case 1, the point x is not contained in (Cy \ {x}), hence x is not
contained in (C; \ {x}).

Step 2. Let (U;);e; be a chain of subsets of P. Then, U := U{U; |i € I} is also
a subspace of P:

For, let x and y be two elements of U . There exist two indices i and j of I such
that x is contained in U; and y is contained in U;. Since (U;);es is a chain, we
may assume w.l.o.g. that the subspace U; is contained in U;. Hence the line xy is
contained in U; and therefore in U.

Step 3. The set A is independent.

We have
A = (A\{x})
=((Jen\txh) (Definition of A)
iel

= ((J@\ {xh)
iel

= (U(Ci \ {x})) (By Step 1, the point x is not contained
i€l in(C; \ {x})forall jof I.)

= U(Ci \ {x}) (By Step 2, the union of a chain of sub-

i€l spaces is a subspace.)

Since x is contained in A, but notin | J(C; \ {x}), this equation yields a contradic-
| €
tion. Hence, A is independent. <

Step 4. There exists a basis of U which is contained in X:

In view of Step 3, we can apply the Lemma of Zorn. Hence, there exists a
maximal independent set B in X . Since B is a maximal independent subset of X, it
follows that X is contained in (B). Hence, U = (X) is contained in (B), that is, B
generates U . Hence, B is a basis of U. O

In the following, we shall show that all bases of a subspace U of a projective
space either have infinitely many elements or that all bases of U have finitely
many elements. In the finite case, we shall show that any two bases are of the same
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cardinality. In the infinite case, this is also true, but we do not give a formal proof.
This number of elements of a base will be called the dimension of U.

Major steps to prove this assertion are the Exchange Lemma (Theorem 4.9) and
the Exchange Theorem of Steinitz (Theorem 4.10).

4.8 Theorem. Let P be a projective space, and let U be a subspace of P with basis
B. For every point x of U, there exists a finite subset C of B such that x is contained
in (C).

Proof. W.lo.g., we may assume that B is infinite. Let
A:=U((C)]|C < B, Cis finite)

and assume that A # (B) (= U).

A is a subspace of U': For, let x and y be two points of A. There exist two finite
subsets C and D of B such that x is contained in (C) and y is contained in (D).
Hence, x and y are contained in (C U D) € A. Hence, the line xy is contained in A.

There exists a point x of B not contained in A: Otherwise, (B) would be
contained in A, a contradiction.

Finally, the subspace A contains the subspace (x), a contradiction. O

4.9 Theorem (Exchange Lemma). Let P be a projective space, and let U be a
subspace of P admitting a basis B. For every point p of U, there exists an element
x of B such that B\ {x} U {p} is a basis of U.

“In the basis B, the point x is exchanged by the point p.”

Proof. Let p be a point of U, and let r be the minimal number of points xi, ..., X,
of B such that p is contained in W := (xy,..., x,). The number r exists in view of
Theorem 4.8.

By definition of r, the point p is not contained in W' := (xy,..., x,—1).

Since p is not contained in W, it follows from Theorem 4.3 that W = (p, W').
In particular, the point x, is contained in (xy,...,x,—, p). Let X := (B\ {x,}).
Note that the point p is not contained in X: Otherwise, the point x, would be
contained in X, contradicting the fact that (B \ {x,}) # (B).

It follows from Theorem 4.5 that (B \ {x,}) U{p}isabasisof (X, p) =U. 0O

4.10 Exchange Theorem of Steinitz. Let P be a projective space, and let U be a
subspace with a finite basis B. Furthermore, let C be an independent set of points
of U.Ifr := |B|and s := |C|, it holds:

(a) C is finite, and we have s <r.
(b) There is a subset B" of B with |B’| = r — s such that B’ U C is a basis of U.

Proof. Let C be a finite set. We shall prove the assertions (a) and (b) by induction
on s.

(1) If s = 1, U contains at least one point. It follows that | B| > 1 = s. This shows
Part (a). Part (b) is a consequence of the Exchange Lemma.
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(ii) s —1 — s: Let p be a point of C, and let C’ := C \ {p}. By induction (applied

()

(b)

on the set C’), we have s — 1 < r, and there is a subset B” of B with |B"| =
r — (s — 1) such that B” U C' is a basis of U.

We have s < r: Since, by induction, we have s — 1 < r, we have to show that
s—1 # r. Assuming s — 1 = r, it follows that | B”| = r — (s — 1) = 0, that is,
B"” = @.Hence, C' = B” U C’ is a basis of U, and it follows that

p e (C) =(C\{p}).

in contradiction to the independency of C.

By induction, B” U C’ is a basis of U where [B”| = r — (s — 1) and C’ =
C \ {p}. We need to show that there exists a point x of B” such that (B” \ {x})U
Cisabasisof U.

For,lett := |B”"| = r—(s—1),andlet B” = {x|,...,x;}.Fori = 1,...,¢,let

W :=(C’, x1,...,x;) and Wy := (C').

Then, (Cl> = Wo - W1 c ... C
W, = U is a sequence of subspaces.
Each subspace W; has the basis C’ U
{x1,...,x;}, and we have W;;, =
(W;, xi+1). Since p is not contained
in (C’) and since p is contained in U,
there exists an index j of {0, ...,r—1}
such that p is not contained in W;, but
p is contained in W 4.

Since W;11 = (W;, xj41), it follows from Theorem 4.3 that W; | =
(W;, p). It follows from Theorem 4.5 that C' U {xi,...,x;} U {p} is a basis
of W; 1. Repeated application of Theorem 4.5 yields that

=

+1

Cl U {xl,...,xj, xj+2,...,x,} U {p} =CU (B//\{Xj+1})

isabasisof W, = U.

It remains to show that the set C is finite. Otherwise, C would contain an
independent subset C’ with r + 1 elements. It follows from Part (a) that r + 1 =
|C’| < r, a contradiction. O

Note that the Exchange Theorem of Steinitz is also valid for a subspace U with an
infinite basis, but we do not include a formal proof.

4.11 Theorem. Let P be a projective space, and let U be a subspace of P. One of
the following two cases occurs:

(i) All bases of U have infinitely many elements.
(ii) All bases of U have finitely many elements. Every two bases of U have the same

cardinality.
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Proof. Suppose that U has a basis B with finitely many elements. Let B’ be a
second basis of U. Since B’ is an independent set in U, it follows from the Exchange
Theorem of Steinitz (Theorem 4.10) that B’ is finite and that the relation |B’| < | B|
holds. Since B’ is a finite basis, the same argument shows that | B| < | B’|. O

As mentioned earlier, note that any two bases of U are of the same cardinality, not
only in the finite case.

Definition. Let P be a projective space, and let U be a subspace of P.

(a) Let B be abasis of U. If B has d + 1 elements, d is called the dimension of U
and is denoted by dim U. If B has infinitely many elements, the subspace U is
called infinite-dimensional.

(b) A d-dimensional projective space is a projective space of the finite dimen-
sion d.

For the empty set &, a point x, a line g and a plane E, we have dim @ =
—1, dimx =0, dimg = 1, and dim E = 2.
From now on, we will mainly consider projective spaces of finite dimension d.

4.12 Theorem. Let P be a projective space, and let U be a finite-dimensional
subspace of P. If W is a subspace of U with a basis C, the set C can be extended
to a basis of U.

Proof. Let B be a basis of U. Since C is a basis of W C U, the set C
is an independent set in U. It follows from the Exchange Theorem of Steinitz
(Theorem 4.10) that there is a subset B’ of B such that (B\ B’) U C is a basis
of U. O

Note that the above theorem is also valid for an infinite-dimensional subspace U
of P.

4.13 Theorem. Let P be a projective space.

(a) If U and W are two finite-dimensional subspaces of P with U C W, we have
dim U < dim W with equality if and only if U = W.

(b) Let U be a subspace of P, and let x be a point outside of U. Then, dim (U, x) =
dim U + 1.

Proof. (a) The assertion follows from the fact that every basis of U can be extended
to a basis of W (Theorem 4.12).

(b) Let B be a basis of U. Then, by Theorem 4.5, B U {x} is a basis of (U, x). It
follows that dim (U, x) = dim U + 1. O

Note that Theorem 4.13 is not valid in the infinite case: If W is an infinite-
dimensional subspace with basis {x; |i € N}, the subspace U := (xp; |i € N)
is strictly contained in W, however, the dimension of U equals the dimension of W'

4.14 Theorem. Let P be a projective space, and let U and W be two non-empty
subspaces of P. If U = {x} and W = {y} are two points, suppose that x # y. Then,

(U, W)y=U{uw|ue U, we W, u#w}.
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Proof. Let M := U{uw|u € U, w € W, u # w}. Obviously, M is contained in
(U, w).

It remains to show that (U, W) is contained in M : For, let B be a basis of W.
For every integer s > —1, let A, be the set of points x of (U, W) such that x is
contained in (U, wy, ..., wy) for some points wy, ..., w, of B.

Step 1. We have (U, W) = [J A,: Let x be a point of (U, W), and let C be a

SEN
basis of U.
Since (C, B) = (U, W), by Theorem 4.7, there exist a subset C’ of C and
a subset B’ of B such that C’ U B’ is a basis of (U, W). By Theorem 4.8, there

exist a finite subset {u1,...,u,} of C’ and a finite subset {wy,...,w;} of B’ such
that x is contained in (uj,...,u,, wi,...,ws). In particular, x is contained in
(U, wi,...,wy).

Step 2. The subspace (U, W) is contained in M : In view of Step 1, we shall
show that the set A, is contained in M for every integer s > —1.

For s = —1, we have A_; = U, and the assertion is obvious.

For s = 0, the assertion follows from Theorem 4.2.

s—1 — s:Letx be apoint of Ay not containedin A,—;. By definition of Ay, there
exist some elements wy,...,w, of B such that x is contained in (U, wy,...,w;).
Let X := (wy,...,wy)and X’ := (wy,...,ws—1). Since x is not contained in A;_,
X is not contained in (U, X').

Since (U, X) = (U, X'}, wy), it
follows from Theorem 4.2 that there is
a point y of (U, X’) such that x lies on
the line yw;.

If y is contained in X', it follows that
x is contained in (X’, wy) = X and
hence in M.

If y is contained in U, it also follows that x is contained in M .

If y is neither contained in U nor in
X', there exist by induction two points u
of U and x’ of X’ such that y is incident
with ux’. The lines ux’ and xwy intersect
in the point y.

By the axiom of Veblen—Young, the
lines xu and x"w; meet in a point z.

Since the point z lies on the line x’wy, it follows that z is contained in X . Since x
lies on the line zu, it follows that z is contained in M . O

4.15 Theorem (Dimension Formula). Let P be a projective space, and let U and
W be two finite-dimensional subspaces of P. Then,

dim (U, W) = dim U + dim W — dim (U N W).
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Proof. Let B := {x1,...,x,} be a basis of U N W. By Theorem 4.12, the base
B can be extended to two bases C := {x,...,X,,V1,...,Vq} of U and D :=
{Xt,.o, Xy 2050, 2 Of W,

(i) We shall prove by induction on a that {x{,...,X;, Y1,..., Va» Z1,---,2p} 18 2
basis of (U, W).
Ifa=0,U=UnNW,thatis, U C W and (U, W) = W. It follows that
(U, W) = W has the basis {x1,...,Xr, Z1,...,2}
Leta > 0, and let U’ := ({x1,...,Xr, Y1....,Va—1}). By induction, the
subspace (U’, W) has the basis {x1, ..., X, Vi,..., Va1 Z0»--- 25}

The point y, is not contained U
in (U, W): Otherwise, by
Theorem 4.14, there is a point u Ya
of U’ and a point w of W such
that u # w and such that y, lies
on the line uw. This point w is not W
contained in U since, otherwise, it
would follow that
weUNWwW=UNwW c U,

implying that the point y, € uw is contained U’.
On the other hand, the point w lies on the line y,u contained in U .
It follows from this contradiction that y, is not contained in (U’, W).

By Theorem 4.5, the set {xi,...,X;, Y1,---,Va»2,---,2p} 1S a basis of
(U W,y,) =(UW).

(i) We have dim (U, W) = dim U 4 dim W — dim (U N W): For the different
subspaces, we have:

Subspace Basis Dimension
unw {X1,..., %} r—1

U X1, e Xy Visevos Valt r+a-—1
w (X1, s Xy Z0s ey 2} r+b-—1

(U, w) {X1,0 s Xy Viseoos Vay 205520 F+a+b—1
It follows that
dim(U, W)=r+a+b—-1
=r+a-1)+@F+b-1)—-(r—-1)
= dim U 4 dim W — dim (U N W). O

4.16 Theorem. Let P be a projective space. Then, every plane of P is a projective
plane.

Proof. Let E be a plane of P. Axiom (PP ) follows from Axiom (PS).
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In order to verify Axiom (P P,), let g and & be two lines of E. Since (g, h) = E,
it follows from the dimension formula (Theorem 4.15):

dim(g N h) = dim g + dim & — dim (g, h)
1+1-2=0.

Thus, g N & is a point.
Axiom (P P3) follows from the fact that a plane of P contains at least two lines
and that already in P, every line is incident with at least three points. O

4.17 Theorem. Let P be a linear space. P is a projective space if and only if every
plane of P is a projective plane.

Proof. (i) Let P be a projective space. In view of Theorem 4.16, every plane of P
is a projective plane.
(i1) Let P be a linear space such that every plane of P is a projective plane. We just
have to verify the axiom of Veblen—Young.
For, let p, x, ¥, a and b be five points of P such that the lines xy and ab
meet in the point p.
The lines xa and yb are contained in the plane £ := (p, x, y). Since E is
a projective plane, the lines xa and yb meet in a point. O

Hyperplanes play a crucial role among the subspaces of a projective space. They are
characterized by the fact that every line of the projective space is either contained in
the hyperplane or meets the hyperplane in a point (Theorem 4.18).

Definition. Let P be a projective space, and let U and W be two subspaces of P.

(a) U and W are called complementary if U N W = @ and (U, W) = P.
(b) Suppose that U and W are complementary and that W is of finite dimension r.
Then, U is called a subspace of codimension r + 1.

4.18 Theorem. Let P be a projective space, and let W be a proper subspace of P.

(a) The subspace W is a hyperplane if and only if every line of P contains at least
one point of W.

(b) The subspace W is a hyperplane of P if and only if W is of codimension 1. If P
is of finite dimension d, then every hyperplane of P is of dimension d — 1.

(c) Let H be a hyperplane of P. If U is a t-dimensional subspace of P, which is not
contained in H, thendim (UN H) =1 — 1.

Proof. (a) Step 1. Let W be a hyperplane of P. Every line of P contains at least one
point of W: Assume that there exists a line g disjoint to W. Let x and y be two
arbitrary points on g.

The point y is not contained in the subspace (W, x): Otherwise, by
Theorem 4.2, the line g = xy would intersect W in a point, contradicting the
fact that W and g are disjoint.
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The fact that (W, x) is a proper subspace of P contradicts the maximality

of W.
Step 2. Suppose that every line of P contains at least one point of W. By
Theorem 3.4, W is a hyperplane of P.

(b) Step 1. If W is maximal, we have (W, x) = P for all points x outside of W,
hence W is of codimension 1.
Step 2. If W is a subspace of codimension 1, W is obviously maximal.
Step 3. If dim P = d and if H is a hyperplane of P, we have dim H =
d — 1: Consider a basis B of H and a point x outside of H. It follows from
Theorem 4.5 that B U {x} is a basis of P.

(c) Let g be aline of U. By (a), either the line g is contained in U N H, or the line
g meets U N H in a point. It follows from Part (a) that U N H is a maximal
subspace of U. Hence, we can apply Part (b). O

4.19 Theorem. Let P be a d-dimensional projective space, and let U and W be
two subspaces of P with U N W = &. Then, there exists a subspace W' through W
such that U and W' are complementary.

Proof. Let {by,...,b,} and {b,+1,...,b,+m} be two bases of U and W, respec-
tively. It follows from the dimension formula (Theorem 4.15) that

dim (U, W) = dim U+dim W—dim(UNW) =n—1+m—1—(—=1) = n+m—1,

hence, {bi,...,by4m} is a basis of (U, W). By Theorem 4.12, this basis can be
extended to a basis {by,...,bs+1} of P.
Let W' := (by+1,...,bs+1). Then, W’ contains the subspace W, and we have

dim (UNW’) = dim U+dim W—dim (U, W') = n—1+(d +1-n—1)—d = —1,

thatis, U N W' = @. O

We will conclude this section with Theorem 4.20 stating that the subspaces of a

d-dimensional projective space define a thick geometry of rank d over the type set
{0, 1,...,d —1}.

Definition. Let P be a d-dimensional projective space. Let X be the set of the
subspaces of P with X # @ and X # P. Furthermore, let / := {0, 1,...,d — 1}.
The type function type: X — [ is defined by type(U) := dim U. Two subspaces U
and W of X are incident (that is, U* W) if and only if either U is contained in W
or W is contained in U.

Then, T := (X, *, type) is called a projective geometry over /.

4.20 Theorem. Let P be a d-dimensional projective space. Then, P defines a thick
geometry of rank d over I := {0, 1,...,d —1}.

Proof. LetT' = (X, *, type) be the projective geometry defined by P. In order to
verify that I" is a pregeometry, we consider two incident subspaces U and W of P
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(w.l.o.g., let U be contained in W) of the same type. Since type(U) = dim U, it
follows that dim U = dim W. By Theorem 4.13, we get U = W.

In order to show that I" is a geometry, we consider a flag F = {U,,...,U,}.
Since F'is a flag, w.l.o.g., we can assume that U; C ... C U,. Repeated application
of Theorem 4.12 yields a basis B = {xg, ..., x4s—1} of Psuch thatfori = 1,...,r,
we have:

Ui = (x0,....Xdimwi)-
Forj =0,1,....d — 1,let W; = (x0,...,x;). Then, W := {W,,.... Wy_}isa
chamber of I" containing F. Thus, I' is a geometry.
In order to verify that I is thick, we consider a co-maximal flag F of type I \ {i }.
Let F ={U; | j € I\ {i}} withdim U; = .
1*" case: Let i = 0: Then, F consists of a chain of subspaces of the form

U C...C Us—.

Since every line is incident with at least three points, there exist three points x, y
and z on the line U,. Hence, F is contained in the chambers {x} U F, {y} U F and
{z} U F.

2" case: Let0 < i < d —1. Then, F consists of a chain of subspaces of the form

Uy C...C U1 CUi+1 C... CUs1.

By Theorem 4.19, there exists a line g in U;4; such that g and U;,_; are
complementary subspaces.* Let x, y, and z be three points on g, and let U, :=
(Ui—1, x), Uy := (Ui—1, y) and U, := (U;—1, z). Then, F is contained in the
chambers {U,} U F, {Uy} U F and {U;} U F.

3" case: Leti = d — 1. Then, F consists of a chain of subspaces of the form

U C...CU,;-.
By Theorem 4.19, there exists a line g in P such that g and U,_, are complementary
subspaces. From now on, the proof is analogous to Case 2. O

4.21 Theorem. Let I" be a projective geometry. Then, I is a set geometry.

Proof. The proof is obvious since the subspaces of I' are defined as subsets of the
point set of the underlying projective space P. O

4Theorem 4.19 is applied as follows: Set P:=U;4,,U:=U; and W := &. Then, W’ is the line g.
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5 Affine Spaces

Affine and projective spaces are related in the same way as affine and projective
planes (see Sect. 3). In the present section, we shall introduce affine spaces and we
shall show that an affine space A can be constructed from a projective space P by
deleting all points and lines of a hyperplane of P (Theorem 5.4).

Conversely, a projective space can be obtained from an affine space by adding
points and lines at infinity. This process will be explained in Theorem 5.5.

Due to this correlation between affine and projective spaces, the notions basis,
dimension, etc. can be transferred from projective to affine spaces.

Finally, we will introduce the notion of parallelism for the affine subspaces of
an affine space and we will show that for any 7-dimensional affine subspace U and
any point x of an affine space, there is exactly one 7-dimensional affine subspace
through x parallel to U (Theorem 5.8).

Definition. Let L be a linear space.

(a) A parallelism of L is an equivalence relation || on the set of lines of L such that
for every line g and every point x of L, there is exactly one line & through x
with g || 7.5

(b) If g and & are two lines of L with g || &, the lines g and / are called parallel.

(c) If g is a line, the set of the lines parallel to g is called a parallel class.

(d) A subspace U of L is called closed with respect to || if for every line g of U
and every point x of U, the following holds: The (uniquely determined) line /
of L through x with g || & is contained in U.

(e) A subspace U of L is called an affine subspace of L if U is closed with respect
to ||.

5.1 Theorem. LetL be a linear space with parallelism ||. Then, for any two parallel
lines g and h, we have either g = h, or g and h do not have a point in common.

Proof. Let g and h be two distinct parallel lines. Assume that g and % intersect in
a point x. By assumption, / is a line parallel to g through x. Since || is reflexive, it
follows that g || g. Hence, g and & are two distinct lines through x parallel to g, a
contradiction. O

The converse of Theorem 5.1 is not true. In general, there exist disjoint lines which
are not parallel. Two disjoint lines, that are not parallel, are called skew.

5.2 Theorem. Let L be a linear space with parallelism ||. The intersection of an
arbitrary family of affine subspaces is also an affine subspace of L.

Proof. Let (U;);e; be a family of affine subspaces of L, and let x and g be a point
and a line contained in U; for all i of /. Then, the line through x parallel to g is

contained in U; for all i of I. Hence, (| U; is closed with respect to ||. O
iel

3Since || is an equivalence relation, || is in particular reflexive, that is, g || g. If the point x is
incident with g, it follows that h = g.
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Definition. Let L be a linear space with parallelism ||, and let M be a set of points
of L. Furthermore, let

(M) := N U |Uis an affine subspace of L with M C U.

Then, (M), is the smallest affine subspace of L containing M. (M} is called
the affine subspace generated by M .

Definition. Let A be a geometry of rank 2 over the type set {point, line}.
(a) A is called an affine space if A fulfils the following conditions:

(AS) Every two points of A are incident with exactly one line.

(AS2) A admits a parallelism ||.

(AS3) Every affine subspace E of A generated by three non-collinear points is
an affine plane. In particular, two lines g and & of E are parallel if and only if
gNh=a.

(AS4) Every line of A is incident with at least two points. There are at least
two lines.

(b) Let A be an affine space. An affine subspace of A generated by three non-
collinear points of A is called an affine (sub-)plane of A.

5.3 Theorem. Let A be an affine space.

(a) If every line of A is incident with at least three points, every subspace of A is an
affine subspace, that is, it is closed with respect to ||.

(b) If every line of A is incident with exactly two points, every subset of A is a
subspace of A. There are subspaces of A which are not closed with respect to ||.°

Proof. (a) Let U be a subspace of A. Let g be a line of U, and let x be a point of U
not incident with g. Furthermore, let /2 be the line through x parallel to g. We
have to show that / is contained in U .

For, let y be an arbitrary point on g, and let z be a further point on the line xy
different from x and y. Furthermore, let y; and y, be two points on g different
from y.

Let E be the affine subspace
of A generated by g and x. By
Axiom (AS3), E is an affine plane

containing the line /4. Since g and hx; X1
h are parallel, the lines zy, and z
zy, intersect the line & in two
. 7 .
points x; and x,.” Since z, y; and g Vi Yy ¥y E

v, are contained in U, the points
x1 and X, are also contained in U.
Thus, h = xjx; is contained in U, that is, U is closed with respect to ||.

SWe shall see in Corollary 8.3 that any two lines of an affine space have the same cardinality.
"Otherwise, g and zy, would be two lines through y; parallel to /, a contradiction.
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(b) Since every line is incident with exactly two points, every subset of A is a

subspace of A.

Let U := {x, y, z} be a set of three - ¢ y
points. Then, U is a subspace of A. By . °
assumption, there exists a line & through z
parallel to the line g := xy. By Theorem 5.1, z h u

the lines g and & do not have a point in
common. Let u be the point on & different from z. Since u is not contained
in U, the line 4 is not contained in U. Hence, U is not closed with respect to ||,
that is, U is not an affine subspace of A. O

5.4 Theorem. Let P be a projective space, and let H be a hyperplane of P. We
define the geometry A := P\ H over the type set {point, line} as follows:

The points and lines of A are the points and lines of P not contained in H .
A point and a line of A are incident if and only if they are incident in P.
Then, A is an affine space.

Proof. Verification of (AS): Since any two points of P are incident with exactly
one line of P, any two points of A are incident with exactly one line of A.

Verification of (AS;): We first define a parallelism on the lines of A: For any two
lines g and &, let g || hif g N H = hN H .8 Obviously, || is reflexive and symmetric.
Ifg||hand k||, it followsthatg " H = hN H =[N H, hence, g || [. Therefore,
|| is transitive and, consequently, an equivalence relation.

Let x be a point and let g be a line of A. Let z be
the intersection point of g and H, and let & be the
line joining x and z. Then,

h

hNH=z=gNH,

thatis, g || &, and / is the only line with this property.

Verification of (AS3): Let x, y and z be three non-collinear points of A, and let
Ep and E 4 be the projective plane in P and the affine plane in A generated by x, y
and z. By Theorem 4.18, Ep N H is a line [, and it follows that £E4 = Ep \[. By
Theorem 3.7, E 4 is an affine plane and for any two lines g and h of E4, we have
g||hifandonlyif g Nh = @.

Verification of (AS4): The assertion follows from the fact that every line of P has
at least three points and that there are at least two lines in P which are not contained
in H. O

5.5 Theorem. Let A be an affine space. Then, there exists a projective space P and
a hyperplane H of P such thatA = P\ H.

8Note that, in view of Theorem 4.18, every line of P meets the hyperplane H in a point.
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Proof. In order to define the geometry P, we first construct the hyperplane H: Let
H be the set of all parallel classes of A. The point set of P is the (disjoint) union of
the point set of A and the set H.

We will define the lines of P as subsets of the point set of P. The incidence will
be defined by the set-theoretical inclusion.

For aline g of A, let 7 = 7, be the g
parallel class with respect to || contain-
ing g. Then, m, is an element of H. g
is called the point at infinity of g. The
set g U {m,} is called the projective
closure of g. It will be denoted by gp.

H

Let E be an affine plane of A, and let E, be the set of the points at infinity of E,
that is,
Eo := {7 |3line g of E with g € 7}.

The set E is called the line at infinity of E.

The line set of P is defined as follows: The lines of P are the projective closures
of the lines of A and the lines at infinity defined by the affine planes of A.

The incidence between points and lines is defined as follows:

Projective closure of a  Line at infinity Eo of

line g of A an affine plane E of A
Point x of A x and g are incident in ~ Never

A
Point at infinity = g is contained in 7 7 is contained in Eoo,

that is, there is a line
g of E such that g is
contained in 7.

We shall show that P is a projective space.

Verification of (PS1): Let x and y be two points of P.

If x and y are points of A, the projective closure of the line of A joining x and y
is the (unique) line of P incident with x and y.

Let x be a point of A, and let y = 7 be a point at infinity. By Axiom (AS»),
there exists a unique line g of & through x. The projective closure of g is the unique
line through x and y = m.

Let x = my and y = m, be two points at infinity. First, we will show the
existence of a line through x and y:
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Let p be an arbitrary point of A. By Axiom
(AS>), there exist two lines g of . and & of
my through p. The lines g and / generate an
affine plane E of A. The line at infinity

Eoo = {n | Iline 1 of Ewith1 € 7}

contains the points x = 7, and y = m,.

In order to verify the uniqueness of the line through x and y, let E’o, be a
second line through x and y. Let E’ be an affine plane of A such that E’o, is the
line at infinity of E’. Let p’ be a point of E’, and let g’ and A’ be the lines of 7,
and 7, respectively, through p’. We have to show that Eoc = E’s. In view of
symmetry, it suffices to verify that Eo, is contained in E’ .

For, let z = 7, be a point of E. By definition of E, there exists a line / of E
such that z is the point at infinity of /.

W.Lo.g., we can assume p is not incident
with [, since, otherwise, we can replace / by a
line of E parallel to /.

Since E is an affine plane and since [ is
neither parallel to g nor parallel to /.° the line
[ intersects the lines g and % in two points a
and b.

Next, we will construct a line [’ = a’b’” in E’ parallel to the line [ = ab.

For, consider the affine subplane H
(p, p', a) of A. Since g’ and g = pa p' a'
admit the point x as their point at infinity, &
we have g’||g = pa. Since the affine plane
(p, P, a) is closed with respect to ||, the g p
line g’ is contained in the plane (p, p’, a).

Hence, the line through a parallel to pp’ intersects the line g’ in a point a’.

Analogously, the line /' is contained in the affine plane (p, p’, b) generated
by p, p’ and b, and the line of (p, p’, b) through b parallel to pp’ meets 4’ in a
point b’.

Let I’ := a’b’ be the line joining a’ and &’. Since a’, b’ are contained in E’, the
line I’ is also contained in E’. We will show that / and " are parallel.

For, we first will show that / and /" are contained in a common affine plane: Since
aa’ and bb’ both are parallel to pp’, it follows that aa’ and bb’ are parallel, hence,
there exists an affine subplane F such that aa’ and b’ are contained in F. Since
[ =aband!’ = d’'b’, the lines [ and [’ are also contained in the plane F.

90therwise, we would have z = x or z = y.
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Assume that / and [’ are not parallel. Then, [ and !’ have a point s in common. It
follows that s is containedin/ N/’ C EN E’.

Let m, and m, be the lines through s with x and y as points at infinity. Then, m
is parallel to g and to g’. Since E and E’ both are closed with respect to ||, it follows
that m, is contained in £ N E’. In the same way, it follows that m y is contained in
ENE'.

In summary, we have £ = (m,, m,) = E ’_a contradiction.

Hence, the lines [ and [’ are parallel, that is, {” admits z as point at infinity. This
means that z is contained in E’, and it follows that E, is contained in E’s. In
view of the symmetry of Eo and E’, it follows that Es, = E’s. Hence, E is
the unique line joining x and y.

Verification of (PS,): We start the verification of the axiom of Veblen—Young
with the proof of the following assertion (note that we have already seen that P is a
linear space):

(A)Let Ep := (x, y, z) be aplane of P such that x is contained in A. Then, Ep
is a projective plane.

Since every line of P either is the projective closure of a line of A or is contained
in H, the lines xy and xz are projective closures of lines of A. Hence, there is a point
a of A on xy different from x and a point b of A on xz different from x. The points
x, a and b generate an affine subplane £ of A. By construction of P, Ep is the
projective closure of E. By Theorem 3.8, Ep is a projective plane.

In order to verify the axiom of Veblen—
Young, we consider five points p, x, y, a
and b such that the points p, x, y and p,
a, b are collinear.

Let Ep be the plane of P generated by
p, x and a. Note that y, b are contained
in Ep .

1*" case: Outside of Ep := (p, x, a), there exists no point of A.

Then, A is an affine plane, and P = Ep is the projective closure of A. By
Theorem 3.8, Ep is a projective plane. In particular, the lines xa and yb intersect
in a point.

2" case: There is a point z of A
outside of Ep.

Let p’, x’ and @’ be three points
of A on the lines zp, zx and za
different from z.

Let Fp = (z, p, x) be the
plane of P generated by z, p and x.
By (A), Fp is a projective plane.

Since the points z, p, x, p’, x’
and y are contained in Fp, the 7 / \
lines p’x’ and zy intersect in a point y’.

In the same way, it follows that the lines p’a’ and zb meet in a point b’

/
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Next, we consider the plane E'p of
P generated by p’, x’ and a’. Again, it
follows from assertion (A) that E'p is
a projective plane. Hence, the lines x’a’
and y’b’ meet in a point §’.

Furthermore, the points z, x, a, x’, a’ and s’ are contained in the plane Gp :=
(z, x, a) generated by z, x and a. By assertion (A), Gp is a projective plane. Hence,
the lines zs” and xa intersect in a point s;. Analogously, the lines zs” and yb intersect
in a point 3.

We have s; = s,, since, otherwise, z is contained in 515, € Ep = (p, x, a),
a contradiction. Hence, the lines xa and yb intersect in the point s = s, and the
axiom of Veblen—Young is verified.

Verification of Axiom (PS3): By assumption, there exist at least two lines. Since
on every line of A there are at least two points, there are at least three points on
every line of P not contained in H. Since the lines of H are the lines at infinity
of the affine subplanes of A, it follows from Theorem 3.8 that the lines of H are
incident with at least three points, too. O

5.6 Theorem. Let A be an affine space, and let P = P(A) be the projective closure
of A. Furthermore, let U be an affine subspace of A and let Up be the projective
closure of U.

(a) Up consists of the points of U and the points at infinity of the lines in U.
(b) We have U = Up\(H N Up) where H is the hyperplane at infinity of A.

Proof. (a) and (b) follow from of the proof of Theorem 5.5. O

Theorems 5.5 and 5.6 allow to transfer the notions basis and dimension to affine
spaces.

Definition. Let A be an affine space, and let P be a projective space with a
hyperplane H such thatA = P\ H.

(a) P is called the projective closure of A. It is denoted by P (A). The hyperplane
H is called the hyperplane at infinity of A.
(b) If U is an affine subspace of A, there exists a subspace Up of P such that

U =Up\(Up N H).

The subspace Up is called the projective closure of U.

Definition. Let A be an affine space, and let U be an affine subspace of A.
Furthermore, let B be a set of points of U.

(a) B is called a point set generating U if (B) = U.
(b) B is called independent if for any point x of B, it holds that (B\{x}) # (B).
(c) B iscalled a basis of U if B is independent and if B generates U.
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(d) If B is abasis of U with d + 1 elements, d is called the dimension of U and is
denoted by dim U.
(e) A d-dimensional affine space is an affine space of finite dimension d.

5.7 Theorem. Let A be an affine space, and let P = P(A) be the projective closure
of A. Furthermore, let U be an affine subspace of A and let Up be the projective
closure of U. Finally, let B be a set of points of U.

(a) B generates U if and only if B generates Up.

(b) B is independent in A if and only if B is independent in P.

(c) B is a basis of U if and only if B is a basis of Up. There exists a basis of Up
which is completely contained in U.

(d) We have dimU = dim Up.

Proof. (a) follows from the fact that in P the relation (U) = (Up) is valid.

(b) follows from (a).

(c) follows from (a) and (b). Note that since (U) = (Up), by Theorem 4.7, there
exists a basis of Up contained in U.

(d) follows from (c). O

Definition. Let A be an affine space, let P = P(A) be the projective closure of A,
and let H be the hyperplane at infinity.

(a) Two t-dimensional affine subspaces U and W of A are called parallel if U N
H=WnNH.

(b) Two arbitrary affine subspaces U and W of A are called parallel if U is parallel
to an affine subspace of W or if W is parallel to an affine subspace of U.

For an affine subspace X of A, we occasionally use the notation X4 to emphasize
that X is an affine subspace. For the projective closure of X, we occasionally use
the notation X p.

5.8 Theorem. Let A be an affine space. If U is a t-dimensional affine subspace of
A and if x is a point of A, there exists a unique t-dimensional affine subspace W of
A parallel to U such that x and W are incident.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
that A = P\ H. For an affine subspace X of A, we shall use the notation X4 and
X p, respectively, to indicate whether X is considered as an (affine) subspace of A
or as a subspace of P.

Let Z := Up N H (in P). Since Uy is an Up
affine subspace of A, the subspace Up is not
contained in H. Hence,dimZ =1t — 1.

Let Wp := (x, Z)p. Since x is not con-
tained in H, it follows that Wp N H = Z =
Up N H. Hence, W, is a t-dimensional affine
subspace of A through x parallel to U 4.'°

Z=UpnH=WpnH

10Note that it may occur that U = W.
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On the other hand, for any 7-dimensional affine subspace W', of A parallel to
Uy, wehave Wp N H = Z,hence, W' p = (x, Z)p = Wp. In summary, there is
one and only one #-dimensional affine subspace through x parallel to U . O

5.9 Theorem. Let A = P\H be an affine space. If g and L are a line and a
hyperplane of A, then g and L are parallel, or they intersect in a point.

Proof. Let g and L be non-parallel. Then, g is not contained in L. We have to show
that g and L meet in a point of A.

Since g (as aline of A) is not contained in H,
by Theorem 4.18, there exist the intersection
pointsx := H Ngandy := L N g (inP).

It remains to show that y is a point of A.
Assume on the contrary that y is not contained
in A. Then, y is contained in H.

If x # y, the points x and y both are contained in H, hence, g is contained in H, a
contradiction. If x = y, then g N H is contained in L N H, hence, g is parallel to
L contradicting the assumption that g and L are not parallel. O

At the end of this section, we shall see that the subspaces of a d-dimensional affine
space define a firm geometry of rank d over the type set {0, 1,...,d — 1}.

Definition. LetA be a d-dimensional affine space. Let X be the set of the subspaces
of A with X # @ and X # A. Furthermore, let / := {0, 1,...,d — 1}. The type
function type : X — [ is defined by type(U) := dim U. Two subspaces U and W
of X are incident (thatis, U * W)ifandonlyif U C W or W C U.

Then, I' := (X, *, type) is called an affine geometry over /.

As for projective geometries, we will often use the notions “affine space” and “affine
geometry” synonymously.

5.10 Theorem. Let A be a d-dimensional affine space. Then, A defines a firm
geometry of rank d over I := {0, 1,...,d —1}.

Proof. The proof of Theorem 5.10 is similar to the proof of Theorem 4.20 for
projective geometries. The fact that A defines a firm and not necessarily a thick
geometry is due to the fact that for an affine space, we only assume that the lines are
incident with at least two points. O

6 A Characterization of Affine Spaces

In Theorem 4.17 we have seen that a linear space P is a projective space if and only
if every plane of P is a projective plane. The analogous result for affine spaces is
true if one assumes that every line is incident with at least four points. However, the
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proof of this result due to F'. Buekenhout [12] is much more complex. It is the main
subject of the present section. Readers who do not want to invest too much time at
this point are recommended to skip its proof at a first reading.

6.1 Theorem (Buekenhout). Let A be a linear space, fulfilling the following
conditions:

(i) Each line of A is incident with at least four points.
(ii) Each plane of A is an affine plane.
(iii) A contains at least two lines.

Then, A is an affine space.

Proof. We shall define a relation || on the lines of A of which we shall show that it
is a parallelism.

For two lines g and & of A, we define g || & if g and & are contained in a common
plane of A and if they are parallel in this (affine) plane. Two lines fulfilling the
relation || are called parallel.

Verification of (AS): Axiom (AS) is fulfilled, since A is a linear space.

Verification of (A4S3): Axiom (AS3) would immediately follow from Property
(ii) and Axiom (AS,). However, we need Axiom (AS3) to verify Axiom (AS,).

We need to show that if E is a plane of A and if g is a line of E, then every line
of A parallel to g and intersecting E in at least one point is contained in £. We first
will prove the following assertion (A):

(A) Let g be a line of A, and let x be a point of A outside of g. Then, there
exists exactly one line h through x parallel to g:

Existence: Let E := (x, g) be the plane generated by x and g. Since E is an
affine plane, there exists in E a line through x parallel to g.

Uniqueness: Let h| and h, be two lines through x parallel to g. By definition of
the relation ||, the lines g and /; are contained in a plane E;, and the lines g and 4,
are contained in a plane E,. By Theorem 5.3 (a), it follows that

Ey = (g ) = (g x) = (g, ) = Ex.

Hence, h; and /i, are two lines through x parallel to g in the affine plane E;. It
follows that i} = h,. The assertion (A) is proved.

In order to verify Axiom (AS3), we consider a plane E of A, a line g and a point
x of E. Since E is an affine plane, there exists in £ a line & through x parallel to
g. By assertion (A), the line / is the only line through x parallel to g. Hence, every
line through x parallel to g is contained in E, that is, E is closed with respect to ||.

Verification of (AS4): The validity of Axiom (AS4) follows from Assumptions
(1) and (iii).

Verification of (AS;): Obviously, the relation || is reflexive and symmetric. The
verification of the transitivity is rather elaborate. The main part of the proof is to
verify the following assertion (B):
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(B) Let E be a plane of A, and let g be a
line of A, intersecting the plane E in a point a.
Furthermore, let U be the set of all points x of
A such that x is either incident with g, or the
planes (x, g) and E have a line in common.

Then, U is a subspace of A."!

We will prove Assertion (B) in several steps.

<X, g>

5

<x,g2>NE

Step 1. Definition of a projection: Let u be a point of U not on g. By assumption,
the planes (g, u) and E intersect in a line /.

Let ug be the intersection point of g and the
line through u parallel to /.!?

For any point p on g different from ug, let
p(u) be the intersection point of the lines pu
and h. Since h is contained in E, the point
p(u) is contained in E.

If p is different from a, it follows that E
p(u) # a since the point u is not on g.

The mapping u — p(u) is the projection of the point # from p into the plane E.
This mapping only exists for p # u,."?

In the proof of Assertion (B), we will repeatedly project points and lines into the
plane E and use the fact that E is an affine plane.

In order to verify Assertion (B), we will consider two points x and y of U, and
we will show that each point on the line m := xy is contained in U. W.l.o.g., we
may assume that m # g.

Step 2. If m and g are contained in a common plane, m is contained in U':

For, let F := (g, m) be the plane generated by m and g, and let z be an arbitrary
point on m. If z is incident with g, z is contained in U. Let z be a point not on g.
W.Lo.g., the point x is also not incident with g.

Since x is a point of U, the plane (g, z) = F = (g, m) = (g, x) intersects
the plane E in a line. Hence, z is contained in U'. It follows that m is also contained
inU.

In the following, we will assume that the lines m and g are not contained in a
common plane. In particular, £, := (p, m) is a plane for all points p on g.

Step 3. Let p be a point on g outside of {a, xg, y.}. The point p exists since,
by assumption, all lines of A have at least four points. Then, the planes E and
E, = (p, m) intersect in a line /1 ,:

ISH oY

W

n fact, it will turn out that U is the 3-dimensional affine subspace of A generated by E and g.

12Since the plane (g, u) is closed with respect to ||, the line / through u parallel to / is contained
in (g, u). Since g and i meet in a point, / and g also meet in a point ug.

13We will study projections in some more detail in Sect. 3 of Chap. 2.
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For, we first will show that p(x) #
p(»). Assume that p(x) = p(y). Then, the
points x and y both lie on the line pp(x).
Hence, the lines g and m = xy intersect in
the point p, contradicting the assumption of
Step 2 that m and g are not contained in a
common plane.

Since both p(x) and p(y) are contained
E,NE,itfollowsthath, = E, N E is the
line p(x)p(y).

Step 4. Let p be a point on g outside of {a, x,, y,}. If the lines m and h, are
parallel, the line m is contained in U .

Let z be an arbitrary point on m E
different from x and y. Since, by m
assumption, the lines m and %, are E\
parallel lines in the plane E, = g
(p, m),thelines pzand &, meetina p(z) P
point p(z). Hence, the planes (g, z) a
and E intersect in the line ap(z). It E
follows that z is contained in U, and, consequently, m is contained in U.

In view of Step 4, we may assume in the following that the lines m and 4, meet
in a point .14

Since /i, is contained in E, the point b is contained in E. It follows that
b=mnNE.

Step 5. We have a # b:

Assume on the contrary that @ = b. Then, the lines g and m intersect in the point
a = b, in contradiction to the assumption of Step 2 saying that m and g are not
contained in a common plane.

Step 6. Let p be a point on g outside of {a, x,, y,}. Let ¢, be the unique point
onm = xy such that the line pc , is parallel to the line /2. Then, every point of m
different from ¢, is contained in U .

In the plane £, = (p, m) gener- P c,
ated by p and m, there exists exactly m E
one line through p parallel to /.
This line intersects m in the point ¢,.
For each point z of m different from g
Cp, the lines pz and h, intersect in a
point p(z) contained in E. Since the
point p is different from a, we have ®a
p(z) # a (see Step 1). Hence, the
planes (g, z) and E intersect in the line ap(z). It follows that z is contained in U'.

o ¢
=]
¢
N
=2
o

“Note that in view of Step 3, both m and /1, are contained in the (affine) subplane E ,.
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In Steps 7 and 8, we will investigate the case that x, = y,.
Step 7. If x¢ = y,, the planes (x, y, x,) and E meet in the point b.

Assume that the planes (x, y, x,) and E
intersect in a line /4. In the plane (x, y, x g),
at most one of the two lines xx, and yx,
is parallel to 4. W.l.o.g., we assume that the
lines xx, and 7 meet in a point r on /. Note
that the line 4 is contained in E.

On the other hand, the line xx, is parallel
to the line (g, x) N E = ra.!® Since r is on
two parallel lines ra and xx, it follows that ra = xx,. Thus, the point x on ra is
contained in £, in contradiction to the choice of x.

Step 8. If x; = y,, m is contained in U.

By Step 7, the planes (x, y, x,) and E intersect in the point b. Since every line
of A is incident with at least four points, there exist two points x” and x” on the line
xx, different from x and x,.

<X, ¥, Xg>

The line x'y is contained in U:
Otherwise, it follows from Step 4
that the line x’y and the plane E
intersect in a point &’. It follows that

b =x'ynE C {(x, y, X )NE =b,

thus, b = b’. Hence, the point x’
lies on the line 'y = by = xy, a
contradiction.

In the same way, it follows that the line x”y is contained in U.

Let z be a point on m different from x, y and b. Then, at most one of the lines
x'y or x"y is parallel to the line x,z.

W.l.0.g., we assume that x,z and x’y meet in a point s. Since the line x’y is
contained in U, the point s is contained in U as well, that is, the planes (g, s) and
E intersect in a line. Since (g, s) = (g, z), the point z is contained in U . It follows
that m is contained in U .

Step 9. It follows from Step 8 that we can assume for all points r, s of m N U
that 7y # s,.

Step 10. For every point p on g different from a, the planes £, := (p, m) and
E intersect in a line /1,:

5Note that the line x.x, is contained in the plane (g, u) (see Step 1), hence the point r is contained
in (g, u). Therefore, the points a and r are contained in both planes (g, u) and E.
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By Step 6, there exists at most one point
¢, on m which is not contained in U. Since
m is incident with at least four points, there
are at least two points u, vof mNU different
from b and c,. By Step 9, we may assume
that u, # vy. Wlo.g., letu, # p. By Step
1, the line pu and the plane E intersect in a
point p(u).

Since the lines pu and m are distinct, it
follows that p(u) # b. Hence, h, = E, N E is the line p(u)b.

Step 11 (Definition of two aux- D o
iliary lines /; and /). Let p be a E
point on g different from a. Consider
the line of £, = (p, m) through p
parallel to m. This line intersects the g \ 6
lineh, = E, N E in a point p’. 1,

Let /| be the line ap’, and let [, be
the line through a parallel to 4 ,.'¢ a

Step 12. Let F be a plane through g meeting the plane £ in a line /. If F and m
are disjoint, then/ = [ orl = I,:

In particular, there exist at most two planes through g intersecting the plane E in
a line and being disjoint to m, namely the planes (g, /,) and (g, /

Since g N E = a, the point a is incident
with the line/ = F N E. Let ] # [, and
I # [,. Then, / meets the line /1, in a point

r different from p’.

Consider the plane £, = (m, p). Since
the line pp’ is the line through p parallel to
m (Step 11), the lines pr and m meet in a point s. It follows that

FNm>DprnNm=s.

Hence, F and m are not disjoint.

Step 13. For a point p # a of g, let
F(p) := (g, [,) be the plane generated by g and I, = [>(p). Then, either m is
contained in U or F(p) Nm = &:

16Note that the lines /; and /, depend on the choice of the point p. More precisely, the lines should
be denoted by /;(p) and /»(p).
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Let s be a point of F'(p) Nm. We first P -
will show that s = ¢, (see Step 6). ¢ E
Assume that s # c,. By definition,
¢, is the unique point on m such that the
line pc , is parallel to the line /1,,. & b
Since s # ¢, the lines ps and £,
intersect in a point p(s). We have

p(s) e F(p)NE =1.

Since /, and &, are parallel and since p(s) is contained in [, N &, it follows that

Iy = hy.
Thus, the point @ is contained in [, = h, = E N (m, p), hence, the line g = pa
is contained in the plane £, = (m, p). It follows that g and m are co-planar, a

contradiction (see Step 2).

It follows that ¢, = s is contained in F'(p). It follows from FF = (g, [,) thatc,
is contained in U. By Step 6, the whole line m is contained in U .

Step 14. Assume that the line m is not contained in U .

This assumption will lead to a contradiction, finalizing the proof of Assertion (B).

By Step 12, there exist at most two planes through g disjoint to m and intersecting
E in aline.

Let p, p’ and p” be three points on g different from a. By Step 13, we can
assume that the planes F(p), F(p’) and F(p”) are disjoint to m. (Otherwise, m
is contained in U, and the assertion (B) is proven.) Since any of the planes F(p),
F(p') and F(p”) intersects the plane E in a line, at least two of the three planes
F(p), F(p') and F(p”) must be identical. W.l.o.g., let F(p) = F(p’). It follows
that [,(p) = L(p’)."" As before, leth, := (p, m) N E andh, := (p’, m) N E.

Since £, is parallel to /»(p), since &,/ is parallel to [>(p’) and since l»(p) =
l,(p"), it follows that &, is parallel to &1,/ (|| is an equivalence relation in E).

Since b is contained in i, N &, it follows that 1, = h,/. Hence, the points p
and p’ are contained in the plane (m, h p).l8 It follows from g = pp’ that m and g
are co-planar, a contradiction.

The assertion (B) is proven.

In order to verify the transitivity of ||, let g1, g» and g3 be three lines of A such
that g; is parallel to g, and such that g, is parallel to g3. We have to show that g; is
parallel to gs.

If the lines g, g» and g3 are contained in a common plane, it follows that g; and
g3 are parallel since every plane of A is an affine plane. In the following, we will
assume that the lines g;, g» and g3 are not contained in a common plane.

17By, assumption, the planes F(p) and F(p’) are disjoint to m. By definition, we have F(p) =
(g,L(p)) and F(p’) = (g.l(p")). Since L (p) and I,(p’) are lines contained in E, we have
L(p) =ENF(p) = ENF((p') =hL(p).

18Note that in view of Step 10, the line /1, is contained in the plane E, = (p, m). Hence, the point
p is contained in the plane E, = (p,m) = (m, h,).
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Let E be the plane generated by the
lines g; and g, and let x and y be two
points on the lines g, and g3, respectively.
Furthermore, let m := xy be the line
through x and y, and let U be the subspace
generated by E and m. Finally, let /2 be the
line through y parallel to g; (this line exists
in view of assertion (A)). We shall prove the
parallelism of g; and g3 in several steps:

Step 1. The line  is contained in U:

Since U is a subspace of A, the plane (g;, y) is contained in U. Since the planes
of A are closed with respect to ||, it follows that /4 is contained in (g, y), hence A
is contained in U.

Step 2. We have h N E = @:

Otherwise, the line # would be a line through 4 N E parallel to g;. Since the
plane E is closed with respect to ||, it follows that / is contained in E. In particular,
the point y is contained in E. Hence, g3 is a line through the point y contained in
E which is parallel to g,. Again, since E is closed with respect to ||, it follows that
g3 is contained in E, in contradiction to the assumption that the lines g;, g and g3
are not contained in a common plane.

Step 3. Let [ be the line of A through x parallel to /. Furthermore, let F' :=
(m, h) be the plane generated by m and h. Then, E N F = [:

Since U is a subspace of A, F' is contained in U. In view of Assertion (B), the
planes F and E intersect in a line /. Since h N E = & (Step 2), it follows that

hNnl'ChNE=ga.

Hence, [’ is a line through x in F parallel to A, that is, [’ =
Step 4. We have [ = g»:

Assume that [ # g,. Then, [ and g, meet
in the point x. Since g; and g, are parallel
and since there is exactly one line through
x parallel to gy, the lines g; and / are not
parallel. On the other hand, the lines g; and
[ both are contained in the plane E, hence,
they meet in a point z.

Since E N h = & (Step 2), it follows that z is not incident with /.

9Let s be an arbitrary point on / different from y = h N m. By Assertion (B), the subspace U
consists of all points 7 of A such that ¢ is either incident with m, or the planes (¢, m) and E have a
line in common. Since the line / is contained in U, the point s is contained in U as well. Since the
point s is not incident with m, it follows that the planes (s,m) = (h,m) = F and E have a line
in common. This line is denoted by /.
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Since g; and h are parallel, they generate a common plane. It follows that
(g1,h) = (z,h) = (h, 1) (since the lines & and [ are parallel, they generate a plane).

In particular, it follows that / is contained in (g, /) = E, in contradiction to the
factthat ENh = @.

Step 5. We have g, || g3:

By Step 4, we have [ = g,. By construction (Step 3), the line 4 is parallel to
[, and the line gj is parallel to g,. Since [ = g3, it follows that & and g3 are lines
through y parallel to /. Hence, 1 = g3. Since 4 is parallel to g, it follows that g,
and g3 are parallel, and the proof is completed. O

7 Residues and Diagrams

“J. Tits has achieved a far-reaching generalization of projective geometry, including
a geometric interpretation of all simple groups of Lie type (...). One of the most
fascinating features of this theory is that each of its geometries is essentially
determined by a diagram (the Coxeter diagram). These nice and simple pictures
with an enormous potential of information might very well appear as pieces of that
universal language that some people want to elaborate in order to communicate with
hypothetical extraterrestrial beings.” [14]

These diagrams are the subject of the present section. They are ideograms of
geometries containing essential information about the structure of the geometry.
Strongly connected to diagrams are the so-called residues which are also introduced
in this section.

The main results are as follows: The diagrams of the projective and affine spaces
are determined (Theorem 7.6 and Theorem 7.7). Conversely, it will be seen that
residually connected geometries with these diagrams are projective and affine spaces
(Theorem 7.15 and Theorem 7.16).

Definition. Let ' = (X, *, type) be a geometry over a type set /, and let F be a
flag of " of type I\J # 1.2

(a) The residue of F in I' is the pregeometry
Tr = (Xr., *|F. type|r)

over the type set J = I\type(F) where Xr := {x € X\F | x * F} is the set
of all elements x of X'\ F' such that x is incident with every element of F.

(b) If I'r is a geometry of rank n, I'r is called a rank-n-residue over J of I".

(c) If the flag F = {x} consists of one element, the residue I'r = I'f,, is also
denoted by I'.

20For a residue I'r, we will from now on always assume that type(F) # I. Otherwise, X is the
empty set. Conversely, F may be the empty set. In this case, we have 'y = T.



40 1 Projective and Affine Geometries

7.1 Example. Let I be the geometry of the cube with notations as in the figure
below.

The residue I'} consists of the edges 12, 14 and 15 and of the faces 1234, 1458
and 1256. Hence, the residue I'j is the following triangle:

15

1256 1458

12
1234 14

7.2 Theorem. Let I' = (X, *, type) be a geometry over the type set I, and let F
be a flag of T of type I\ J.

(a) Asubset Aof X isaflagofUrifandonlyif ANF = @ andif AU F is a flag
of I.

(b) T'r is a geometry.

(c) Let Abeaflag of Up. Then, (T'r)4 = Trug.

Proof. The proof is obvious. O

7.3 Theorem. Let P = (X, *, type) be a d-dimensional projective geometry, and
let d > 3.

(a) If H is a hyperplane of P, Ty is a (d — 1)-dimensional projective space.

(b) If x is a point of P, Ty is a (d — 1)-dimensional projective space. The points,
lines, planes, etc. of Ty are the lines, planes, 3-dimensional subspaces, etc. of
I through x.

Proof. (a) By Theorem 4.1, I'y; is a projective space. By Theorem 4.18, we have
dimH=d — 1.
(b) We shall apply Theorem 4.17.
Step 1. Iy is a linear space: Let g and % be two points of Iy, that is, two lines of
P through x. The unique plane of P generated by g and 4 is the unique line joining
gand hin Ty



7 Residues and Diagrams 41

Step 2. Every line of I, is incident
with at least three points: Let E be aline
of I'y. Then, E is a plane of P through a ¢
x. Let [ be a line of E, not containing
x, and let a, b, ¢ be three points on /.

Then, the lines xa, xb and xc are three X
distinct lines of E through x, that is, E
three distinct points of I'y on the line E.

Step 3. Every plane of Iy is a projective plane: Let £ and F be two lines of I',
which are contained in a common plane U. Then, E and F are planes of P through
x which are contained in the 3-dimensional subspace U of P. By the dimension
formula (Theorem 4.15), it follows that

dim (E N F) = dim E + dim F — dim (E, F) = 1.

Hence, the planes E and F intersect in a line g (through x). This means that in Iy,
the lines £ and F meet in the point g.

In order to show that I'y contains at least two lines, consider a line g of P through
x. By Theorem 4.20, P is a thick geometry, hence, there are at least three planes
through g (dim P > 3). In Iy, these three planes are lines, it follows that there exist
at least three lines in I'y. O

7.4 Theorem. LetA =T = (X, *, type) be a d-dimensional affine geometry, and
let d > 3.

(a) If H is a hyperplane of A, 'y is a (d — 1)-dimensional affine space.

(b) If x is a point of A, T'x is a (d — 1)-dimensional projective space. The points,
lines, planes, etc. of Ty are the lines, planes, 3-dimensional subspaces, etc. of
A through x.

Proof. Let P = P(A) be the projective closure of A with hyperplane Ho, at
infinity.

(a) Forasubspace U of A, we denote by Up the corresponding subspace in P. Then,
Hp is a (d — 1)-dimensional subspace of P, it follows that Hp is a projective
space that we denote by H.

Let H' oo := Hp N Hoo. Then, H' is a hyperplane of H. Since 'y
consists of the subspaces of A that are contained in H, we have 'y = H\ H' .
Hence, I'y; is a (d — 1)-dimensional affine space.

(b) Since x is a point of A, x is not contained in H. Since every subspace of I'y
contains the point x, the subspaces of I', are the subspaces of P through x. By
Theorem 7.3, I’y is a (d — 1)-dimensional projective space. O

As mentioned in the introduction of this section many geometries can be described
by a small ideogram, the so-called diagram of the geometry. These ideograms are
not only graphic representations of the geometries, but also they often contain a lot
of information about the structure of the geometries. Before introducing diagrams,
we shall introduce the notion of a generalized digon.
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Definition. Let I be a geometry of rank 2 over the type set {0, 1}. I is called
a generalized digon if every element of type O is incident with every element of

type 1.
Definition. Let I" be a geometry of rank 2 over the type set {0, 1}.

~ X o
(a) T has the diagram 0 I
(b) If I' is a generalized digon, I" has the diagram g ?
o——0
(c) If I is a linear space, I has the diagram 0 )
~ Af ~
(d) If I is an affine plane, I has the diagram 0 )
(e) If T is a generalized projective plane, I" has the diagram 0: :1

If the type set of I' is endowed with an ordering, the diagram is often used

~ X o
without an explicit labelling. The diagram 0 1 is then abbreviated by
X
Oo——=0

The definition that every rank-2-geometry has the diagram OLO
guarantees that every rank-2-geometry has at least one diagram. Often, a geometry
has more than one diagram. For example, a projective plane has the following
diagrams:

o—* o0 oLt o o—o0

So far, we have assigned diagrams only to a small class of geometries. During the
rest of this book we shall introduce further diagrams.

Definition. (a) Let / be a non-empty set. A diagram is a weighted graph D with
I as set of vertices. Every edge of D is of the form

OLO

i ]
where i and j are different elements of / and where X is an arbitrary sequence
of numbers or letters that can be empty.
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(b) Let I be a geometry over the type set I, and let D be a diagram over /. The
geometry I' belongs to the diagram D if for any two elements 7 and j of / and
for every flag F of type I\{i, j}, the following holds: If i and j are joined by
the edge

OLO

i J
in D (this includes the case thati and j are not joined by an edge), the geometry
I'r has the diagram

o—o

i J
If the set 7 is endowed with an ordering, the diagram often is used without an
explicit labelling.

7.5 Theorem. Let I' = (X, *, type) be a geometry over a type set I with the
diagram D. Furthermore, let I'r be a residue of I" over the type set J C I.

Then, U'r has a diagram D ;. The diagram D arises from D by deleting all
vertices of I\J and all edges through these vertices.

Proof. The proof is obvious. O

Theorem 7.5 is useful to determine the diagram of a geometry of higher rank. We
shall illustrate this technique with the example of projective spaces.

7.6 Theorem. Let P be a d-dimensional projective space. Then, P has the following
diagram:

O0—O0—0—0-0—=0
0 1 &2 dl

Proof. We shall prove the assertion by induction on d. If d = 2, P is a projective
plane and belongs to the diagram

o——=oO0

Let d > 3. If x is a point of P, by Theorem 7.3, the residue P, is a projective
space of dimension d — 1. By induction, P, has the diagram

O—O0—0—0-0—=0
1 2 d-2 d-1

with d — 1 vertices.
If H is a hyperplane of P, the residue P, again by Theorem 7.3, is a projective
space of dimension d — 1 and has the diagram

oO—0—0—0—-0—20
0 1 d-3 d-2
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Finally,let F = {U,...,Us—>} be aflagoftype {1,...,d =2} = I\{0, d —1}.
Then, (with a suitable numbering) the elements Uy, ..., U;—, are subspaces of P
with dimU; = i and Uy C U, C ... C Uy—;. The residue Pr consists of the
points contained in U; and the hyperplanes of P through U, _,. It follows that PF is
a generalized digon. From the diagrams

P, O S € oO—o0
1 2 3 d-2 d-1
PH O O O O' """"""""" O
0 1 2 3 d-2
P O o ,
0 d-1
it follows together with Theorem 7.5 that P has the diagram
o ) ) O_ ______________ O—0O
0 1 2 3 d-2 d-1

O

7.7 Theorem. Let P be a d-dimensional affine space. Then, P has the following
diagram:

Proof. The proof is similar to the proof of Theorem 7.6. O

At the end of this section, we shall deal with the question whether the converse of
Theorems 7.6 and 7.7 is true, that is, whether every geometry I" with the diagram of
a projective space (respectively an affine space) is a projective space (respectively
an affine space).

In order to answer this question, we need the notion of a residually connected
geometry.

Definition. Let G be a graph.

(a) Letx,...,x, be asequence of vertices such that fori = 1,...,r, the vertices
x;—1 and x; are joined by an edge and such that x;_, # x; fori =2,...,r. If
Xo # Xr, the sequence xy, ..., X, is called a path of length r from x, to x,.

(b) The graph G is called connected if for any two vertices x and y of G, there
exists a path from x to y.

Definition. Let I" be a pregeometry over a type set /. The incidence graph /(I")
of I" is defined as follows: The vertices of I(I") are the elements of I'. Two distinct
vertices x and y of I(T") are joined by an edge if and only if x and y are incident.
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7.8 Example. Let I be a 3-gon, and let /(I") be the incidence graph of I". Then, I
and /(I") are of the following form:

r X I(F) X a

? b Y z b

Definition. Let I" be a pregeometry of rank d over a type set /.

(a) T is called connected if the incidence graph /(I") of I is connected.
(b) T is called residually connected if all rank-m-residues (2 < m < d) of I are
connected.

If ' is a pregeometry and if F is the empty flag of I', we have I'r = I'. It follows
that residually connected pregeometries are connected. For pregeometries of rank 2,
the notions connected and residually connected are identical.

7.9 Theorem. (a) Let P be a d-dimensional projective space. Then, P is a residu-
ally connected geometry.

(b) Let A be a d-dimensional affine space. Then, A is a residually connected
geometry.

Proof. (a) We will prove the assertion by induction on d.
Let d = 2. We have to show that P is connected.
Let X and Y be two elements of P. If X and Y are two points, there exists a
line g through X and Y. In the incidence graph /(P), the sequence X — g — Y
is apath from X to Y. If X and Y are two lines and if p is the intersection point
of XandY, X — p—Y isapathfrom X to Y.

Finally, let X be a point, and let Y be a line. X
If XisonY, X and Y are joined by an edge
in /(P). If X isnoton Y, let p be an arbitrary g
pointon Y, and let g be the line joining X and
p-Then, X —g—p—Y isapathfrom X to Y. pT v

Let d > 2. Let F be a flag of P of corank at least 2, and let X and Y
be two elements of the residue Pr. With a suitable numbering we have F =
{Uh B Ul‘? Ur+la e UV+S9 Ur+s+17 B Ur+s+t} with
Uc..cU,c X U1 C...CU 43 CUy541 C ... CUpyg4, and
Uc...cU,CcU1 C...CU45C Y CUss41 C ... CUr5544.
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1% case. Let s # 0. Then, X C U,y C ... C U,4y C Y. It follows that X is
contained in Y, that is, X and Y are incident. In the incidence graph /(P), the
elements X and Y are joined by an edge.

21 cage. Lets = 0. W.lLo.g., let dim X < dim Y. We distinguish three cases:

®

(ii)

(iii)

Let r > 1. In this case, the subspace U; of F is contained in X and
in Y. If p is a point of U, the flag F and the subspaces X and Y are
contained in the residue P,. By Theorem 7.3, P, is a (d — 1)-dimensional
projective space. By induction, P, is residually connected. It follows that
there exists a path from X to Y in (P,)r = Pryy,}. Obviously, this path
is also contained in Pg.

Let + > 1. In this case, the subspaces X and Y are contained in the
subspace U, 4+4+,. Let H be a hyperplane of P through U, 4 4,. The flag F
and the subspaces X and Y are contained in the residue Py . As in Part (i),
we use the fact that Py is a (d — 1)-dimensional projective space which
is, by induction, residually connected.

Letr = 0and?z = 0. Since r = s = ¢t = 0, the flag F is the empty
flag. Let x be a point of X, let y be a point of ¥, and let g := xy be the
line joining x and y. Then, X —x — g — y — Y is a path from X to Y in
P =Pr.

(b) The proof is similar to the proof of Part (a). Instead of Theorem 7.3, we apply
Theorem 7.4. O

7.10 Theorem (Tits). Ler ' = (X,*, type) be a residually connected geometry of
rank r over a type set 1. Let x and y be two elements of T, and let i and j be two
types of 1.

There exists a path from x to y such that all elements of this path different from
x and y are of type i or j (for short: there is an {i, j }-path from x to y).

Proof. We shall prove the assertion by induction on r. If r = 2, T" is a connected
geometry over a type set {a, b}. It follows that {i, j} = {a, b}, and there exists an
{i, j }-path from x to y.

Let r > 3. Since I' is connected, there k X,
exists a path x = xp, x1,...,x, = y from x
to y. If every element x, ..., x,—; is of type X Xaul
a-1

i or j, there is nothing to show. Otherwise,

let a be the smallest index of {1,...,n — 1}
such that x, is not of type i or j. Let k be
the type of x,. The residue IT',, is a residually
connected geometry over / \{k} of rank r — 1. X
By induction, in Iy, there exists an {i, j }-path from x,—; t0 X,4.
We replace the path x,_; — x, — x,4 by this {7, j }-path. Successive application
of this procedure on all elements x; of the path x = xo, x;,...,x, = y which are
not of type i or j yields an {i, j }-path from x to y. O
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7.11 Theorem (Tits). Let I' be a residually connected geometry of rank r over a
type set I with a diagram D which is not connected.

Ifi and j are two types of I contained in different connected components of D,
every element of type i is incident with every element of type j.

Proof. We prove the assertion by induction on r.

Let r = 2. Since the diagram consists of two vertices and since the diagram is
not connected, D is the diagram of a generalized digon. It follows that every element
of type i is incident with every element of type j.

Let r > 2, and let x and y be two elements of type i and j, respectively. We
have to show that x and y are incident. By Theorem 7.10, there exists an {i, j }-path

X = X0, Xlyeuouh Xp =)

from x to y. Let x = Xxo, x1,...,x, = y be such a path of minimal length. If
n = 1, x and y are incident, and the assertion is proven.

Assume that n > 1. Let k be a type of I different from i and j. W.l.o.g., let k be
contained in another connected component of D than 7. Furthermore, let

X1 =20, 2s-verZm = X3

be a {J, k }-path from x; to x3.

By Theorem 7.5, the geometry I'y, has a diagram D;. Since the types i and k are
in different connected components of D, the types i and k are in different connected
components of D;. By induction, it follows that x and z; are incident in T'y,. It
follows that x and z; are incidentin .

Hence, x and z; are elements of the residue I";,, and by induction, x and z, are
incident. By successive application of this argument, it follows that x and z,, = x3
are incident. Therefore,

X = X0, X3,...,Xp =)

is an {i, j }-path of length n — 2 from x to y, in contradiction to the fact that n is
minimal. It follows that x and y are incident. O

Definition. Let I" be a geometry over the type set {0, 1, ..., d —1} with the diagram
11 Y2 Y3 Yd-1
O O O O-------- O——O
0 1 2 3 d-2 d-1

The geometry I' and the diagram of I" are called linear.
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7.12 Theorem. Let I' = (X.* ,type) be a residually connected geometry over the
type set {0, 1,...,d — 1} with the following linear diagram:

Y1 V2 Y3 Yd-1
oO—0—"0—0-O—-O0

0 1 2 3 d-2 d-1

(a) Let x, y and 7 be three elements of T with type(x) < type(y) < type(z). If x and
y and y and z are incident, x and z are also incident.?!

(b) Let U be an element of I" of type i, and let I'y and 'y be the following two
pregeometries over Iy := {0, 1,...;i—1}and I, :={i +1,i+2,...,d -1},
respectively:

The elements of I'y are the elements of " of type 0, 1, ... ori — 1 which
are incident with U.
The elements of I'; are the elements of T of typei +1, i +2,...0ord —1
which are incident with U.
The incidence relation and the type function of I'y and I'y are induced
by T.
Ifi > 1, 'y is a geometry with the diagram

Y1 Y2 Yi-1
0 1 2 i-2 i-1
Ifi <d —2, 'y is a geometry with the diagram
Yi+2 Yi+3 Yd-1
i+1 i+2 i+3 d-2 d-1

Y1 Yi+2
O——O-0 O——O----0
0 1 i-1 i+1 i+2 d-1
By Theorem 7.11, every element of Ty, of type 0, 1,...,i — 1 is incident with
every element of I of type i + 1,...,d — 1. In particular, x and z are incident.

(b) Leti > 0,andlet F = {U, U;4,...,Us—;1} beaflagof I" of type {i,...,d —
1} containing U. By (a), the elements of I" of type 0, 1,...,i —1 being incident
with U are exactly the elements of I' being incident with U, U; 4, ..., Us—;.
Since I'r has the diagram

2I'This means that one can imagine incident elements of I" as subspaces, where one subspace is
contained in the other one. If the point x lies on the line y and if the line y lies in the plane z, x
lies in z. For geometries with non-linear diagrams, this idea normally is false.
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Y1 Y2 Yi-1
0 1 2 1-2 i-1
the assertion follows. The second assertion of (b) follows in the same way. 0O

There is the following relation between set geometries and linear geometries:

7.13 Theorem. (a) Every set geometry over the type set I = {0,1,...,d — 1} is
a linear geometry.

(b) Let ' be a linear geometry over the type set I = {0, 1,...,d — 1} fulfilling the
following two conditions:

(i) For any two non-incident elements U and W, there exists a point (element of
type 0) of U non-incident with W and a point of W non-incident with U.

(ii) For an element X of I', denote by X the set of points incident with X.
Suppose that Uy # Wy, whenever U # W.

Then, T' is a set geometry.

Proof. (a) Let I be a set geometry, and let V' be an element of I" with 0 < type(V) <
d — 1. We have to show that every two elements U and W of I'yy with type(U)
< type(V) < type(W) are incident. Since I is a set geometry, it follows from U
* V that Uy is contained in V. In the same way, it follows that V} is contained in
Wy. Hence, U is contained in W;. Since I' is a set geometry, it follows that Uy
and W, are incident.

(b) Let U and W be two subspaces of I" with 0 < type(U) < type(W).
Step 1. If U and W are incident, Uy is contained in Wj: Let x be a point of
Uy. Since x and W are incident with U, it follows from the linearity of I that
x and W are incident. Hence, U is contained in Wj.
Step 2. If Uy is contained in Wy, U and W are incident: Assume that U and
V' are not incident. By assumption (i), there exists a point x of Uy not contained
in Wy, in contradiction to the assumption that Uy is contained in Wj.
Step 3. We have Uy # W), whenever U # W': This follows from assump-
tion (ii). O
7.14 Theorem. Let I' be a residually connected geometry over the type set I =
{0,1,...,d — 1} with the diagram
L L L L
O O—O0—O0—-0—0
0 1 2

where the elements of type 0, 1, 2 are called points, lines and planes, respectively.
Then, any two points of I' are joined by exactly one line.
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Proof. We will prove the assertion by induction on d.

If d = 2, T is a linear space, and the assertion is obvious.

Letd > 2, and let x and y be two points of I". We first shall prove the existence
of a line through x and y. By Theorem 7.10, there exists a {0, 1}-path

X = X0, Xlyeueuh Xp =)

fromx to y in I". Let x = x¢, xy,...,x, = y be such a path of minimal length.
Ifn =1, x —x; — yisa{0,1}-path from x to y, that is, x and y are incident
with the line x;.

Assume that n > 1. We consider the path x = S
Xo— X1 — X2 — X3 — X4. Then, X, I = X2, § i1= X4
are points, and g = x; and h := x3 are lines h
of I'.
X
° . -

Since T', is residually connected, since I', has the diagram

L L L

1 2 3 d-2 d-1

and since g and & are points of I',, by induction, there is a line £ of I, through g
and h. In T', E is a plane containing the lines g and 4. By Theorem 7.12 (b), the
points and lines of E form a linear space, that is, in E there exists a line / through
x and s. It follows that

X =Xx0,1,S=X4,...,X, =Y

is a path of length n — 2 from x to y, in contradiction to the minimality of n.

Next, we will show the uniqueness of the line through x and y: Assume that
there are two lines g and /1 through the points x and y. Considering the residue Iy
it follows by induction that there is a plane E of Iy through g and A. Since y is
incident with g (and &), by Theorem 7.12 (a), y is incident with E. It follows from
Theorem 7.12 (b) that the points and lines of £ form a linear space, in contradiction
to the fact that there are two lines g and & of E incident with x and y. O

7.15 Theorem (Tits). Let I" be a residually connected geometry over the type set
1 =40, 1,...,d — 1} (d = 2) with the diagram

0 1 2 d-2 d-1

If every line of I" contains at least three points, I" is a d-dimensional projective
geometry.

Proof. Step 1. Let L be the geometry of rank 2 whose point set is the point set of I"
and whose line set is the line set of I'. The incidence in L shall be induced by the
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incidence in I'. By Theorem 7.14, there is exactly one line through any two points of
I". Hence, L is a linear space. By assumption, every line of I' (and of L) is incident
with at least three points.

Step 2. The planes of L (that is, the subspaces of L generated by three non-
collinear points) are exactly the point sets of the elements of type 2 of I'":

(1) Let E be an element of I" of type 2, and let F' be the point set of E. Then, F
is a plane of L: For, let x and y be two points of F'. By definition, x and y are
two points incident with E. By Step 1, there is exactly one line g of I' through
x and y. Since I'g is a projective plane, the line g must belong to I'g, that is, g
is incident with E. Since I is a residually connected linear geometry, it follows
that the points of g are incident with E. Hence, every point of g is contained in
F, thatis, F is alinear subspace of L. Since ' is a projective plane, it follows
that the points and lines of F' form a projective plane. In particular, the subspace
F of L is generated by any three non-collinear points of F.

(i) Conversely, let F' be a subspace of L generated by three non-collinear points x,
y and z. Consider the lines g = xy and & = xz. In the residue I'y, g and & are
two points. By Theorem 7.14, there is exactly one line £ through g and 4, that
is, there is an element E of type 2 through g and 4.

Since T is a residually connected linear geometry, it follows from Theorem 7.12
that the points x, y and z are incident with E. By Step (i), it follows that the point
set of E is a subspace of L generated by x, y and z. It follows that the point set of
E equals F.

Step 3. It follows from Steps 1 and 2 that L is a linear space with the property
that every line of L is incident with at least three points and that every plane of L is
a projective plane. By Theorem 4.17, L is a projective space.

Step4.Fori = 0,...,d — 1, the point sets of the elements of I of type i are the
i-dimensional subspaces of L:

We shall prove the assertion by induction on 7.

i = 0, 1: The assertion follows from the definition of L.
i = 2: The assertion follows from Step 2.
i—1—i:

(i) Let U be an element of I' of type i. By induction, I'yy is an i-dimensional
projective geometry. As in Step 2, Part (i), it follows that the point set W of U
is a subspace of L. Since I'y and W are projective spaces defined over the same
point and line sets, it follows that W is an i-dimensional subspace of L.

(ii) Conversely, let W be an i-dimensional subspace of L. Let W’ be an (i — 1)-
dimensional subspace of W, let x be a point of W', and let g be a line of
W through x not contained in W’'. By induction, there is an element U’ of
[ of type i — 1 such that W’ is the point set of U’. By induction, Ty is a
(d — 1)-dimensional projective space, hence, there exists an element U of type
i through U’ and g. By Part (i), the point set of U is an i-dimensional subspace
of L containing W' and g. Hence, W is the point set of U. O
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7.16 Theorem. Let I' be a residually connected geometry over the type set I =
{0, 1,...,d — 1} (d = 2) with the diagram

Af
0 1 2 d-2 d-1

If every line of T is incident with at least four points, I is an affine geometry.

Proof. The proof is similar to the proof of Theorem 7.15. Instead of Theorem 4.17,
we make use of Theorem 6.1. O

8 Finite Geometries

In the present section, we shall consider finite geometries, that is, geometries
consisting of finitely many elements. The main results are as follows:

* Principle of Double Counting (Theorem 8.1)

e Introduction of the order of a projective or an affine space (Theorem 8.2 and
Corollary 8.3)

e Determination of the number of subspaces of a projective or an affine space
(Theorem 8.6).

Definition. A pregeometry I' = (X, *, type) is called finite if the set X is finite.

8.1 Theorem (Principle of Double Counting). Let I' = (X, *, type) be a finite
pregeometry of rank 2 over the type set {0, 1}. For an element x of X, let [x] be the
number of elements of X \{x} incident with x. Let A and B be the sets of elements
of type 0 and type 1 of X, respectively. Then,

> la) =" [bl.

a€A beB

Proof. Let M := {(a, b)|a € A, b € B such that a and b are incident}. Then,

> lal=|M|=>"[b].

a€A beB

O

8.2 Theorem. Let P be a projective space of dimension at least 2, and let g and
h be two lines of P. If P, and P, are the sets of points incident with g and h,
respectively, the sets P, and Pj, have the same cardinality.

Proof. Step 1.1f g and i have a point in common, the sets P, and P, have the same
cardinality:
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For, let g and & be two lines of P intersecting in a point z, and let £ be the plane
generated by g and /. Furthermore, let p be a point of £ which is neither incident
with g nor with 4.

Let the mapping @ : P, — P, h
be defined by «(x) := px N h. Note g p
that a(z) = z. Then, « is a bijective X a(x)
mapping of the point set of g onto
the point set of /. z E

Step 2. The sets P, and P, have the same cardinality: Let g and / be two arbitrary
lines of P. If g and & meet in a point, the assertion follows from Step 1. Otherwise,
choose a point x on g and a point y on / and consider the line / through x and y.
Let P; be the set of points incident with /. Since g and / meet in a point, the sets Py
and P; have the same cardinality. Similarly, P, and P; have the same cardinality. It
follows that P, and P, have the same cardinality. a

8.3 Corollary. Let A be an affine space of dimension at least 2, and let g and h be
two lines of A. If P, and Py, are the sets of points incident with g and h, respectively,
the sets P, and Py, have the same cardinality.

Proof. Let P be the projective closure of A. The projective closure of any line of A
consists of the points of A and the point at infinity. Thus, the assertion follows from
Theorem 8.2. O

Definition. (a) Let P be a finite projective space such that every line of P is incident
with exactly g + 1 points. The number g is called the order of P.
(b) LetA be a finite affine space such that every line of A is incident with exactly ¢
points. The number ¢ is called the order of A.
If A is a finite affine space of order ¢ and if P is the projective closure of
A, P is a projective space of order g.

8.4 Theorem. Let P be a finite projective space of order q, and let U be a subspace.
Furthermore, let x be a point of P.

(a) U is a finite projective space of order q.
(b) If dim P > 3, the residue P, is a finite projective space of order q.

Proof. (a) is obvious.

(b) By Theorem 7.3, P, is a projective space. Let E be a plane of P through x. Let
h be a line of E, not containing the point x. Since every line of E through x
intersects the line /, the number of lines of E through x equals the number of
points on A. In E, there are ¢ + 1 lines incident with x. Thus, every line of P,
contains g + 1 points, that is, Py is of order ¢. O

8.5 Theorem. Let A be a finite affine space of order q, and let U be a subspace.
Furthermore, let x be a point of A.

(a) U is a finite affine space of order q.
(b) If dim A > 3, the residue A, is a finite projective space of order q.
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Proof. (a) is obvious.
(b) Let P be the projective closure of A. Then, P is a projective space of order g.
Since A, = P,, the assertion follows from Theorem 8.4. O

8.6 Theorem. Let P be a finite d-dimensional projective space of order ¢, and let
U be a t-dimensional subspace of P.

(a) U has q' + ...+ q + 1 points. In particular, P has exactly ¢¢ + ... +q + 1
points.

(b) InU, thereare q' + ...+ q + 1 subspaces of dimension t — 1. In particular, P
contains exactly g% + ... + q + 1 hyperplanes.

(c) Lett == dim U > 1, and let W be a (t — 2)-dimensional subspace of U. Then,
U contains exactly ¢ + 1 subspaces of dimension t — 1 through W. In particular,
there are exactly g + 1 hyperplanes of P through a (d—2)-dimensional subspace
of P.

(d) Any point of U is incident with exactly ¢' ' +. . .+q+1 lines of U. In particular,
any point of P is incident with exactly ¢?~" + ... + q + 1 lines.

(e) The number of lines of U is

(@ +q "+ +g+1)(¢ "+ +q+1)
qg+1 '

Proof. (a) We will prove the assertion by induction on ¢. For ¢t = 0, the subspace
U consists of a point, and the assertion is obvious.
Let ¢+ > 0. Let x be a point of U, and let
W be a (¢t — 1)-dimensional subspace of U not
containing x. By induction, W contains exactly
q¢"~'+ ...+ ¢ + 1 points. Since every line of U
through x intersects the subspace W in exactly
one point, there are exactly ¢’ ! + ... +¢q + 1
lines of U through x. Any of these lines is
incident with g further points of U besides x. It
follows that

Ul =14+@ " +...4q+1)-q=q"+...+q+ 1.

(b) Again, we will prove the assertion by induction on . For # = 1, U is a line.
Hence, U is incident with exactly g + 1 points.

Lett > 1. Let x be a point of U. The residue U, is a (t — 1)-dimensional
projective space of order g (Theorem 8.4). By induction, U, contains exactly
q¢'~" + ...+ ¢ + 1 hyperplanes, that is, U contains exactly ¢'~' + ... + ¢ + 1
subspaces of dimension ¢ — 1 through x.

Let T be the set of the (# — 1)-dimensional subspaces of U. We shall apply
the principle of double counting (Theorem 8.1) on the set

M :={(x, W)|xeU, WeT, xis contained in W}.
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We get

M=) =) ¢+ g+ 1=|UI(" + g+ 1)

xeu xeU

M| =Y [Wl=) ¢ '+ +q+1=|T|(¢"" +--+q+1)
weTr weT
By (a), it follows that |T| = |[U| =¢" + ...+ ¢ + 1.

(c) Let W be a (¢t —2)-dimensional subspace of U, and let g be a line of U disjoint
to W. Then, every (¢ — 1)-dimensional subspace of U through W intersects the
line g in exactly one point. It follows that the number of the (# — 1)-dimensional
subspaces of U through W equals the number of points on g. The number of
pointson g is g + 1.

(d) The number of lines of U through x equals the number of points of the residue
U,. By Theorem 8.4 and by (a), this number equals ¢'~! + ... + ¢ + 1.

(e) Let G be the set of lines of U. We shall apply the principle of double counting
on the set

M:={(x, g)|xeU geG, x g}
We get
M=) =) 7 gt 1= U+ g+ 1)
xeU xeU
=(q"+q¢ "+ +qg+1) (¢ + g+ 1)
M=) "[g]=) q+1=|G|(qg+D.
g€G g€G
It follows that
@ +qd "+ Fg+1) (¢ ++g+1)

|G| =
q+1

O

Summarizing Theorem 8.6, we get the following parameters for a d-dimensional
projective space of order ¢:

Cardinality Value

Number of points of P g+ ... +qg+1

Number of lines of P (glbq? bt 1) (g1 )
q+1

Number of points on a line of P q+1

Number of lines through a point of P L S N |

Number of hyperplanes of P g’ + ... +qg+1

Number of hyperplanes of P through a q+1

(d — 2)-dimensional subspace of P

At the end of this section, we shall study the projective planes of order 2.
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8.7 Theorem. Every finite projective plane of order 2 is of the following form:

In other words, the projective plane P has seven points and seven lines, and—with a
suitable numbering 1, 2, 3, 4, 5, 6, 7 of the points—the lines of P are the points sets
{1,2,3},{1,4,5},{1,6,7},{2,4, 7}, {2, 5, 6}, {3, 4, 6} and {3, 5, 7}.

Proof. Let {1, 2, 3, 4,5, 6, 7} be the set of points of
P.2? There are exactly three lines through the point 1.
W.lLo.g., we may assume that these three line are the
lines {1, 2, 3}, {1,4, 5} and {1, 6, 7}.

The line through the points 3 and 5 intersects the
line {1, 6, 7}. W.Lo.g., we may assume that these two
lines intersect in the point 7. Then, the line through the
points 3 and 4 must intersect the line {1, 6, 7} in the
point 6. Otherwise, there would be two lines through
the points 3 and 7 or 3 and 1.

With the same argument, the line through the points
2 and 4 meets the line {3, 5, 7} in the point 7, and the
line through the points 2 and 5 meets the line {1, 6, 7}
in the point 6. O

22In view of Theorem 8.6, P has ¢ + ¢ + 1 = 7 points.

3

1 6 7




Chapter 2
Isomorphisms and Collineations

1 Introduction

Isomorphisms and collineations are transformations of one geometry into another
preserving the geometrical structure. In Sect. 2, we shall introduce these transforma-
tions. In Sect. 3, we shall deal with projections. The concept of projections has been
implicitly used in the classification of affine spaces in Sect. 6 of Chap. 1. In Sect. 4,
we will introduce collineations. Collineations are isomorphisms of projective or
affine spaces.

A particularly important class of collineations are the central collineations. They
are investigated in Sect.5. Finally, in Sect. 6, it is shown that every projective
space fulfilling the Theorem of Desargues admits as many central collineations as
possible. Furthermore, it is shown that every projective space of dimension at least
3 fulfils the Theorem of Desargues.

2  Morphisms

Morphisms are mappings between two geometries which preserve the geometrical
structure. They are used to define isomorphisms between geometries and to “mea-
sure” the symmetry of a geometry. Often, the knowledge about the automorphism
group of a geometry provides useful information about the geometry itself.

In the present section, we shall introduce different types of morphisms (homo-
morphisms, isomorphisms, correlations, polarities).

Definition. Let " = (X, *, type) and [" = (X', */, type’) be two geometries over
the type sets I and I, respectively, and let o be a mapping from X to X’. « is called
a morphism if « fulfils the following conditions:

(i) For any two incident elements x and y of I', the elements «(x) and «(y) are
incident in T".

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics, 57
DOI 10.1007/978-3-642-20972-7_2, © Springer-Verlag Berlin Heidelberg 2011
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(i) Two elements x and y of I" are of the same type in I if and only if «(x) and
a(y) are of the same type in "/,

Note that there are different definitions of morphisms in the literature depending on
the context where they are used. For example, there exist definitions of morphisms
without Condition (ii).

2.1 Example. Let I'; and I'y be a 3-gon and a 4-gon with the following notations

for the vertices and edges: .

r, D C
I's Z 4
d b
y X
X . Y A a B

Leta : '3 > I'sand B, v, § : Iy — I’y be defined as follows:

a: X—->x,Y—>y,Z—>z
x—>X,y—>Y z>7

B:A— B, B—-C,C— D, D— A (“rotation through 90°”)
a—>b, b—>c, c—>d, d—>a

y:A—a, B—b, C—c, D— d (“rotation through 45°”)
a—->B b—-C,c—D,d— A

§:A— A, B— A, C - D, D — D (“folding of the right side onto
a—>a, b—>d, c—>c, d—d theleftside”).

The mapping « is a morphism of I'; into itself, and the mappings 8, vy, § are
morphisms of Iy into itself.

Definition. Let ' = (X, *, type) and " = (X', */, type’) be two geometries over
the same type set L.

(a) If« isamorphismof I' into I'’, such that type(a(x)) = type(x) for all elements
x of X, « is called a homomorphism.

(b) If @ : X — X' is a bijective homomorphism, such that ™' : X' — X isa
homomorphism as well, « is called an isomorphism.

(c) An isomorphism of I' into I' is called an automorphism. The group of
automorphisms of I" is denoted by Aut (I"). Every subgroup of Aut (T") is called
an automorphism group of I'.

The mappings B and § defined in Example 2.1 are homomorphisms of the 4-gon, j
is also an automorphism.

Definition. Let " = (X, *, type) and [' = (X', */, type’) be two geometries over
the type sets I and I’, respectively.
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(a) Ifa : X — X' is a bijective morphism, such that @' : X’ — X is a morphism
as well, « is called a correlation.

(b) A correlation of I' into I' is called an autocorrelation. The group of the
autocorrelations of I' is denoted by Cor(T").

(c) Let n be a finite number. An autocorrelation o of I' is called of order n if
o" = id (identity) and if ¢ # id forallm € {1, ..., n — 1}. If & # id for
all natural numbers m, the autocorrelation « is called of infinite order.

The mappings @, B and y defined in Example 2.1 are autocorrelations of order 2, 4
and 8, respectively.

2.2 Theorem. Let I" be a geometry over the type set I, and let o be an autocorre-
lation of T'.

(a) The autocorrelation o induces a permutation oy on I.
(b) The autocorrelation « is an automorphism of I if a induces the identity on I.

Proof. (a) Leti be atype of /. By definition, the morphism « maps all elements of
type i on elements of a type j. Let a; (i) := j. Then, s is a permutation on /.
(b) follows from the definition of an automorphism. |

Definition. Let I" be a geometry over the type set /, and let « be an autocorrelation
of I'.

(a) If the mapping « induces a permutation ; of order 2 on /, « is called a duality.
(b) If both o and r; are of order 2, « is called a polarity.

The mapping y defined in Example 2.1 is a duality of the 4-gon. The mapping o
defined in Example 2.1 is a polarity of the 3-gon.

2.3 Theorem. Let I" be a geometry over the type set [ with diagram D, and let «
be an autocorrelation of I'. The permutation oy induced by o maps the diagram D
onto itself.

Proof. The proof follows from Theorem 2.2. O

3 Projections

In the present section, we will introduce projections. They form an important tool
for the investigation of projective spaces. Whereas in projective spaces, a point can
always be projected into a hyperplane (Theorem 3.1), this is not the case in affine
spaces. The exact situation is described in Theorem 3.2.

Definition. Let P be a projective space, let H be a hyperplane of P, and let p
be a point of P outside of H. For each point x different from p, let 7 (x) be the
intersection point of the line px with H. Then, r is called the projection of P\ {p}
on H.!

UIf x is a point of H, 7 (x) = x.
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3.1 Theorem. Let P be a d-dimensional projective space, let H be a hyperplane of
P, and let p be a point of P outside of H. Let U be a subspace of P not containing
the point p, and let 7w be the projection of P\ {p} on H.

Then, n(U) is a subspace of H, and w : U — 7w (U) is a collineation from U onto
7 (U).

Proof. Step 1. & maps the point set of U bijectively on the point set of 7 (U):

Obviously, 7 is surjective. In order to verify the injectivity of =, let w(x) = 7 (y)
for two points x and y of U. Then, the lines px and py intersect the hyperplane
H in the same point 7 (x) = m(y). It follows that the points x and y are incident
with the line pm(x). Assuming x # y, the line xy would be contained in U, and it
follows that p is contained in U, in contradiction to the assumption.

Step 2. & maps subspaces of U on subspaces. In particular, 7 (U) is a subspace
of H.

Let W be a subspace of U, and let 7 (x)
and m(y) be two points of w(W) with
x, y € W. Let s be a point on the line
m(xX)7(y).

The points p, m(x), m(y) generate
a plane FE intersecting H in the line
7(x) 7(y). Obviously, s is contained in E.
Since p, s, x, y are contained in E, the
lines xy and ps intersect in a point z. Since
W is a subspace of U, the point z is contained in W. Furthermore,

s =pzNn(x)w(y) =pzNH =7n(2).
It follows that s is contained in 7w (W), that is, 7 (W) is a subspace of 7 (U).

Step 3. 7! maps subspaces of (U) on subspaces of U.
The proof is analogous to the proof of Step 2.

Step4. 7 : U — w(U) is a collineation:
For every point x and every line g of U, we have:

x is incident with g < m(x) is incident with 7 (g).

Hence, 7 : U — 7(U) is a collineation. O
Next, we will consider projections of affine spaces:

3.2 Theorem. Let A be an affine space, let H be a hyperplane of A, and let p be a
point of A outside of H.

Let H' be the hyperplane through p parallel to H. For each point x # p of A,
the following holds:
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(a) If x is not contained in H', px and H meet in a point 7 (x).
(b) If x is contained in H', px and H do not intersect, that is, the point 7 (x) is not
defined.

Proof. Let P = P(A) be the projective closure of A and let Hy, be the hyperplane
at infinity.

(a) Let Hp be the subspace of P defined by H, and let z := px N Hp. Assume that
the point z is contained in the hyperplane Hs,. Then,

z€ Hp N Hy = H/P N Hyo, thatis, ZEH’P.

Since the point p is contained in H'p, the line pz is contained in H' as well.
Since x lies on pz, it follows that x is contained in H’, in contradiction to the
choice of x.

(b) If x is contained in H', we have the following situation in P:

pxﬂHpeH}ﬂHngoo.

It follows that px and H do not intersect in A. O

By extending an affine space to its corresponding projective space, it is possible to
project any point from a given point p to a given hyperplane H. This is the reason
why projective spaces are called projective.

4 Collineations of Projective and Affine Spaces

In the present section, we will investigate collineations of projective and affine
spaces. Compared to isomorphisms, collineations have the advantage that they are
only defined on the point set of the projective or affine space. Therefore, it is often
easier to verify whether a certain mapping is a collineation than to verify whether a
certain mapping is an isomorphism.

At the beginning of this section, we will give a formal definition of collineations
and parallelism-preserving collineations. We shall see that a collineation between
two affine spaces is a parallelism-preserving collineation if the lines of the affine
spaces are incident with at least three points (Theorem 4.4).

Furthermore, we will show that each parallelism-preserving collineation can be
uniquely extended to a projective collineation (Theorem 4.6).

Finally, we will see that each collineation between two projective spaces and
each parallelism-preserving collineation between two affine spaces defines an
isomorphism (Theorems 4.8 and 4.9).

Definition. Let L and L’ be two linear spaces, and let P and P’ be the point sets of
L and L', respectively.

A mapping « : P — P’ is called a collineation if « is bijective and if any three
points x, y and z of L are collinear if and only if «(x), «(y) and «(z) are collinear.
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4.1 Theorem. Let L and L' be two linear spaces, and let « : L — L' be a
collineation.

(a) a=' : L' — L is a collineation from L onto L.

(b) a maps the set of lines of L bijectively onto the set of lines of L.
(c) If Uis a subspace of L, a(U) is a subspace of L.

(d) If U’ is a subspace of L', a='(U) is a subspace of L.

Proof. (a) follows from the definition of a collineation.
(b) Let g be a line of L, and let x and y be two points on g. Let g’ be the line
through o(x) and a(y). Then, we have for each point z of L:

zlies on g
& X, y and z are collinear
& a(x), a(y) and «(z) are collinear
& a(z) lieson g’.

It follows that «(g) = g’, that is, « maps lines on lines. It follows from (a)
that ™! also maps lines on lines. Hence, o maps the lines of L bijectively onto
the lines of L'.
(c) Let U be a subspace of L. Let a(x) and a(y) be two points of a(U) =
{a(x) | x € U}, and let g’ be the line through «(x) and «(y) in L’. Let 7/
be a point on g’. We need to show that 7’ is contained in o(U).
Since « is bijective, there exists a point z of L such that «(z) = 7. Since
a(x), a(y) and 7 = «a(z) lie on g’, the points x, y and z are collinear, that is,
the point z is incident with the line xy which is contained in U'.
It follows that 7 = «(z) is contained in a(U).
(d) Since, by (a), ™" : L’ — Lis a collineation, the assertion follows from (¢). 0O

4.2 Theorem. Let P and P’ be two projective spaces, and let « : P — P’ be a
collineation.

(a) Let Ube a subspace of P, and let B be a basis of U. Then, «(B) is a basis of a(U).
(b) We have dim a(U) = dim U for all subspaces U of P.
(c) We have dim P = dim P’.

Proof. (a) Step 1. Let {xi, ..., x,} be afinite subset of B. Then, «({xy, ..., x,)) =
(a(x1), ..., a(x,)): We shall prove the assertion by induction on r:

For r = 1, we have a({x1)) = a(x;) = (x(x))).

r — 1 — r: By induction, we have a((xi, ..., x,—1)) = {(@(x1), ..., ¢(x,—1)).

Let x be a point of (xy, ..., x,) notcontainedin (xi, ..., x,—;). By Theorem 4.2
of Chap. 1, there exists a point p of (xy, ..., x,—1) such that x is incident with
the line px,. Since « is a collineation, it follows that «(x) is incident with the
line a(p)a(x,). Again, by Theorem 4.2 of Chap.I, the point a(x) is contained
in the subspace (a({xi, ..., X,—1)), a(xy)) = {a(x1), ..., a(x;)). Hence,
a((xy, ..., X;)) is contained in (x(x1), ..., @(x,)).

Conversely, let y be a point of ((x;), ..., «(x,)) not contained in ((x;), ...,
a(x,—1)). There exists a point b of (w(x;), ..., a(x,—1)) such that y is incident
with the line b (x,). By induction, there is a point a of {x, ..., x,—1) such that
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a(a) = b. Since « is a collineation, there is a point x on the line ax, such that
a(x) = y. Hence, {(a(x), ..., a(x,)) is contained in ar({xy, ..., X,)).

Step 2. a(B) generates o(U): For, let y be a point of «(U), and let x be a point
of U such that «(x) = y. By Theorem 4.8 of Chap. 1, there exists a finite subset
{x1, ..., x,} of B such that x is contained in (x;, ..., x,). It follows from Step
1 that

y =ax) e a({xy, ..., x;)) = {a(x1), ..., a(x;)) C (x(B)).

Step 3. «(B) is linearly independent: Assume that «(B) is linearly dependent.
Then, there exists an element y of «(B) such that y is contained in {(x(B)\ {y}).
By Theorem 4.8 of Chap. 1, there exists a finite subset {y;, ..., y,} of @(B)\ {y}
such that y is contained in (y;, ..., y,). Let x1, ..., x, and x be the points of B
such that ¢(x;) = yy, ..., a(x;) = y, and a(x) = y. By Step 1, it follows that

ax) =y ey, ... yr) = (alx1), ..., a(x;)) =a((x, ..., X;)).
Hence, the point x is contained in (x;, ..., X,). Since «(x) = y and y #
Vi, ..., Yr, Wwehave x # xq, ..., X,, contradicting the fact that B is a basis of U.

(b) and (c) follow from (a). O

Definition. LetA and A’ be two affine spaces, and let o : A — A’ be a collineation.
« is called a parallelism-preserving collineation if any two lines g and & are
parallel in A if and only if a(g) and «(h) are parallel in A’.

4.3 Theorem. Let A and A’ be two affine spaces, and let « : A — A’ be a
parallelism-preserving collineation.

(a) a~' : A" — A is a parallelism-preserving collineation as well.
(b) o maps the set of affine planes of A bijectively onto the set of affine planes of
Al

Proof. (a) follows from the definition.
(b) Let E be an affine plane of A, and let x, y and z be three non-collinear points
of E. Let E’ be the affine plane of A" generated by a(x), a(y) and (z).
Let p be a point of E. If p lies on the line

xy or on the line xz, we have ,
®
p g
a(p) € a(x)a(y) S E or a7 *
a(p) € a()a(z) € E'. .
X y
If p neither lies on xy nor on xz, there E

exists a line g through p in E parallel to xy meeting the line xz in a point g.

Since o maps parallel lines on parallel lines, the point a(p) is incident with
the line g’ := «(g) which is parallel to a(x)x(y) and which meets the line
a(x)a(z) in the point a(g). Since E’ is closed with respect to ||, it follows that
g’ is contained in E’, hence, the point «(p) is also contained in E’.
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It follows that :(E) € E’. In the same way, it follows from (a) that o~ (E’) C
E, hence, a(E) = E’. Altogether, @ maps the affine planes of A bijectively on
the affine planes of A'. ]

4.4 Theorem. Let A and A’ be two affine spaces such that every line of A is incident
with at least three points.
Then, every collineation o : A — A’ is a parallelism-preserving collineation.

Proof. Let g and h be two parallel lines of A.

Ifg =h, a(g) = a(h), and a(g) and «a(h) are parallel.

Let g # h. Then, g N h = @. It follows that «(g) N «(h) = @. In order to
show that «(g) and «(h) are parallel lines, we need to show that «(g) and « () are
contained in an affine subplane of A’

Since g and & are parallel, g and & generate a plane E of A. Let x| be a point on
g, and let y; be a point on /. Since there are at least three points on any line of A,
there exists a point z on the line x; y; different from x; and y;.

Let x, be a point on g different

from x;. Since g and h are parallel e o U2
lines, the lines x,z and & meet in a o(Xy) ou(xy)
point y, different from y;. o(2)

Let E’ be the plane of A" gener-
ated by the points «(x;), a(x,) and
a(z). By Theorem 5.3 of Chap., the a(h) /(;(YO Ot(y;)\ E'

plane E’ is an affine subplane of A’.

By definition of an affine space, E’ is an affine plane.

Since « is a collineation, the points «(x;), «(z) and «(y;), and a(x,), «(z)
and «(y,) are collinear, hence, the points «(y;) and «(y,) are contained in E’. Tt
follows that a(h) = a(y1)a(y;) is contained in E’. It follows that «(g) and a(h)
are parallel lines. O

Remark. If A and A" are two affine spaces such that every line is incident with
exactly two points, every bijective mapping from the point set of A onto the point
set of A’ is a collineation, but only a few of them preserve parallelism.

4.5 Theorem. Let P and P’ be two projective spaces, and let H and H' be two
hyperplanes of P and P, respectively. Furthermore, let A := P\ H and A’ =
P'\ H' be the affine spaces defined by P and H and P’ and H', respectively.

Ifa : P — P is a collineation with a(H) = H', « induces a parallelism-
preserving collineation from A to A’.

Proof. Obviously, the mapping «|4 maps the point set of A bijectively on the point
set of A’. Furthermore, three points x, y and z are collinear in A if and only if
a(x), a(y) and a(z) are collinearin A’.

For a line / of A or A’, we denote by /p the projective closure of / in P or P,
respectively. Then, for any two lines g and & of A, we have:
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g and h are parallel in A
< gp and hp meet in a point x of H
< a(gp) and a(hp) meet in the point a(x) of H’

< «a(g) and a(h) are parallel in A’.

It follows that « is a parallelism-preserving collineation. O

Definition. Let A and A’ be two affine spaces with projective closures P and P/,
and let @ : A — A’ be a collineation. If @* : P — P’ is a collineation such that
a*|4 = a, the collineation «* is called the projective closure of .

4.6 Theorem. Let A and A’ be two affine spaces, and let o« : A — A’ be a
parallelism-preserving collineation.

If P and P’ are the projective closures of A and A', respectively, there exists
exactly one projective closure of o.

Proof. Let H and H' be the hyperplanes of P and P’ such that A = P\ H and
A’ = P’\ H’.For an affine line g of A or A’, we denote by gp the projective closure
ofginPorinP.

We first will prove the existence of the mapping o*.

Step 1. Definition of the mapping o*:

If x is a point of A, set &*(x) := a(x).
If x is a point of H, there exists a line g of A such that x = gp N H. Set

a*(x):=a(g)p NH'.

We have to show that a* is well-defined: For, H
let g and & be two lines of A such that ¢
x=gpﬂH=hpﬂH.
h

Then, g and A are parallel in A. Since « is a
parallelism-preserving collineation, the lines «(g)
and a(h) are also parallel in A’, that is,

a(g)p NH =ah)p NH'.

It follows that o* is well-defined.
Step 2. Let P and P’ be the point sets of P and P’, respectively. Then, the
mapping
a*: P — P’
is bijective:
Since o : A — A’ is a collineation, we only need to show that o*|y : H — H’
is bijective.
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The mapping o* is surjective: Let x’ be a point of H’, and let g’ be a line of A’
such that x’ = g’» N H'. Since « is a collineation, there exists a line g of A with
a(g) = g’.Forx := gp N H, we have

FxX)=a(@)pNH =¢gpNH =X

The mapping « is injective: Let x and y be two points of H such that a*(x) =
a*(y). By definition of «*, there exist two lines g and i of A suchthatx = gp N H
and y = hp N H.Itfollows from o*(x) = o*(y) thata(g)p N H' = a(h)p N H'.

It follows that the lines a(g) and « (%) are parallel in H'. Since « is a parallelism-
preserving collineation, the lines g and s are parallel as well. It follows that
x=gpNH=hpNH=y.

Step 3. Let x, y and z be three collinear points of P. Then, the points
a*(x), a*(y) and a*(z) are collinear as well:

First case. There is a line g of A such that x, y and z are incident with gp.
By definition of a*, the points a*(x), a*(y) and «*(z) are incident with the line
a(g)p.

Second case. The points x, y and z are contained in H. Since x, y and z are
collinear, there exists an affine plane E of A such that x, y and z are incident with
the line at infinity of E. By Theorem 4.3, «(E) is also an affine plane. It follows
that the points a* (x), @*(y) and a*(z) are incident with the line at infinity of «(FE).
In particular, they are collinear.

Step 4. If «*(x), a*(y) and a*(z) are three collinear points of P, x, y and z
are collinear as well: Since o* is bijective, the assertion follows as in Step 3 if one
replaces o by «.

It follows from Steps 2 to 4 that «* is a collineation from P to P'.

Let 8* be a further projective closure of a. Obviously, 8*(x) = a(x) = a*(x) for
all points x of A. For a point x of H, it follows that §*(x) = «™*(x), since «* and §*
map lines onto lines. It follows that 8* = «* which shows the uniqueness of «*. O

4.7 Theorem. Let A and A’ be two affine spaces, and let « : A — A’ be a
parallelism-preserving collineation.

(a) Let U be a subspace of A, and let B be a basis of U. Then, a(B) is a basis of
a(U).

(b) We have dim a(U) = dim U for all subspaces U of A.

(c) We have dimA = dim A’.

Proof. (a) Let P and P’ be the projective closures of A and A’, respectively. By
Theorem 4.6, o admits a unique closure o : P — P’. For a subspace U of A, let
Up be the subspace of P defined by U'. It follows from Theorem 5.7 of Chap. 1
that B is a basis of Up. By Theorem 4.2, a(B) is a basis of «(Up) = a(U)p.
Again, by Theorem 5.7 of Chap. 1, o(B) is a basis of a(U).

(b) and (c¢) follow from (a). a0
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4.8 Theorem. Let P and P’ be two d-dimensional projective spaces, and let o :
P — P be a collineation. Then, o induces an isomorphism of the projective
geometry defined by P onto the projective geometry defined by P’.

Proof. LetT = (X, %, type) and I = (X', */, type’) be the projective geometries
defined by P and P’. Then, X is the set of subspaces of P different from & and P.

By Theorem 4.1, « maps the set X bijectively onto the set X”. Furthermore, by
Theorem 4.2, we have

type’ «(U) = dim «(U) = dim U = type U for all subspaces U of P.

It follows that « is an isomorphism. O

4.9 Theorem. Let A and A’ be two d-dimensional affine spaces, and leta : A — A’
be a parallelism-preserving collineation. Then, o induces an isomorphism from the
affine geometry defined by A onto the affine geometry defined by A’.

Proof. The proof is similar to the proof of Theorem 4.8. Instead of Theorem 4.2,
we make use of Theorem 4.7. O

Definition. (a) Two projective spaces P and P’ are called isomorphic if there exists
a collineation & : P — P’ from P onto P’.

(b) Two affine spaces A and A’ are called isomorphic if there exists a parallelism-
preserving collineation @ : A — A’ from A onto A”.

5 Central Collineations

In the present section, we shall introduce central collineations. They are the main
tool in the proof of the fundamental theorem of projective geometry classifying all
projective (and affine) spaces of dimension at least 3 (see Chap. 3).

A central collineation is defined by the fact that it has a centre and an axis (for
the definition, see below). In Theorems 5.3 and 5.6, we will see that any collineation
admitting an axis or a centre is already a central collineation.

Theorem 5.8 gives a necessary condition for the existence of a central
collineation. In fact, it will turn out in Section 6 that for projective spaces of
dimension at least 3, this condition is also sufficient.

Finally, in Theorem 5.9, the results about central collineations in projective
spaces are transferred to affine spaces.

Definition. Let ' = (X, *, type) be a geometry, and let « : X — X be a
morphism.

(a) Anelement x of X is called a fixed element (with respect to «) if o(x) = x.
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(b) If I is a linear space, a point x is called a fixed point if «(x) = x, and a line g
is called a fixed line if «(g) = g.2

5.1 Lemma. Let L be a linear space, and let o : L — L be a collineation.

(a) If x and y are two points of L, we have:

a(xy) = a(x)a(y).

In particular, any two fixed points are joined by a fixed line.
(b) If g and h are two lines of L, we have:

a(gnNh)=a(g) Na(h).

In particular, if two fixed lines g and h meet in a point x, x is a fixed point.
Proof. The assertions follow directly from the definition of a collineation. O
Definition. Let P be a projective space, and let « : P — P be a collineation.

(a) A point z is called a centre of « if every line through z is fixed by o. A
hyperplane H is called an axis of « if every point of H is fixed by «.

(b) « is called a central collineation if o has a centre and an axis.

(c) A central collineation < is called an elation if the centre of T and the axis of t
are incident.

(d) A central collineation § is called a homology if the centre of § and the axis of §
are not incident.

Every central collineation is either an elation or a homology.
As we shall see in Theorems 5.3 and 5.6, the existence of a centre implies the
existence of an axis and vice versa.

5.2 Theorem. Let P be a projective space, and let 7 and H be a point and a
hyperplane of P, respectively. Then, the set Z(p, H) of all central collineations
of P with centre 7 and axis H forms a group.

Proof. The proof is obvious. O

5.3 Theorem. Let P be a projective space, and let o : P — P be a collineation.
If a has an axis H, o is a central collineation.

Proof. First case. There is a fixed point z of & which is not contained in H. Then, z
is a centre of «, and « is a homology:

Let g be a line through z. By Theorem 4.18 of Chap. 1, g and H meet in a point.
By assumption, this point is a fixed point, hence, g is a fixed line. It follows that z is
a centre of o.

Second case. Outside of H, there are no fixed points of «. Then, « is an elation:

2This means that the line g is fixed as a line. In particular, we have a(x) € g for all x € g. The
points of g may be fixed, but, in general, this is not the case.
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Let x be a point of P outside of H. H
Furthermore, let g := xa(x) be the line
through x and «(x). Then, g and H meet in
a fixed point z. It follows that £ x a(x)

a(g) = a(xz) = a(x)z = g.

It follows that g is a fixed line.
We shall show that z is a centre of o:

For, let y be a point outside of H and g, X a(x)
andlet 4 := ya(y) be the line through y and
a(y). As above, it follows that h is a fixed g
line. Let s := xy N H. Then, s is a fixed h y
point. Since the line xy passes through s, the
line a(xy) = a(x)a(y) passes through s as a(y)
well. It follows that the lines g and & are contained in the plane £ := (s, g) and
therefore meet in a point a.

Since g and 4 are fixed lines, the point « is a fixed point, and it follows from the
assumption that a is contained in H. Hence, a is contained in g N H = z, that is,
a = z. For every point y of P, the line yz is a fixed line, that is, zis a centre of . O

5.4 Theorem. Let P be a projective space, and let « : P — P be a collineation
with a centre z.

(a) «a fixes every subspace through z.

(b) If g is a fixed line of P not containing z, every point of g is fixed by a.

(c) Every line of P has a fixed point.

(d) Let g be a line of P such that every point of g is fixed by a, and let x be a fixed
point outside of g different from z. Then, every point of the plane (x, g) is fixed.

(e) Let g be a line through z. If there are at least two further fixed points (besides
z) on g, every point of g is fixed by o.

Proof. (a) Let U be a subspace of P through z, and let x be a point of U. Then, the
line g := zx is contained in U, and it follows:

a(x) €a(g) =g < U.

(b) Let g be a fixed line of P not containing z, h
andletx be a pointong. Then, h:=zx is z
a fixed line different from g. Hence, x is
the intersection point of two fixed lines, in
particular, x is a fixed point. 4
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Let g be a line of P. W.l.o.g., let 1 E
and g be non-incident. By (b), we Z

may assume that g is not a fixed \/
line. Let h:=a(g) # g. By (a), « g

fixes the plane E :=(z, g). It fol- /X\
h

lows that 7 =«(g) is contained in =o(g)
E, hence, the lines g and & meet in
apoint x. Let / := zx be the line through z and x. Then,

ax)y=a(gnl)=a(@ Na(ll)=hNI =x.

Let g be a line of P such that every point of g is fixed by «, and let x be a fixed
point outside of g different from z. Let £ := (x, g) be the plane generated by
zand g.

If z is not contained in E, by (b), the points of all lines of E through x are fixed.
Hence, all points of the plane E are fixed.

If z is contained in E, again by (b), the points of all lines through x different
from xz are fixed. Hence, all points of E are fixed.

Let g be a line through z, and let @ and b be two fixed points on g different
from z. Let ¢ be a further point on g.

Assume that ¢ is not a fixed point.
Let & be an arbitrary line through ¢
different from g. By (c), /& contains S

a fixed point s # ¢, z. Since the line fixed h
as does not contain the point z, any points

point of the line as is fixed by « in g —e )

view of (b). The plane E := (z, as) z a p c
contains the fixed point . By (d),

every point of the plane E is fixed. In particular, we have a(c) = ¢, a
contradiction. O

5.5 Theorem. Let P be a projective space, and let o« : P — P be a collineation.

If a has a centre z, one of the following possibilities occurs:

(i) Each line through z has exactly two fixed points (z being one of them).
(ii) If g is a line through z, either all points on g are fixed, or g contains exactly

one fixed point, namely z.

Proof. Step 1. If there is a line g through z with exactly two fixed points a and z,
every line through z has at least two fixed points:
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For, let & be a line through z different b ¢
from g. Let [ be a line, intersecting the
lines g and & in two points different from
z and a. By Theorem 5.4, 1 contains a
fixed point b. If b = [ N h, h contains /
the fixed point b different from z. If e g
b # [ N h, the line ab is a fixed line Z 1 a\
in (g, h), intersecting / in a fixed point s
different from z.

Step 2. If there is a line g through z with exactly two fixed points, every line
through z has exactly two fixed points:

By Step 1, every line through z has at least two fixed points. Assume that there
exists a line | through z with at least three fixed points.

By Theorem 5.4 (e), every point on [ is fixed. Let x be an arbitrary point on g
outside of /, and let £ := (x, [) be the plane generated by x and /. By assumption,
the line g := zx contains a fixed point y. By Theorem 5.4(b) (d), all points of E
are fixed. In particular, x is a fixed point, in contradiction to the assumption that g
admits exactly two fixed points.

Step 3. Suppose that no line through z admits exactly two fixed points. Then,
by Theorem 5.4 (e), every line g through z contains either exactly one fixed point,
namely z, or all points on g are fixed. O

5.6 Theorem. Let P be a projective space, and let o : P — P be a collineation.
If a has a centre, « is a central collineation.

Proof. By Theorem 5.5, one of the following cases occurs:

(i) Each line through z contains exactly two fixed points (z being one of them).
(i) If g is a line through z, either every point on g is fixed, or g contains exactly
one fixed point, namely z.

Case (i): Let H := {x € P | x is a fixed point of &, x # z}. We will show that «
is a central collineation with centre z and axis H':

H is a subspace: For, let x and y be two points of H, and let g := xy be the
line through x and y. Since x and y are fixed points, the line g is fixed by «. Since
X, ¥ # z and since, by assumption, the lines through z contain exactly one further
fixed point besides z, it follows that z is not incident with g. By Theorem 5.4(b),
every point on g is fixed. It follows that g is contained in H .

H is a hyperplane: By assumption and by Theorem 5.4, every line contains a
fixed point different from z. Hence, every line contains a point of H. It follows from
Theorem 4.18 of Chap. 1 that H is a hyperplane.

Case (ii): Let H be the set of fixed points of « (including z). Then, « is an elation
with axis H.
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H is a subspace: Let x and y be two points of H, and let g := xy be the line
through x and y. By assumption and by Theorem 5.4, every point on g is fixed by «.
It follows that g is contained in H.

H is a hyperplane: The lines through z intersect A at least in the point z. By
Theorem 5.4, all other lines contain at least a fixed point and therefore a point of H .
By Theorem 4.18 of Chap. 1, H is a hyperplane. O

5.7 Theorem. Let P be a projective space, and let o« : P — P be a central
collineation with centre z and axis H.

(a) Let x be a point outside of H U {z}. If x is a fixed point of a, we have a = id.
(b) Let x be a point outside of H U {z}. Then, the point a(x) is incident with the
line zx.

Proof. (a) follows from Theorem 5.3.
(b) follows from the fact that the line zx is a fixed line. O

5.8 Theorem. Let P be a projective space. Let H be a hyperplane of P, and let 7 be
a point of P. Furthermore, let g be a line outside of H through z. Finally, let x and
y be two points on g outside of H and different from z.

Then, there exists at most one central collineation o with centre 7 and axis H
such that a(x) = y.

Proof. Leta and B be two central collineations
with centre z and axis H such that a(x) =
B(x) = y. Then, B~ 0 « is also a central
collineation with centre z and axis H.
Furthermore

(B oa)(x) =B (ax) =B (y) = x.

By Theorem 5.7, it follows that 87! 0 @ =
id,thatis, o = . |

Definition. Let A and A’ be two affine spaces, and let @ : A — A’ be a parallelism-
preserving collineation.

(a) o is called a translation if there exists a parallel class 7 such that « fixes every
line of 7 and if either « = id or « has no fixed points.

(b) o is called a homology if there exists a point z such that o fixes every line
through z. The point z is called the centre of «.

(c) If « is a translation or a homology, « is called a central collineation.
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5.9 Theorem. Let P be a projective space, let H be a hyperplane of P, and let
A := P\ H be the affine space defined by P and H.

(a) If o : P — P is an elation with axis H, « induces a translation in A.

(b) If o : P — P is a homology with axis H and centre z, o induces a homology
with centre z in A.

(c) If ¢ : A — A is a translation, the projective closure of o is an elation with
axis H. The centre of « is the point of H defined by the parallel class which is
element-wise fixed by «.

(d) If « : A — A is a homology with centre z, the projective closure of « is a
homology with axis H and centre z.

Proof. (a) Let z be the centre of «. Note that z and H are incident since « is an
elation. Then, the lines through z not contained in H form a parallel class of A.
Any of these lines is fixed by «|4. If @ # id, by Theorem 5.7, there exist no
fixed points outside of H. It follows that «| 4 is a translation of A.

(b) The proof is obvious.

(c) Let  be the parallel class consisting of the lines fixed by «, and let z be the
projective closure of .

We will show that the point z is the centre of the projective closure o* of «: For,
by Theorem 5.6, o™ is a central collineation with centre z and axis G. Since «
(for  # id) does not have a fixed point in A, it follows that G = H.

(d) Since « fixes every line through z, the projective closure a* of « fixes every
point of H. It follows that «* is a central collineation with centre z and axis H.

|

6 The Theorem of Desargues

In Sect. 5, we have seen that given a projective space P, a point z, a hyperplane H
and two points x and y outside of H and collinear with z, there exists at most one
central collineation o with centre z and axis H such that ¢(x) = y. In the present
section, we shall see that for every projective space fulfilling the so-called Theorem
of Desargues, such a central collineation exists (Theorem 6.2). Furthermore, we
shall see that every projective space of dimension at least 3 fulfils the Theorem of
Desargues (Theorem 6.1).

Definition. Let P be a projective space.

(a) Letp,ay, az, as, by, by, b3 be seven points such that the lines a,b;, a,b, and
asbsy intersect in the point p and such that the points a;, a;, a3 and by, by, b3
are not collinear. Then, the seven points p, a;, a,, as, by, by, b3 are called a
Desargues configuration.

(b) Let p, a1, az, as, by, by, bz be a Desargues configuration, and let the
intersection points sy, §;3 and s,3 be defined as follows:

S12 = ajap N blbz, S13 = ajasz N b1b3 and $73 = arasz N b2b3.
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bs

In P the Theorem of Desargues holds if the points 515, §13 and s,3 are collinear.
(c) The projective space P is called Desarguesian if in P the Theorem of

Desargues holds.

Definition. An affine space A is called Desarguesian if the projective closure P(A)

of A is Desarguesian.

6.1 Theorem. Let P be a projective space. If d > 3, P is Desarguesian.

Proof. Letp, ay, a, as, by, by, bz be seven points of a Desargues configuration,
that is, the lines a5, ab; and a3b; meet in the point p, and the points a1, az, a3

and by, by, bz are not collinear.

Let the intersection points s1», $13 and s»3 be defined as follows:

S12 = ajaz N blbz, S13 = ajasz N b1b3 and $73 1= arasz N b2b3.

We need to show that the points s, $13 and s,3 are collinear.
First case: The planes £ := (aj, az, a3) and F := (b;, by, bs) are distinct.

Then, the point p is not contained in
E, since, otherwise, F' would be contained
in (p, EY = E, thatis, F = E, a
contradiction.

Obviously, the points s;, = aja; Nbybs,
S13 = a)as N b1b3 and §23 = djldjs N
bybs are contained in £ N F. Since, by
assumption, £ # F, the set E N F is a
line. Hence, the points s12, s13 and s»3 are
collinear.
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Second case: The points ay, a;, asz and by, by, b; are contained in a common
plane E.
Obviously, the point p is contained in E.

Step 1. We first will construct three
auxiliary points ry, r, and r3:

For, let g be a line of P intersecting
the plane E in the point p. Let x
and y be two points on g different
from p. Let F,:=(g, ab;) be the
plane generated by the lines g and
Cllbl.

Set r; := xa; N yb, (the lines xa,
and yb, have a common point since the
points x, y, a;, b; are all contained in F;). Similarly, we define r, := xa, N yb,
and r3 1= xas N yb;.

Step 2. The points ry, r, and r3 are
not collinear:

Otherwise, F = (x, ry, r, r3)
would be a plane containing the points
ap, ap and as. It follows that ay, a,, as
are contained in £ N F. This con-
tradicts the assumption that the points
ap, a, and as are not collinear.

Step 3. The points 515, 513 and s53 are
collinear:

By Step 2, the subspace G :=
(r1, r2, r3) is a plane. By construction, the lines a;ry, ayr, and asrs all pass
through the point x. The points a;, a,, as and r|, r,, r3 are not collinear, that is,
the points x, a;, a», as, ry, rp, r3 form a Desargues configuration.

By construction, the points rj, r,, r3 are not contained in £ = (a;, a, as),
that is, the planes G = (ry, r», r3) and E are distinct. By Case 1, the Theorem of
Desargues holds for this configuration, hence, the points

Up = rirp Najas, uz :=rirz3Napas and Uz 1= ror3 N asas
are incident with a common line 1. Since u;; = r;r; N a;a; is containedin G N E,
it follows that/ = G N E.
Similarly, it follows that the points

Vip i=r1r N blbz, viz i=rir3 N b1b3 and Vo3 1= rpr3 N b2b3

are incident with the line/ = G N E.
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Since the point u;, is incident with the
lines / and ryrs, it follows that u1; = rir; N
[. In the same way, it follows that vj; =
rirp N 1, hence, u;; = vi. Similarly, it
follows that 113 = vi3 and up3 = va3.

The point u;; = vj, is incident with
the lines aja, and bib,, therefore, u;p =
aja; N biby = s15. In the same way, it
follows that u;3 = s13 and up3 = sp3. Thus, the points s12, s13 and s»3 are all
incident with the line /. O

Theorem 6.1 cannot be generalized to projective planes. There are (many) examples
of projective planes which are not Desarguesian. The interested reader is referred to
[23] and [31].

6.2 Theorem. Let P be a projective space. Let H be a hyperplane of P, and let z be
a point of P. Furthermore, let g be a line through z not contained in H, and let p and
p’ be two points on g different from z such that p and p’ are not contained in H.

If P is Desarguesian, there exists exactly one central collineation a with centre 7
and axis H such that a(p) = p’.

We first sketch the idea of the proof: Given a
central collineation y with centre z and axis H,
consider a point x # z outside of H, and let x" :=
v(x). Since z is the centre of vy, the point x' =
y(x) is incident with the line zx. If y is a point
outside of H not incident with the line zx, the
point y’ := y(y) can be constructed as follows:

Let s := xy N H be the intersection
point of the line xy and the hyperplane H. It
follows that

Y =v(y) =vy(zyNsx) =y(zy)Ny(sx) = zyNsx’.

Proof. The uniqueness of o has already been shown in Theorem 5.8. For the
definition of «, we will make use of auxiliary functions o, ,:

Step 1. Definition of the mapping o, 4/:

Let a and @’ be two points of P\ H which
are collinear with z. For a point x of P\ H non-
incident with the line za, we define x" := @, 4/ (x)
as follows:

z
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Lets :=axNH.Seta,(x):=zxNa's.
(The point ,.(x) exists since the lines
zx and a's are contained in the plane
(z, a, x))

Step 2. Definition of a:

Set «(z) := z and «(x) := x for all points
x of H.

For a point x of P\ H non-incident with the line zp, set a(x) := o,/ (X).

Let x be a point of P\ H incident with the line zp. For the definition of a(x),
we consider a point g of P\ H such that ¢ is not incident with zp. Let ¢’ = a(g) =
oy (), and set a(x) 1= x’ 1= oy 4 (x).

We have to show that «(p) = oy (p) = p” p
Since ¢' = @, ,/(q), it follows for s := pqg N H
thatg’ = zg N p’s. Thus, oy (p) = zpNg's = p’. 7

Altogether, a(x) is defined for all points x of P,
and we have a(p) = p’.

Step 3. « is bijective:
Let S be defined as in Step 2 under the assumption that (p’) = p and that ¢ is
replaced by g’. We will show that 8 = a~!. For, let x be an arbitrary point of P.

First case. If x = z or if x is contained in H, it
follows that B(a(x)) = B(x) = x.

Second case. Let x be a point outside of H non-
incident with the line zp. Then, we have for s :=
pxNH:

x'i=a(x) =zx Nsp'.

It follows that p’x’N H = s, and, therefore, H
B(x") = zx’ Nsp = x. In particular, it follows
that B(¢’) = ¢ for the point ¢ defined in
Step 2.

Third case. Let x # z be a point outside of H incident with the line zp. The
assertion B(a(x)) = x follows as in Case 2 using the relation 8(¢") = ¢. So,

B=al.
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Step 4. Let a and a’ be two points on a line
through z both different from z such that a, a’ are
not contained in H. Let b be a point of P\ H non-
incident with the line za, and let " := . (b).
Finally, let ¢ be a point of P\ H such that ¢
is neither incident with the line za nor with the
line zb. Then, a4 4/ (c) = oy (€): Oy () = 0y 1y (€)

By definition of o, - (Step 1), fors :=abN H, t :=ac N H andu:=bcNH,
the following hold:

b=, (b) =zbNd's
g0 (c) =zcNa't

C(b’b/(c) = ZC n b/lxl.

First case. Suppose that the points a, b and ¢ are collinear.

Agar(c)=zcNa't =¢

ayy(c) =zcNbu=c.

Hence, o.q7(c) = a7 (c).

Second case. Suppose that the
points @, b and ¢ are non-collinear.
First, observe that the plane generated
by the points @, b and ¢ intersects
the hyperplane H in a line. It follows
that the points s, ¢ and u are collinear
and that

u=>bcNH = bcnN st.
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We shall apply the Theorem of Desargues: By construction, the point triples (a,
a’, z), (a, b, s)and (a, c, t) are collinear, that is, the lines za’, bs and ct meet in the
point a. Furthermore, the points z, b, ¢ are not collinear since, by assumption, ¢ is
not incident with zb. The points a’, s, and ¢ are not collinear since the points s and
t are contained in H, whereas the point &’ is not contained in H . It follows that the
points a, z, b, ¢, a’, s, t form a Desargues configuration.

oca,av(c)

By the Theorem of Desargues, the points b’ = zb Na’s, u = be N H = bc N st
and o, 4,/ (c) = zc N a't are collinear.
In particular, the point a, ,/(c) = zc N @'t lies on the lines a’t, zc and b'u. It
follows that
Agar(€) = b'unze = ay ().

Step 5. Let a be a point of P\ H different from z, and let @’ := «(a). Then, for
any point x of P\ H non-incident with the line za, we have (x) = a4/ (x):
We shall apply Step 4 repeatedly:

(i) Let g be the point outside of H and non-
incident with the line zp as chosen in Step 2.
Then, for any point r of P\ H such that r is
neither incident with zp nor with zq, we have

a(r) =app(r) =oagy(r): o, p-(r) =0 q'(f)

By definition of o (Step 2), we have a(r) = o, (r). By Step 4, we have
ap p(r) = ay (). Altogether, we have

a(r) =ap (r) =age(r).
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(i) We have a(x) = a4 4 (x) for all x of P\ H non-incident with the line za.

First case. Suppose that p is not incident with
za and not incident with zx.

By definition of o, we have a(x) = o p7(x).

It follows from Step 3 that

a(x) = ap pr(x) = g (x).

Second case. Suppose that p is incident with
za and that ¢ is not incident with zx.

By definition of o, we have a(a) = oy 4 (a).

By (i), we have ), ,/(x) = ag 4 (x). It follows
from Step 3 that

a(x) = ap,p’(x) = aq,q’(x) = g 0/ (X).

Third case. Suppose that p is incident with za
and that ¢ is incident with zx.

Let r be a point of P\ H such that r is not
incident with za and neither with zx. Further-
more, let 7' := a(r) = ap ().

By (i), we have r’ = o 4/ (r). Thus, it follows
from Step 3 that

aa) = Ug.q (a) = oy (a).
Again by Step 3, it follows that ¢,/ (x) =
g (X).
In view of 1’ = a, ,(r), it follows from Step 3 that «(x) = « ,/(x) =
oy, (x). Altogether, we have a(x) = o) 7 (X) = o) (X) = g a7 (x).
Fourth case. Suppose that p is incident with
zx and that ¢ is not incident with za.
By (i), we have ¢’ := a(a) = o, ,(a) =
a4 (a). It follows from Step 3 that

a(x) = aq,q’(x) = aa,a’(-x)-

Fifth case. Suppose that p is incident with zx
and that ¢ is incident with za.

Let r be a point of P\ H such that r is not
incident with za and neither with zx. Further-
more, let 7' := a(r) = ap ().

By (i), we have r’ = o 4/ (r). Thus, it follows
from Step 3 that

a(x) = O5q,q/(x) = oty (X).
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Again by Step 3, it follows that ¢, ./ (x) = a4.47(x), hence a(x) = oy (x).

Step 6. « is a collineation:

Let a, b, ¢ be three collinear points of P, and let g be the line through a, b
and c.

First case. Suppose that g is contained in H. Then, it follows that a(a) =
a, a(b) = b and a(c) = c. In particular, the points a(a), «(b) and a(c) are
collinear.

Second case. Suppose that z is incident with g. By construction, the points
a(a), a(b) and a(c) are on the line g, thus, they are collinear.

Third case. Suppose that g is not con-
tained in A and that z is not incident with
g. Lets := gN H, and let &' := a(a).
Then, by Step 5, @ maps any point x of g
(x # a, s) on the line a’ s In particular, the
points a’ = a(a), a(b) and «(c) are on the
line a's.

Similarly, the mapping o' (Step 3)
maps any three collinear points on three
collinear points.

Thus, « is a collineation. O

3More precisely, in view of Step 4, we have a(x) = a4/ (x) = zx Na’s.






Chapter 3
Projective Geometry Over a Vector Space

1 Introduction

In this chapter we will construct projective and affine geometries by means of vector
spaces (Sects. 2, 3 and 5). For these projective and affine spaces defined by vector
spaces, we will investigate their automorphism groups (Sects. 4 and 6).

The First Fundamental Theorem (Sect. 7) states that every projective or affine
space fulfilling the Theorem of Desargues, in particular, every projective or affine
space of dimension at least 3, stems from a vector space. This theorem provides
a complete classification of projective and affine spaces fulfilling the Theorem of
Desargues.

The Second Fundamental Theorem (Sect.8) determines the automorphism
groups of projective and affine spaces stemming from a vector space.

2 The Projective Space P(V)

So far, projective spaces have been introduced by their defining axioms. In the
present section, we shall present an algebraic construction of projective spaces based
on vector spaces (see Theorem 2.2). The relation between the subspaces of the
underlying vector space and the subspaces of the projective space is described in
Theorem 2.3.

Finally, in Theorem 2.4, it is shown that the projective spaces introduced in this
section are Desarguesian.

Definition. Let V be a left vector space of dimension at least 3 over a skew
field K.

(a) The geometry P = P(V) = (X, *, type) over the type set {point, line} is
defined as follows:

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics, 83
DOI 10.1007/978-3-642-20972-7_3, © Springer-Verlag Berlin Heidelberg 2011
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(1) The points of P are the 1-dimensional subspaces of V.
(i) The lines of P are the 2-dimensional subspaces of V.
(iii) A point p = (v), 0 # v € V,and aline g = (v, v;) are called incident if
the 1-dimensional subspace (v) is contained in the 2-dimensional subspace
(vi, ).

The geometry P = P(V) is called the projective space over the vector
space V.!
For a subspace W of V, we denote by P(W) the set of the 1-dimensional
subspaces of W. Thus, P(V) is the point set of P.
(b) If Visa (d + 1)-dimensional vector space over a skew field K, the projective
space P = P (V) is also denoted by PG(d, K).

Often, a point p of P = P(V) is denoted by p = (v). This means implicitly that v
is a vector of V distinct from O.

Remark. Throughout this chapter, vector spaces are left vector spaces. Of course,
all results are also valid for right vector spaces. However, sometimes the results have
to be slightly reformulated. At those points, we shall give a short hint.

2.1 Proposition. Let P = P (V) be a projective space over a left vector space V.
Let x = (v) and y = (w) be two (distinct) points of P. The 2-dimensional subspace
(v, w) of V is the unique line of P through x and y.

Proof. Since x and y are different points of P, it follows that (v) # (w), that is,
(v, w) is a 2-dimensional subspace of V and therefore a line of P through x and y.
The line (v, w) is unique since there exists exactly one 2-dimensional subspace of
V through (v) and (w). O

2.2 Theorem. Let P = P (V) be a projective space over a left vector space V. Then,
P is a projective space.

Proof. Verification of (PS): The fact that any two points are incident with exactly
one line has been shown in Proposition 2.1.

Verification of (PS;); Axiom of Veblen- Xy

Young: Let p = (v), x; = (wy), xp = X
(w2), y1 = (u1) and y, = (up) be five points P
of P such that the points p, x;, x, and p, Y1 Y2
y1, Y2 are collinear.
Let U := (v, wy, u;) be the subspace of V generated by v, wy and u;. Since

X, = (wy) is incident with the line px; = (v, wy), it follows that w, is contained
in U. Similarly, it follows that u, is contained in U. It follows from the dimension
formula for vector spaces that

"We shall see in Theorem 2.2 that P = P(V) is indeed a projective space.
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dimy((wl, M1> N (Wz, Mz)) = dimV (Wl, Ml) + dirnV (Wz, M2> — dimV (Wl, up,wp, M2>
= dimy (Wl, I/ll) + dimy (Wz, uz) —dimy U

=242-3=1.

It follows that the lines x; y; = (wy, u;1) and xpy, = (w», up) meet in the point
(wi, ur) N (wa, uz).

Verification of (PS3): Let g = (v, w) be a line of P, that is, a 2-dimensional
subspace of V. Then, g = (v, w) contains the pairwise different 1-dimensional
subspaces (v), (w) and (v + w). Thus, g is incident with at least three points.

Since dimyV > 3, there are three linearly independent vectors vy, v, and vs3
contained in V. It follows that P contains the three lines (vi, v2), (vi, v3) and
(va, va). |

In what follows, we shall investigate the subspace structure of P = P (V). Since P is
a projective space, P has subspaces. We shall see that the subspaces of P correspond
to the subspaces of V.

2.3 Theorem. Let P = P (V) be a projective space over a left vector space V.

(a) Let W be a subspace of V. Then, the set P(W) of the I-dimensional subspaces
of W forms a subspace of P.

(b) Let A be a set of non-zero vectors of V, and let W := (A) and U = (p :=
(v) | v e A). Then, U = P(W).

(c) Let U be a subspace of P. Then, there exists a subspace W of V such that the
points of U are exactly the 1-dimensional subspaces of W, thatis, U = P(W).

(d) Let A be a set of non-zero vectors of V, and let B := {p := (v) | v € A}. Then,
the set A is a linearly independent subset of V if and only if the set B is an
independent subset of P.

(e) Let U be a subspace of P, and let W be a subspace of V with U = P(W).
Furthermore, let {p; = (v;) | i € I} be a point set of U. Then, the set {p; | i €
1} is a basis of U if and only if {v; | i € 1} is a basis of W.

(f) Let U be a subspace of P, and let W be a subspace of V with U = P(W).
Then, dim U = dimy W — 1.

Proof. (a) Let x = (v) and y = (w) be two (distinct) points of P(W). Then, by
Proposition 2.1, for the line g := xy joining x and y, we have:

g=xy={(v,w W

Since the points of g are the 1-dimensional subspaces of (v, w}, it follows
that g is contained in P(W). Thus, P(W) is a subspace of P.
(b) (i) The set U is contained in P(W): For, let v be an element of A. By definition
of P(W), the point p := (v) is contained in P(W). By Part (a), P(W) is a
subspace of P. Hence, we have

U= (p:=WlvedcpPW).
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(ii) The set P(W) is contained in U: For a natural number r, let
Wyi={we W |3C C A, |C|=r we(C)}

be the set of vectors of W which are contained in a subspace of W which is
generated by at most r elements of A. We shall prove by induction on r that
P(W,) is contained in U for all natural numbers r:

r = 0: Let 0 # w be an element of W,. Then, there exists an element v of A
such that (w) = (v). It follows that (w) = (v) is contained in U.

r —1 — r: Let w be an element of W,. Then, there exists a subset C =
{c1,...,¢;} of A such that w is contained in (C). Let W’ := (C), and let
W" .= {c1,....c,—1). Let U := (p = () |v e W)and U" := (p =
(v) | v € W”). By induction, we have P(W") = U".

The vector w is contained in W’ = (W”, ¢,). Hence, there exist two

elements A and p of K such thatw = A w” + pu c,.

It follows that the point (w) is on the line (w”, ¢, ). Since the points (w”) and
(c,) both are contained in U, it follows that (w) is contained in U ; hence P(W,)
is contained in U..

Since W = | J W,, it follows that P(W) is contained in U .
reN
(c) follows from (a).

(d) (i) Suppose that B is an independent subset of P. Assume that A4 is a linearly
dependent subset of V. Then, there exists an element v of A such that

(AN {v}) = (4).
By (b), it follows that
(B\ {(n)}) = (B),

in contradiction to the independency of B.
(ii) Conversely, suppose that A is a linearly independent subset of V. Assume
that B is a dependent subset of P. Then, there exists an element p = (v) of

B such that
(B\{{n)}) = (B).
By (b), it follows that
(A\ {v}) = (4)
in contradiction to the independency of A.

(e) follows from (b) and (d).
(f) follows from (e). O

If P = P(V) is a projective space over a vector space V, there is the following
relation between the subspaces of P and the subspaces of V:
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Subspaces of V Subspaces of P = P(V)
0-dimensional subspace Empty set
1-dimensional subspaces Points

2-dimensional subspaces Lines

3-dimensional subspaces Planes
(t+1)-dimensional subspaces | t-dimensional subspaces
|4 P

2.4 Theorem. Let P = P (V) be a projective space over a left vector space V. Then,
P is Desarguesian.

Proof. By Theorem 6.1 of Chap.Il, every projective space of dimension d > 3 is
Desarguesian. We therefore can assume that P is a projective plane.

Let p, ai,as,as, by, by, by be a Desargues configuration in P. Since the points
a; = {v1),ax = (v) and a3 = (v3) are non-collinear, the vectors vy, v, and v3 are
linearly independent. Since P is a plane, the vector v with p = (v) is contained in
the vector space generated by vy, v, and v3. Since p is not incident with any of the
lines ayas, aas or ajas, there exist elements ¢y, ¢, and c3 of K \ {0} such thatv =
¢1 v1+ ¢z va + 3 v3. Substituting v; by ¢; vi, we geta; = (v1),ax = (v2),as = (v3)
and p = (v + va + v3).

Since the points p, a;, b; for i = 1,2,3 are collinear, there exist elements
k1, ko, k3 of K such that

by = (vi +va+vi+vi ki) =((1+k)vi+vy+wv3)
by = (vi + (1 4+ k2) va + v3)
by = (vi +va + (1 + k3) v3).

For the intersection point s1, := ay a, N by by, it follows:

S = (Vl, Vz) n ((1 +k1) vi+vy+v3, v+ (1 +k2) vy + V3)
= (k1 vi —kav).

The last equation follows from the fact that the vector k; v — k, v, is contained
in (vi, v2) andin ((1 4+ ky) vi +va + v3, vi + (1 + k2) va + v3).

Similarly, it follows for the intersection points 513 := a; a3 N by b3 and sp3 :=
as az N by bs that

S13 = (kl vi — k3 V3)
523 = (ka va — k3 v3).
Since the vectors k1 vi — ko vo, k1 vi — k3 v3 and k, vy — k3 v3 are contained in

the vector space (k| vi —kj vo, k3 v —kj vy), it follows that the points 55, s23 and
s13 are on the line (k; vi — ko va, k3 v3 — ky v1). Thus, they are collinear. O
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3 Homogeneous Coordinates of Projective Spaces

Since the projective space P = P(V) is defined by means of a vector space, it
admits the definition of coordinates. We shall introduce coordinates only for finite-
dimensional projective spaces.

Definition. LetP = P(d, K) be ad-dimensional projective space over a left vector
space V, and let {ey, . .., es} be a basis of V. If x = (v) is a point of P with

v=2Aoey+ ...+ Ageqg where Ay, ..., s € K,

the vector (Ao, ..., A4) is called the homogeneous coordinates of x with respect to
the basis {eo, ..., eq}. The vector (Ao, ..., As) is denoted by X.

X = (Ao,...,Aq) are the homogenous coordinates of v with respect to the
basis {eo,...,eq}. Often, we shall introduce homogeneous coordinates without
mentioning the basis {ey, ..., eq} of V explicitly.

Remark. 1f V is a right vector space, the homogenous coordinates of x = (v) are
denoted by (Ao, ..., As)" andnotas (Ao, ..., Ay).

3.1 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a left
vector space V, and let x = (v) and y = (w) be two points of P with homogeneous
coordinates X = (Ag,...,Aq) and y = (Mo, ..., Lq). Then, x = y if and only if
there exists an element 0 # A of K such that x = 1.

Proof. The proof is obvious. O

Although the homogeneous coordinates of a point of P = PG(d, K) are only
defined up to a multiple of K, one often speaks of “the”” homogeneous coordinates
of a point.

Remark. One might think that the addition in V could be used to define an addition
on the points of P = PG(d, K) by setting x + y := (v + w) for any two points
x = (v) and y = (w) of P. Unfortunately, this definition is not well-defined. If the
field K has at least three elements and if A is an element of K with A # 0, 1, we
have y = (A w),butx + y = (v+w) # (v+ A w) = x + y, a contradiction.

3.2 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a left
vector space V, and let A:' V — V be a bijective linear transformation with matrix
representation
aopo ... Aod
My =

aqo ... A4d4q
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Let o be the transformation® of P induced by A. If x is a point of P with
homogenous coordinates X = (Ag,...,Aq), the point a(x) has homogenous
coordinates

aopo ... Aod
F=%A= o ..., a) Ma= Qos....)a)

aqo --- dqd
Proof. The proof is obvious. O
Remark. If V is a right vector space, we have X = (Ao,...,Aq)" and
ap ... dod Ao
y=Ax=MyAo,...., q) =
ago ... dqqd Ad

3.3 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a left
vector space 'V, and let H be a hyperplane of P. Then, there exist [Lo, ..., g of K
with the following property:

A point x of P with homogeneous coordinates X = (Ao, ..., Aq) is contained in

d
H ifand only if 3 A = 0.
i=0

Proof. In V, the hyperplane H is a d-dimensional subspace. It follows that there

exist (o, . . . , g of K such that for any vector v of V with coordinates (A¢, ..., 14),
we have: 4
veH & Y A =0. O

i=0

Definition. Let P = PG(d, K) be a d-dimensional projective space, and let H
be a hyperplane of P. Then, the elements L, ..., ity of Theorem 3.3 are called the

homogeneous coordinates of H. They are denoted by H = [jo. ..., ita]'.
If x is a point of P with homogeneous cgordinates x = (Xo,...,Aq), set
)_C*]‘_I = Z Ai,LL,' .
i=0

For a point x and a hyperplane H, the point x is contained in H if and only if
¥xH = 0.

Alternatively, a hyperplane can be described by a linear equation: If [u, . . . , fta]’
are the homogeneous coordinates of a hyperplane H of P = PG(d, K), H is
defined by the equation

Xo o+ X1 1+ ...+ xq pg =0.

2In Theorem 4.3, we shall see that « is a collineation.
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This means that H consists of the points (xp, Xi,...,xs) for which the above
equation is fulfilled.

Remark. 1f V is a right vector space, the hyperplane H has homogeneous coordi-
nates [Wo, . . . , ka]. A point (xo, X1,...,xg)" of Pis contained in H if and only if

,l,LoX()+,lL1X1+...+,lLdXd=O.

3.4 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
left vector space V, and let H and L be two hyperplanes of P with homogeneous
coordinates H = [, ..., tq] and L = vy, ..., vq]'.

Then, H = L if and only if there is an element 0 # A of K such that H = LA,
that is, o, ..., a]’ = [VoA, ..., vaA].

Proof. The corresponding relation holds in V. O

Remark. If V is a right vector space, we have H = L if and only if there is an
element 0 # A of K suchthat H = AL.

4 Automorphisms of P(V)

If P = P(V) is a projective space over two vector space V, the semilinear
and the linear transformations of V induce automorphisms of P. In the present
section, we shall see that central collineations are induced by semilinear and linear
transformations of V (see Theorems 4.7 and 4.8).

Definition. Let V and V' be two left vector spaces over two skew fields K and K’,
and let p : K — K’ be an isomorphism from K onto K’. A transformation 4: V —
V' is called a semilinear transformation with accompanying isomorphism p if
for all x, y of V and for all k of K, we have:

A(x +y) = A(x) + A(y) and
Ak x) = p(k) A(x).

If V. = V/, the semilinear transformation A is called the the semilinear
transformation with accompanying automorphism p.

4.1 Theorem. Let V and V' be two left vector spaces over two skew fields K and

K', and let A: V — V' be a bijective semilinear transformation with accompanying

isomorphism p.

(a) For any subspace U of V, the set A(U) is a subspace of V'

(b) If U is a subspace of V, and if B is a basis of U, then A(B) := {A(v) | v € B}
is a basis of A(U). In particular, we have dim A(U) = dim U.

Proof.(a) Let U be a subspace of V, and let x and y be two elements of U. Then,
A(x) + A(y) = A(x + ) is an element of A(U). Furthermore, for an element
k" of K', the element k' A(x) = A(p~'(k")x) is also an element of A(U).
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(b) Let w = A(u) be an element of A(U). Then, there exist elements vy, ..., v,
of B and ky,...,k, of K such that u = ky u; + ... + k, u,. It follows that
w=A) = plki) Aw) + ... + p(k,) A(u,).

Let vq,..., v, be some elements of B, and let k’1, ..., k', be some elements
of K/,and let 0 = k'y A(uy) + ... + k/y A(u,) = A(p~ (k') wy + ... +
o~V (k',) u,). Since A is a bijective transformation with 4(0) = 0,3 it follows
that p=' (k’y) uy + ...+ p~' (K';) u, = 0. Since B is a basis, it follows that
p ' (k')=...=p ' (k',) =0,hence, k', = ... =k/, = 0. O

4.2 Theorem. Let V and V' be two left vector spaces over two skew fields K and
K’, and let A: V — V' be a bijective semilinear transformation with accompanying
isomorphism p.

(a) The transformation A" is a semilinear transformation with accompanying
isomorphism p~ .
(b) If V =V, the set of bijective semilinear transformations of V forms a group.

Proof. (a) Let x’ and y’ be two elements of V', and let &’ be an element of K’.
We have

AATIX + ) =X 4y = A4 (X)) + AAT(ON)
= AA7'(xX") + A7'()’)), and
AATVK X)) = k' X' =k A(A7'(X))
= p(p~ (k") A(AT'(x")) = A(p™" (k) A7'(x")).
Since A is bijective, it follows that
AT'X +y) = A7)+ A7), and ATHE X)) = pl(K) ATH(X).

(b) follows from (a) and the fact that the product of a semilinear transformation with
accompanying automorphism p; and a semilinear transformation with accom-
panying automorphism p, is a semilinear transformation with accompanying
automorphism p, p;. O

4.3 Theorem. Let P = P(V)and P’ = P(V’) be two projective spaces over the left
vector spaces V and V', and let A: V — V' be a bijective semilinear transformation.
Then, A induces a collineation a from P into P'.

Proof. Since A: V — V' is bijective, the mapping o : P — P’ is a bijective mapping

from the point set of P into itself. Furthermore, for three points x = (v), y = (w)
and z = (u) of P, we have:

3We have A(x) = A(x + 0) = A(x) + A(0), hence A(0) = 0.
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The points x = (v), y = (w) and z = (u) are collinear.
& The vectors v, w and u are contained in a 2-dimensional subspace of V.
< The vectors A(v), A(w) and A (u) are contained in a 2-dimensional subspace of V..
< The points «(x) = (A(v)), a(y) = (A(w)) and a(z) = (A(u)) are collinear.

Hence, « : P — P’ is a collineation. O
Definition. Let P = P (V) be a projective space over a left vector space V.

(a) The group of the collineations of P, which are induced by bijective semilinear
transformations, is denoted by PI'L(V).If P = PG(d, K) is a d-dimensional
projective space, the group PT'L(V) is denoted by PT'L(d + 1, K).

(b) If A: V — V is a bijective linear transformation, the automorphism of P
induced by A4 is called a projective collineation of P.

The group of the projective collineations of P = P(V) is denoted by PGL (V). If
P = PG(d, K) is ad-dimensional projective space, the group P GL(V) is denoted
by PGL(d + 1, K).

The parameter d in PG(d, K) denotes the dimension of P, whereas the
parameterd +1in PGL(d +1, K)andin PI'L(d + 1, K) denotes the dimension
of V. The reason for this somewhat confusing terminology is that the parameter
d + 1 denotes the size of the matrices of the corresponding linear transformations.
In Sect. 8, we shall see that the group PT"L(V) is the whole automorphism group of
the projective space P = P (V).

4.4 Theorem. Let P = P(V) and P' = P(V') be two projective spaces over two
left vector spaces V and V', and let A and B be two bijective linear transformations
from V onto V'. Let a and B be the projective collineations induced by A and B.
Finally, let Z(K') be the centre of K'. Then, we have a = B if and only if there
exists an element A of Z(K') \ {0} with A = A B.*

Proof. (i) Let A = A B for some A of Z(K’)\ {0}. Then, for any point x = (v)
with 0 # v € V, we have

a({v)) = A((v)) = (Av) = (A Bv) = (Bv) = B({v)) = B({v)).

It follows that @ = B.
(i) Letow = B, andlet M = {v; | i € I} be a basis of V. Then, we have

Avi € (Av;) = A1) = a((v)) = B((v)) = B({;)) = (Bv;) foralli of I.

It follows that for all i of I, there exists an element A; of K’ \ {0} such that
Av; = A; Bv;. Let j and k be two elements of /. Similarly, we obtain the
existence of an element A of K"\ {0} such that A(v; + vk) = A B(v; + w). It
follows that

“Note that the application A B is linear if and only if A belongs to the centre Z(K') of K.
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0=(v;+w)—(v;+w)
= A((v; +vi) = (vj + )
= Av; + Avp — A(v; + )
=A; Bvj + A By — A B(v; +w)
=(; —A) Bv; + (A — A) Byy.

Since {Bv; | i € I} is a basis of V’, it follows that A = Aj = A, that s,
A = A; foralli of I. Since M is a basis of V, we have A = A B.

It remains to show that A is an element of Z(K"). For, let u be an element
of K’. Let vy and v; be two elements of M. As above, we get three elements
Ao, Ay and A of K’ such that A(u vo) = Ao B(i vp), A(vi) = A; B(vy) and
A(pvo +vi) = A B(i vo + vi). Considering the equation

0= (uvo+vi)—(rvo+vi)=A(vo+vi) — Al vo + v1)
= (Ao —A)B(1 vo) + (A1 —A)B(v1),

we get Ag = A1 = A. It follows that

At vo) = n A(vg) = 1 A B(vg) and
A(pvo) = A B(vo) = A o B(vo).
It follows that A . = pu A. O

4.5 Theorem. Let P = PG(d, K) be a d-dimensional projective space over
a vector space V. The group PGL(d + 1, K) operates transitively on the
chambers of P.

Proof. Let C = {Cy,Cy,...,Cy—1} and D = {Dy,Dy,...,D4—1} be two

chambers of P with dim C; = dim D; = i. Then, there exist two bases
{vo,v1,...,vq} and {wo,wy,...,wy} of V such that C; = (vo,vy,...,v;) and
D; = (wo,wi,...,w;).

Define the linear transformation A: V. — V by Av; := w; fori = 0,...,d.
If o denotes the projective collineation induced by A, we get (C;) = D;, that is,
a(C)=D. O

Definition. Let P be a d-dimensional projective space. A frame of P is an ordered
set of d + 2 points such that any d + 1 of them form a basis of P.

4.6 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
vector space V.

(a) The group PGL(d + 1, K) operates transitively on the frames of P.

(b) If K is commutative, the group PGL(d + 1, K) operates sharply transitively
on the frames of P. In this case, every projective collineation of P is uniquely
determined by its definition on a frame.
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Proof. Let X = {x¢, x1,...,Xq+1}yand Y = {yo, V1,..., Ya+1} be two frames of
P. Then, there exist two bases {vg, vi,...,vq} and {wg, wi,...,ws} of V such that
x; = (v;) and y; = (w;) fori = 0,...,d. Furthermore, let v, w be two elements

of V with xy4+1 = (v) and ys41 = (w). Since X and Y are frames, there exist
Ao, Aly...sAg and (o, Uy,..., g of K\ {0} such that

d d
v=ZA,~ vy, and W=Z/Li w;.
i=0 i=0

(a) Existence of a projective collineation o with ¢(X) = Y:
Fori =0, 1,...,d, set Av; 1= A;”! Wi wi, and let o be the projective
collineation induced by A. For i = 0, 1,...,d, one easily computes that
a(x;) = y;. Furthermore, we have

d d
a(xg41) = (Av) = <Z Ai AVi> = <Z Wi Wi> = (W) = ya+1.
i=0 i=0

(b) Uniqueness of a: From now on, we suppose that K is commutative. Let o and
B be two projective collineations with a(X) = B(X) = Y. Then,y := a0 B!
is a projective collineation with y(X) = X. Let C be a linear transformation of
V inducing y. Then, there exist po, p1,...,pa, p of K\ {0} such that Cv; =

pivi(i=0,...,d)andCv=pv.Byv= ikivi,itfollowsthat
i=0

O=v—(GAovo+ A vi+...4+Asv)
=Cv—CRovo+ A1 vi+...4+ A5 vg)
=Cv—QAoCvo+ A Cvi+...+ 445 Cvy)
=pv—_(Aopovo+ A p1vi+...+Xipava)
=pv—1_(po Ao vo+ p1 A1 vi + ...+ pag Aq vq) [since K is commutative]
=plovo+pAivit...+pAsva—(poAoVvo+ p1 Ay vi+ ...+ paAaVva)
= (p—po) dovo+ (o —p1) Arvi+ ...+ (0= pa) Aa Va-

Since A; # 0 for all i, and since {vy,...,vq} is a basis of V, it follows that
p = pi forall i. Thus, C = p id. It follows that id = y = « o B, hence,
a=p. O

Next, we shall investigate the central collineations of P(V)J

SFor the definition of central collineations, cf. Sect. 5 of Chap. II.



4 Automorphisms of P (V) 95

4.7 Theorem. Let P = P(V) be a projective space over a vector space V.

(a) Every homology of P is induced by a semilinear transformation of V.
(b) Let § : P — P be a homology with centre z = (vo) and axis H = P(W).
Observe that every element v of V is of the form v = a vy 4+ w for some element
a of K and some element w of W.
There exists an element 0 # A of K such that the semilinear transformation

D : V — V defined by
D(avo+w):=pr(a) vo+ Awforalla of K and allw of W

induces the homology §. The automorphism p) : K — K is defined by p, (k) :=
Ak AT

(c) Conversely, let O # vy be a vector of V, let W be a maximal proper subspace of
V such that V.= (vy, W), let 0 % A be an element of K, and let p) : K — K
be defined by py (k) := A k A™. Furthermore, let D : V — V be the semilinear
transformation defined by

D(avy+w):=py(a)vo+ Awforalla of K and allw of W.

Then, the collineation § induced by D is a homology with centre (vo) and axis
H:= P(W).

Proof. We will prove the assertions (a) and
(b) in common.

Step 1. Let x := (wy) be an element H
of H = P(W),and let y := (vo + wp)
be a point on the line xz different from x
and z. Since § : P — P is a homology
with centre z = () and axis H =
P (W), the point §(y) is on the line xz,
hence, there exists an element 0 # A of
K such that §(y) = (vo + A wy).

Step 2. The transformation D : V — V defined above is a semilinear
transformation with accompanying automorphism p,: Obviously, p; : K — K
is an automorphism of K. For all vectors a vo + w, a; vo + wy and a, vo +w, of V
and all elements k of K, we have

N

y 3(y) X

D(ay vo + w1 + az vo +wr) = D((a; + az) vo + w1 + ws)
= palar +az) vo + A (wi + wa)
= pala1) vo + A wi + pa(az) vo + A wz
= D(a; vo +w1) + D(az vo + wa)

and
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D(k(a vo +w)) = D(ka vy + k w)
= pa(ka) vo + Ak w
= pa(k) pa(a) vo + AkA™ A w
= pa(k) pa(a) vo + pa(k) A w
= pa(k) (pala) vo + A w)
= pa(k) D(a vy + w).

Step 3. Let « be the collineation induced by D. We have o = §: By definition, «
fixes all points of H. By Theorem 5.3 of Chap.Il, « is a central collineation. Since
a(z) = a({vo)) = (D vo) = (vo) = z and since z is not contained in H, the point z
is the centre of «. Furthermore, we have

a(y) = a((vo +wo)) = (D (vo +wo)) = (vo + A wo) = 8(y).

Thus, a and § are two central collineations with centre z and axis H and a(a) =
8(a). By Theorem 5.8 of Chap. I, it follows that ¢ = §.
(c) The proof is similar to Steps 2 and 3 of the proof of Parts (a) and (b). O

4.8 Theorem. Let P = P (V) be a projective space over a vector space V.

(a) Every elation of P is a projective collineation.
(b) Let t : P — P be an elation with axis H = P(W), and let x = (vo) be a point
of P outside of H. Observe that every element v of V is of the formv = a vo +w
for some element a of K and some element w of W.
There exists an element wy of W such that the linear transformation T :
V — V defined by

T@avo+w):=avg+awy+ wforallaof K and allw of W

induces the elation t.

(c) Conversely, let 0 # vy be a vector of V, let W be a maximal proper subspace
of Vsuchthat V.= (vo, W), and let 0 # wy be an element of W. Furthermore,
let T : V. — V be the linear transformation defined by

T(avo+w):=avy+awy+wforallaof K and allw of W.

Then, the collineation t induced by T is an elation with centre (wy) and axis
H:=P(W).

Proof. We will prove the assertions (a) and (b) in common.
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Step 1. Let z := (w,) be the centre
of . Since t : P — P is an elation
with centre z = (w;) and axis H =
P (W), the point 7(x) is on the line xz,
hence, there exists an element 0 # A of
K such that t(x) = (vo + A wy). Set
wo = A wi.

Step 2. The transformation 7: V — V
defined above is a linear transformation: For all vectors a vo + w, a; vo + w; and
as vo + wy of V and all elements k of K, we have

[ ]

bl
2

><"
N

T(ayvo+wi +azvo +wy) = T((a; + az) vo + wi + w»)
= (a1 + az) vo + (a1 + az) wo + wi + ws

=a;vo+ay wo+wy+azvo+ awo+ ws

T(ay vo+ wy) + T(az vo + wr)
and

T(k(avy+w)) = T(kavy+kw)
=kavo+kawy+kw
=k (avy+awy+w)
=k A(a vo +w).

Step 3. Let « be the collineation induced by 7. We have « = t: By definition,
a fixes all points of H. By Theorem 5.3 of Chap.Il, « is a central collineation.
Furthermore, we have

a(x) = a({vo)) = (T'(vo)) = (vo + wo) = 7(x).

Thus, o and 7 are two central collineations with centre z = x t(x) N H and axis
H and o(a) = t(a). By Theorem 5.8 of Chap. IL, it follows that ¢ = 7.
(c) The proof is similar to Steps 2 and 3 of the proof of Parts (a) and (b). O

S The Affine Space AG(W)

In the present section, we shall see that any (left) vector space W defines an affine
space A = A(W) over the vector space W whose points are the vectors of W
(Theorem 5.5). In Theorem 5.6, we shall analyse the subspaces of this affine space
A = A(W).

In the remaining part of this section, we shall see that if A = A(W) is an affine
space over a vector space W, the projective closure of A is a projective space over
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some vector space V, and conversely, if P = P(V) is a projective space over some
vector space V, the affine space P\ H is an affine space over some vector space W
for all hyperplanes H of P.

Definition. Let W be a left vector space over a skew field K of dimension at least 2.
The geometry A = A(W) = (X, *, type) over the type set {point, line} is defined
as follows:

(i) The points of A are the elements of W.
(i) The lines of A are the cosets of the 1-dimensional subspaces of W.
(iii) A point p of W and a line g = x + (w) are called incident if p is contained in
the coset x + (w).

The geometry A = A(W) is called the affine space over the vector space W.6 If
W is of finite dimension d, then A = A(W) is denoted by AG(d, K).

Since the points of A are the vectors of W, we shall occasionally identify A and W.

5.1 Theorem. Let A = A(W) be an affine space over a vector space W. Let x and
y be two points of A. Then, g := x + (y — X) is the unique line through x and y.

Proof. Sincex =x +0-(y —x)andy = x + 1 - (y — x), the points x and y are
incident with g, that is, g is a line through x and y.

Conversely, every line 4 through x and y contains the point x. Thus, the line 4 is
of the form & = x + (w). Since y is incident with the line £, there exists an element
A of K such that y = x 4+ Aw, thatis, Aw = y — x. It follows that (w) = (y — x),
thatis, h =x +(y —x) = g. O

Definition. Let A = A(W) be an affine space over a vector space W. For two lines
g=x+ (w)yand h = y + (v), we set g || & if and only if (v) = (w). Two lines g
and /4 are called parallel if g || /.

5.2 Theorem. Let A = A(W) be an affine space over a vector space W. The
relation || defines a parallelism on A.

Proof. Obviously, || is an equivalence relation. If x is a pointof A and if g = y+(w)
isaline of A, h := x 4 (w) is the unique line through x parallel to g. O

5.3 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) Let E := x + (v, w) be a coset of a 2-dimensional subspace (v, w) of W. Then,
E is a closed subplane of A with respect to ||.

(b) Let E be a closed subplane of A with respect to ||. Then, there exist elements x,
v, wof W such that E = x + (v, w).

Proof. (a) We first shall see that £ = x + (v, w) is a subspace of A: For, let
a=x+Av+ puwand b = x + A,v + uw be two points of £, and let g be
the line through a and b.

SWe shall see in Theorem 5.5 that A = A(W) is indeed an affine space.
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(b)

By Theorem 5.1, we have g = a + (b — a). Let ¢ be a point on g. Then,
there exists an element A of K with

c=a+A(b—a)
=x+Alv+uiwH+HA X+ v+ uw—x—Av—u w
:x—i‘(kl+Alz—/\/\1)v+(ﬂl+/\ﬂ2—/\ﬂ1)w

€ X+ (v, w).

It follows that g is contained in £ = x + (v, w).

Next, we shall see that E is closed with respect to ||: For, let g = x + (u)
be a line of E such that u is contained in (v, w), and let p := x + ¢ be a point
of E such that ¢ is contained in (v, w). By definition of the parallelism ||, the
line i := x + t + (u) is the line through p parallel to g. Obviously, the line
h = x 4+t + (u) is contained in the plane £ = x + (v, w).

Since E is generated by the three points x, x 4+ v and x + w, the plane E is
a closed subplane of A with respect to ||.

Let x, y and z be three points of A, generating the plane E. Leta := z — x and
b:=y—x.

Step 1. The plane x + (a, b) is contained in E: Let g be the line through x
and y, and let /& be the line through x and z. Then,

g=x+(y—x)=x+ (b)and
h=x+(z—x) =x+ (a).

Let s := x + Aa + ub be
an arbitrary point of x + {(a, b).
Since E is a plane through x, y,
z, the lines g and /4 are contained
in E. Furthermore, the line [ :=
x + Aa + (b) is a line through
x+Aa parallel to g. Since x +Aa X x+ia Z
is incident with & and since E is
closed with respect to ||, it follows that / is contained in E. Thus,

s=x+Aa+pubex+ira+(b)y=1CE.

Step 2. Wehavex + (a, b) = E': Since x, y and z are contained in the plane
x + {(a, b) and since E is generated by x, y and z, it follows from (a) that
x+ {a, b) =E. O

5.4 Theorem. Let A = A(W) be an affine space over a vector space W.
Furthermore, let E := x + (v, w) be a plane of A. Then, E is an affine plane,
and two lines g and h of E are parallel if and only if g " h = @ or g = h.



100 3 Projective Geometry Over a Vector Space

Proof. Step 1. E is an affine plane: Since any two points of A are incident with
exactly one line (cf. Theorem 5.1) and since any line a + (b) of A is incident with
at least the points a and a + b, it remains to verify the parallel axiom.

Let g be a line of E, and let x be a point of E. Since || is a parallelism of A (cf.
Theorem 5.2), there exists exactly one line & of A through x parallel to g. Since, by
Theorem 5.3, E is closed with respect to ||, the line / is contained in E.

Step 2. Let g and & be two parallel lines of E. Then, by Theorem 5.1 of Chap. 1,
it followsthat g Nh = @ or g = h.

Step 3. Any two disjoint lines of E are parallel: Let g := x + s + (1)) and
h := x 4+t + (uy) be two non-parallel lines of E, that s, s, ¢, u;, u are contained
in (v, w) and (u;) # (u2). Then, (v, w) = (u;, uz), and there exist A1, A,, u; and
Mo of K such that

s = Ay u; + Ay up and
L= Wy up+ Wo Up.
It follows that
g =X+ A up + (uy) and
h =x+ i u + (u2).

Thus, the point x 4+ p; u; + A, uy is incident with g and /. This shows that
non-parallel lines of £ have a common intersection point. In particular, two disjoint
lines of E are parallel. O

5.5 Theorem. Let A = A(W) be an affine space over a vector space W. Then, A is
an affine space.

Proof. We shall verify the axioms of an affine space:

Verification of (AS): By Theorem 5.1, any two points are incident with exactly
one line.

Verification of (AS,): By Theorem 5.2, the relation || defines a parallelism on A.

Verification of (4S3): Let E be an affine subplane of A. By Theorem 5.3, there
exists a point x of A and vectors v, w of W such that £ = x + (v, w). By
Theorem 5.4, E is an affine plane, and two lines g and & of E are parallel if and
onlyifgNh=0Qorg=h.

Verification of (AS4): Any line x + (w) of A is at least incident with the two
points x and x + w. Since dim W > 2, there exist two linearly independent vectors
v and w of W. It follows that (v) and (w) are two distinct lines of A. O

5.6 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) Let 0 # x be avector of W. The I-dimensional subspace (x) of W is the line of
A through the points 0 and x.

(b) The subspaces of W are exactly the affine subspaces of A through 0.

(c) The cosets of the subspaces of W are exactly the affine subspaces of A.

Proof. (a) By definition, the lines of A are the cosets of the 1-dimensional
subspaces of W. The assertion follows.
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(b)

()
®

(ii)

Step 1. Let X be a subspace of W. Then, X is an affine subspace of A through
0, that is, a subspace of A through 0 which is closed with respect to ||:

For, let x and y be two points of X. By Theorem 5.1, the line g = xy through
x and y is given by g = x + (x — y). It follows that g is contained in X .

Let g = x + (y) be a line of X, and let z be an arbitrary point of X. We
need to show that the line z + (y) (which is the line through z parallel to g)
is contained in X. Since both x and x + y are points on the line g, they are
contained in X. It follows that the point y = (x 4+ y) — x is contained in X.
Hence, the line x + (y) is contained in X. Thus, X is closed with respect to ||.

Step 2. Let U be an affine subspace of A through 0. Then, U is a sub-
space of W:

(i) Let 0 # x be an element of U. By (a), the subspace (x) of W is the
line through O and x. It follows that (x) is contained in U, that is, Ax is
contained in U for all A of K.

(i) Let x and y be two elements of U. If (x) = (y), x + y is contained in
(x) and therefore in U. If (x) # (y), the points 0, x and y are three non-
collinear points of A generating an affine plane E. Since U is an affine
subspace, E is contained in U.

Since 0 is contained in E, it follows from Theorem 5.3 that E is a 2-dimensional
subspace of W. It follows that x 4 y is contained in £ and therefore in U.
Step 1. Let X be a subspace of W, and let z be a point of A. Let U be the affine

subspace of A through z parallel to X.” Then, U = z + X:
U is contained in z + X: For, let z # u be a point

of U. Let g be the line through 0 parallel to uz.
Since U and X are parallel subspaces, it follows
that g is contained in X. Thus, there exists an
element 0 # x of X with g = (x). It follows that
uz = z + (x) is contained in z + X . In particular,
u is contained in 7 + X.

z+ X is contained in U: For,let y = z+ x be a
point of z + X. Then, z + (x) is the line through X U
z parallel to (x). Since U is the affine subspace
through z parallel to X, it follows that z + (x) is
contained in U . In particular, y is contained in U.

Step 2. Let x + X be a coset of the subspace X of W. Then, x + X is an
affine subspace of A: In view of (b), X is an affine subspace of A through the
origin. By Step 1, x 4+ X is the affine subspace of A through x parallelto X. 0O

The rest of this section is devoted to the proof of the following two assertions:

"By Part (a), X is an affine subspace of A. In view of Theorem 5.8 of Chap. 1, the subspace U
exists.
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1. Let P = P(V) be a projective space over a vector space V, and let H be a
hyperplane of P. Let W be the subspace of V such that H = P(W). Then,
A := P\ H is an affine space over the vector space W (Corollary 5.9).

2. LetA = A(W) be an affine space over a vector space W, and extend W to a vector
space V such that W is a subspace of V of codimension 1. Then, the projective
closure of A is a projective space over the vector space V (Theorem 5.10).

At the end of this section, we shall visualize the geometric meaning of the
addition of two points (Theorem 5.11).

Definition. Let P = P (V) be a projective space over a vector space V, and let H
be a hyperplane of P. Let W be the subspace of V such that H = P(W), and let
vo be an arbitrary vector of V not contained in . Every point x of the affine space
A = P\ H has a unique representation of the form x = (vy + w) where w is an
element of W.

(a) The vector w is called the vector representation of x.
(b) The vector space W is called the vector space associated to A.
(c) The point (v) with the vector representation 0 is called the origin of A.

Definition. Via the vector space W associated to A = P\ H, the affine space A
bears the structure of a vector space. More precisely, if x and y are two points of A
with vector representations w, and w,, then x + y is defined to be the point of A
with vector representation wy . For an element A of K the element A x is defined
to be the point of A with vector representation w; .

It remains to show that A is (isomorphic to) the affine space A(W).

5.7 Theorem. Let P = P(V) be a projective space over a vector space V. Let H
be a hyperplane of P, and let A :== P\ H. Let W be the vector space associated
to A.

(a) Let 0 = (vo) be the origin of A, and let x = (vo + w) with the vector
representation 0 # w € W be a further point of A. Then, the line Ox meets
the hyperplane H in the point (w).

(b) Let U be an affine subspace of A through the origin. The set of vectors of W
representing the points of U forms a subspace of W.

(c) Let X be a subspace of W. The points of A whose vector representations are in
X form an affine subspace of A through the origin.

(d) The affine subspaces of A through the origin correspond to the subspaces of W.

Proof. (a) Obviously, the point (w) is incident with the line (vy, vo + w).

(b) Since U is a subspace through the origin (vy), there exists a subspace X of W
suchthat U = {{vo +v) | v € X}.

(c) Theset U := {{vo+v) | v € X} consists of all points of (vy, X) (as a subspace
of P) not contained in H .

(d) The assertion follows from (b) and (c). O
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5.8 Theorem. Let P = P(V) be a projective space over a vector space V. Let H
be a hyperplane of P, and let A := P\ H. Let W be the vector space associated to
A, and let (vo) be the origin of A.

(a) Let U be an affine subspace of A. The set of vectors of W representing the
points of U forms a coset of a subspace of W.

(b) Let wo + X be a coset of a subspace X of W. The points of A whose vector
representations are in wy + X form an affine subspace of A.

(c) The affine subspaces of A correspond to the cosets of the subspaces of W.

Proof. (a) Let x be a point of U not contained in H . Then, there exists a vector wy
of W such that x = (vo + wp). It follows that there exists a subspace X of W
such that U = {(vo + wo + w) | w € X }. The coset wy + X is the set of vectors
of W representing the points of U.

(b) Let x := (vo + wp). The points of A with vector representations in wy + X are
the affine points of the subspace x + X.

(c) The assertion follows from (a) and (b). |

5.9 Corollary. Let P = P(V) be a projective space over a vector space V. Let H be
the hyperplane of P, and let A := P\ H. Let W be the vector space associated to
A. Then, A is isomorphic to the affine space A(W).

Proof. The assertion follows from Theorems 5.7 and 5.8. O

5.10 Theorem. Let A = A(W) be an affine space over a vector space W. Then,
there exists a vector space V such that the projective closure P of A is isomorphic
to P(V).

Proof. Extend W to a vector space V such that W is of codimension 1 in V. Let
P* := P(V) be the projective space over V, let H be the hyperplane (W) of P*,
andletA™ := P*\ H.By Corollary 5.9, the affine spaces A and A* are isomorphic.
By construction, P* is the projective closure of A*. Since the projective closure of
an affine space is unique, it follows that P and P* are isomorphic. O

5.11 Theorem. Let A = P\ H be an affine space defined by a projective space
P = P(V). Let 0 := (vg) be the origin of A, and let x and y be two points of A such
that 0, x and y are non-collinear:

Let a and b be the intersection
points of the lines Ox and Oy with H . 0
Then, x-+y is the intersection point
of the lines xb and ya.

X+y

Proof. Let w, and w), be the vector representations of x and y. We have

X+y = (vo+wy+wy) € {vo+wyw,) = xband
X4y ={(vo+wy+w) e (vo+w,,w)=ya.

It follows that the point x + y is the intersection point of the lines xb and ya. 0O
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6 Automorphisms of A(W)

The main subjects of the present section are translations and homologies. In
particular, we shall see that every translation of the affine space A = A(W) is of
the form 7(x) = x + y for some y of A and that every homology is of the form
o(x) = Ax for some A of K (Theorems 6.2 and 6.4).

In addition, we shall see that the translations of A form an abelean group
(Theorem 6.3) and that the homologies of A define a skew field isomorphic to K
(Theorem 6.5).

Finally, we shall see that for every parallelism-preserving collineation o : A —
A, there exists exactly one parallelism-preserving collineation § : A — A with
B(0) = 0 and exactly one translation t : A — A such that « = tf (Theorem 6.6).

6.1 Theorem. Let A = A(W) be an affine space over a vector space W, and let A :
W — W be a bijective semilinear transformation. Then, A induces a parallelism-
preserving collineation o : A — A with «(0) = 0.

Proof. For any point x of A, set a(x) := A(x). Since A : W — W is bijective, «
maps the point set of A bijectively onto itself. Let v, w be two vectors of W with
w #£ 0. Then, for the line g := v 4+ (w) of A, we have:

a(g) = av+ (w)
=A@+ (w)
= AW) + (Aw)).

It follows that a(g) is a line. Since A~! is a semilinear transformation, it follows
that three points x, y and z of A are collinear if and only if «(x), «(y) and (z) are
collinear.

Finally, let g := v; + (w;) and g, := v, + (w;) be two lines of A. Then, we have

gl g2 & vi+ (wi) [l v + (w2)
< (wi) = (w2)
< (A1) = (A(w2))
< A1) + (Aw) [| A(v2) + (A(w2))
< a(g) [ a(g2).

It follows that « is a parallelism-preserving collineation. O

Definition. Let A = A(W) be an affine space over a vector space W, and let P =
P(V) be the projective closure of A. Furthermore, let H be the hyperplane of P such
thatA = P\ H.
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A collineation « : A — A is called affine if there exists a projective collineation
B : P — Psuchthat B(H) = H and B|4 = «.

6.2 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) Every translation is an affine collineation.
(b) Let t : A — A be a translation of A. Then, there exists a point y of A such that

t(x)=x+yforallxof A.

(c) Lety be apoint of A, and let T, : A — A be defined by t,(x) := x + y for all
x of A. Then, 1 is a translation of A.

Proof. Let P = P(V) be the projective closure of A, and let 0 = (vy) be the origin
of A.

We will prove the assertions (a) and (b) in common. By Theorem 5.9 of
Chap.II, the translation t can be extended to an elation o of P. By Theorem 4.8,

there exists an element y of W such that the linear transformation 7 : V — V
defined by

T@avo+ x):=avy+ay-+ x forall a of K and all x of W
induces the elation t. It follows that
T(vo+ x) =vo+ x + yforall x of W,

hence, t(x) = x + y for all x of A.
(c)Let T : V — V be the linear transformation defined by

T@vo+x):=avy+ay+ xforall a of K and all x of W.

By Theorem 4.8, the collineation t induced by 7" is an elation with axis H :=
P(W).

Since T({(vo + x)) = (vo + x + y) for all x of W, we have «|4 = 7. By
Theorem 5.9 of Chap.1l, 7 is a translation. O

Definition. Let A = A(W) be an affine space over a vector space W.

(a) For apoint x of A, 7, denotes the transformation 7, : A — A defined by

7¢(z) := x + zforall z of A.

(b) The set of all translations of A is denoted by T.
6.3 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) For any two translations t, and t,, we have T, Ty = Tyyy.

(b) For any two translations t, and t,, we have T, T, = T,T,.

(c) The set T of the translations of A is an abelean group.

(d) For any two elements x and y of A, we have x + y = 1,7,(0).
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Proof. (a) We have (tx 7))(2) = T:(1y(2)) = (¥ +2) =X +y + 2= 7x4,(2)
for all points z of A. It follows that 7, 7, = T,4,.

(b) By (a), wehave 7, 1), = T,y = Ty = Ty Ty.

(c¢) The assertion follows from (a).

(d) We have (tx 7,)(0) = 7x4y(0) =x +y + 0 =x + y.

6.4 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) Let 0 : A — A be a homology with centre 0. There exists an element 0 # A of
K such that
o(x)=Axforallxof A.

(b) Every homology with centre 0 is a parallelism-preserving collineation.®
(c) For an element 0 # A of K, let 0) : A — A be defined by o) (x) := A x for all
points x of A. Then, o, is a homology of A with centre 0.

Proof. Let P = P(V) be the projective closure of A, and let 0 = (vy) be the origin
of A.

We will prove the assertions (a) and (b) in common. By Theorem 5.9 of
Chap. II, the homology ¢ can be extended to a homology « of P. By Theorem 4.7,
there exists an element A of K such that the semilinear transformation D : V — V
defined by

D(avy + x) := pp(a)vo + A x for all a of K and x of W

induces the homology o (note that py : K — K is defined by p; (k) = AkA™"). It
follows that D(vy + x) := vo + Ax for all x of W, hence, o(x) = Ax forall x of A.
(c) The assertion follows as in the proof of Theorem 6.2 (c). O

Definition. Let A = A(W) be an affine space over a vector space W.

(a) Foranelement0 # A of K, the symbol g, denotes the transformationoy : A —
A defined by 0 (z) := Az for all z of A.
(b) The set of all homologies with centre 0 of A is denoted by Dy.

6.5 Theorem. Let A = A(W) be an affine space over a vector space W.

(a) We have o) 0, = 0y, forall X, u € K.

(b) We have o) + 0, = opy, forall X, p € K.

(c) Let 0yg : A — A be the transformation defined by the relation oy(x) := 0 for
all points x of A. Set 0 + 0o := 09 + 0 := 0 and 0 0y := 0y 0 := 0y for all
0 € Dy. Then, D := Dy U {0y} is a field isomorphic to K.

Proof. By definition, we have 0;(x) = A x for all A of K and all x of A. The
assertion follows. O

80ne easily sees that a homology with a centre different from 0 is also a parallelism-preserving
collineation. For our purposes, homologies with centre 0 are of particular interest.
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6.6 Theorem. LetA = A(W)and A’ = A(W') be two affine spaces over two vector
spaces Wand W', and let a« : A — A’ be a parallelism-preserving collineation.

Then, there exists exactly one parallelism-preserving collineation B : A — A’
with B(0) = 0 and exactly one translation t : A" — A’ such that a = t .

Proof. (i) Existence: Let x := «(0), and let 7 be the translation of A’ with 7(0) =
x. Furthermore, let 8 := t=! . Then, B : A — A’ is a parallelism-preserving
collineation, and we have (0) = =" («(0)) = O0and 7 8 = .

(i) Uniqueness: Let 8; and B, be two parallelism-preserving collineations with
B1(0) = B,(0) = 0, and let 7; and 7, be two translations of A" with o =
71 B1 = 1 B. It follows that 7,~! 7; = B, B1~". Thus, ©,~! 7, is a translation
fixing the point 0, that is, 7o~! 7; = id. It follows that 7; = 1, and B; = Bs.

|

In Theorem 8.1, we shall see that every parallelism-preserving automorphism
a:A =AW) > A" = A(W) with ¢(0) = 0 is induced by some semilinear
transformation A : W — W’. In view of Theorem 6.6, for any automorphism
a A = AW) - A" = A(W), there exists a translation 7 of A’ and an
automorphism B : A — A’ induced by some semilinear transformation such that
a=1p.

7 The First Fundamental Theorem

The aim of the present section is the proof of the following assertion: If P is a
Desarguesian projective space, there exists a vector space V over a (skew-) field K
such that P = P(V) (Theorem 7.18).

This result is called the first fundamental theorem of projective geometry. Due
to the following reasons, it is one of the most important results about projective
spaces:

* Except for the non-Desarguesian projective planes, all projective spaces are
completely classified.’

e The theorem defines a relation between geometric and algebraic methods. Via
the introduction of vector spaces, methods of linear algebra can be applied to
projective spaces.

We first give an outline of the different steps of the proof:

Step 1. We will choose a hyperplane H of P and consider the affine space A :=
P\ H with origin 0.

Step 2. Let T the set of the translations of A. We shall show that T is an abelean
group (Theorem 7.3), and we shall show that for any element x of A, there
is exactly one translation t, with 7,(0) = x (Theorem 7.1).

By Theorem 6.1 of Chap. II, every projective space of dimension d > 3 is Desarguesian.
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Step 3. We shall define on A an addition by x 4 y := (t, 7,)(0).

Step 4. Let Dy be the set of the homologies of A with centre 0. Define on Dy
a multiplication and an addition by (07 02)(x) := 0o1(02(x)) and (o7 +
02)(x) := 01(x) + 0a2(x).

Step 5. Let0: A — A be defined by 0(x) := 0 forall x of A. Seto-0:=0-0:= 0
ando + 0 := 0+ o := o forall o of D. Then, K := Dy U {0} is a skew
field (Theorem 7.16).

Step 6. A is a vector space over the field K (Theorem 7.16).

Step 7. Let A’ = A(W) be the affine space over the vector space A. By definition, A
and A’ have the same point sets. We shall see that A and A’ are isomorphic
(Theorem 7.17). This theorem is called the first fundamental theorem of
affine spaces.

Step 8. The projective space P is of the form P = P(V) (Theorem 7.18).

Definition. Let A be a Desarguesian affine space. Let 0 be an arbitrary point of A.
In the following, the point O will be called the origin of A.

7.1 Theorem. Let P be a Desarguesian projective space, and let H be a hyperplane
of P. Let T be the set of the elations of P with axis H, and let O be the origin of
A:=P\H.

Then, for any point x of A, there exists exactly one elation t, of T with t,.(0) = x.

Proof. First case. Let x = 0.
Existence: Obviously, the identity is an elation tp of 7" with 79(0) = 0.
Uniqueness: Let 1y be an elation of 7" with 79(0) = 0. Then, tj fixes the point 0
outside of H. By Theorem 5.7 of Chap.II, we have 7o = id.
Second case. Let x # 0.

Existence: Let z := Ox N H. By Theorem 6.2
of Chap.II, there exists (exactly) one elation t,
with centre z and axis H such that 7, (0) = x.
Uniqueness: Let t be an elation with t(0) =
x. Then, 7 has the centre z := 0x N H (cf. 0
Theorem 5.7 of Chap.II). The uniqueness of ©
follows from Theorem 5.8 of Chap. II. O

7.2 Theorem. Let P be a Desarguesian projective space, let H be a hyperplane of
P, andletid # 11, 1; be two elations of P with axis H and centres 71 # z;.

(a) The product t| 1, is an elation with axis H.

(b) The centre z of T| 15 is incident with the line 7\ zp, and we have z # z1, 2.
(c) For any point x of P\ H, we have (1| 13)(x) = 12(x)z; N 71(x) 22.

(d) We have 1) 1) = 15 1.

Proof.

(a) Obviously, (11 12)(y) = y for all y of H. It follows that 7; 1 is a collineation
with axis H. By Theorem 5.3 of Chap.Il, 7; 1 is a central collineation.
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Let x be a point of P\ H. Since 1, #
id, we have 1,(x) # x. Since zp is
the centre of 1, the point 12(x) is inci-
dent with the line xz,. Since 7; # id,
the point 7;(72(x)) is a point on the line
72(x)z; distinct from 7,(x). In particular,
we have 11(12(x)) # x (otherwise, the
lines 7,(x)z; and xz; would intersect in the
points x and 7, (x)).

It follows that 7, 7, has no fixed point outside of H, that is, 717, is an elation.
(b) Let x be a point of P\ H, and let z be the centre of 777,. We have z =

x(n)(x) N H:

Let E be the plane of P generated by
x, z; and z5. Then, the point 7,(x) is inci-
dent with the line xz, which is contained in
E, and the point 71 (7,(x)) is incident with
the line 7,(x)z; which is also contained
in E.

It follows that the line xt;(72(x)) is
contained in E.

Thus, z = x(t112)(x) N H is containedin £ N H = z12.
(¢) In the proof of Part (a) we have seen that the point 7 (72(x)) is incident with the

line z; 72(x). Furthermore,

T1(T2(X))

22 = 11(22) € T1(x 2(x)) = 71 (x)71(72(x)), thatis, 71(72(x)) € 2271(x).

Altogether, it follows that 7)(12(x)) = z172(x) N 2271 (X).
(d) By (c), for any point x of P\ H, we have

T1(2(x)) = z1 T2(x) N 2271 (x) = T2(71(X)). ]

7.3 Theorem. Let P be a Desarguesian projective space, and let H be a hyperplane
of P. If T is the set of elations of P with axis H, T is an abelean group.

Proof. T is closed with respect to multiplication: For, let 7; and 7, be two elations
of T with centres z; and z;. If z; # zp, it follows from Theorem 7.2 that 7 7, is an
elation of 7'. If z; = 25, by Theorem 5.2 of Chap.Il, 71> is an elation of 7.

Existence of an inversive element: Let T be an element of 7'. If z is the centre
of 7, by Theorem 5.2 of Chap.Il, the inversive of 7 is an elation with axis H and
centre z.

Commutativity of T': Let t; and 7, be two elations of 7" with centres z; and z5. If
71 # 22, by Theorem 7.2, 1175 = 1o13.

If z1 = 1z, choose an elation 73 of T with centre z3 # z;. By Theorem 7.2,
7173 is an elation with centre z # z;. Again by Theorem 7.2, the elations 7; and 7,
commute with 73 and with 7;13.

It follows that 717,73 = 11(213) = 11(2) = (1)1 = (NK) = LTOG.
Thus, 1115 = 12717. O
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Definition. For any two points x and y of A, we denote by x + y the point 7, (t,(0))
where 7, is the unique translation t with 7(0) = z (cf. Theorem 7.1). The point x + y
is called the sum of x and y.

7.4 Theorem. Let A be a Desarguesian affine space, and let P be the projective
closure of A. Furthermore, let H be the hyperplane of P such that A = P\ H.

Let O be the origin of A, and let x and y be two points of A such that the points
0, x and y are non-collinear. Then, we have for z, :== 0x N H and z, := 0y N H:

x+y=xzy;Nyz,.

Proof. Let 7, and 7, be the translations
of A with 7,(0) = x and 7,(0) = y.

Then, by Theorem 7.2, we have: 0
x+y= (Txty)(o)
= Tx(o)zy N Ty(O)Zx
= Xxzy N yz,. O

7.5 Theorem. Let A be a Desarguesian affine space with origin 0, and let x and
y be two points of A such that the points 0, x and y are collinear. Then, the point
X + y is incident with the line Ox = 0y.

Proof. Let T, and 7, be the translations of A with 7,(0) = x and 7,,(0) = y. Then,
the translations 7, and 7, fix the line Ox = 0Oy. Since x + y = 7,(7,(0)), the point
x + y is incident with the line Ox = Oy. O

7.6 Theorem. Let A be a Desarguesian affine space with origin 0. For any point
x of A, let T, be the translation t of A with ©(0) = x. Let T be the group of the
translations of A.

(a) We have t,4+p = t,7p forall a, b of A.
(b) We have t—, = t,~" for all a of A.
(c) (T, +) is an abelean group.

Proof. (a) By definition of 7., we have 7,4,(0) = a + b. By definition of the
addition in A, we have a + b = 1,(75(0)).
Altogether, we have 1,44(0) = a + b = 7,(15(0)). By Theorem 7.1, there
exists exactly one translation T with 7(0) = a + b. It follows that 7,4, = 7,75.
(b) By (a), we have 1,7, = 14—y = 179 = id, Thus, 17—, = ., L
(c) The assertion follows from (a) and (b) or from Theorem 7.3. O

Definition. Let A be a Desarguesian affine space with origin 0. For a point p of A
and a line g through 0, we denote by p + g theset {p + x | x € g}.
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7.7 Theorem. Let A be a Desarguesian affine space with origin 0.

(a) For any point p of A and every line g through 0, the set p + g is the point set
of the line of A through p parallel to g.

(b) For every line g through 0 and any point p on g, we have p + g = g.

(c) Two lines p + g and q + h are parallel if and only if g = h.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
thatA = P\H.

(a) Let z := g N H be the point at infinity of g, and let & be the line through p
parallel to g, that is, i = pz. We shall show that p + g = h.

(i) p+ g is contained in &: For, let x be a point on p 4+ g. Then, there exists
apoint y on g such thatx = p + y.

First case. Suppose that p is incident
with g. Then, g = h. Since 7,(0) = p
and 7,(0) = y, the pointz = 0p N H =
Oy N H is the centre of 7, and 7,. In
particular, g is a fixed line of 7, and t,.
It follows that x = p + y = 7,(7,(0)) is
incident with t,(g) = g = h.

Second case. Suppose that p is not
incident with g. Then, the centres z =
Oy N H of t, and 7 := 0p N H of 7, are 0
distinct. By Theorem 7.4, it follows that

p+y=y7Npz

=y7Nheh.

(ii) h is contained in p + g: For, let x be a point on A.
First case. Suppose that p is incident with g. Then, g = h. Since x —
P =T (‘L’p_l(())) is incident with 7, (g) = g, we have

x=p+(x-pep+teg.

Second case. Suppose that p is not S
incident with g, and let 7 := p0 N H.
Then, the points 0, z, p, x, 7’ are contained 0
in the plane generated by g and h. In
particular, the lines g and z’x meet in a
point s. By Theorem 7.4, it follows that

x = pzNs7

=p+sep+g.
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(b) follows from (a).

(c) Let p + g and p + h be two lines of
A. Then, g and h are the lines through 0
parallel to p + g and p + h, respectively.
It follows that

ptgllp+hs gllhs g=nh
O

7.8 Theorem. Let A be a Desarguesian affine space with origin 0, and let 0 be a
central collineation of A with centre 0.
If p is a point of A and if g is a line through 0, we have o(p + g) = o(p) + &.

Proof. Let P be the projective closure of A, and let H be the hyperplane of P such
that A = P\ H. Furthermore, let z be the point at infinity of g, thatis, g = 0z.

By Theorem 5.9 of Chap.II, the projective o H
closure of o is a central collineation of P with 8 z
centre 0 and axis H.'° o(p+g)

It follows that o(z) = z. Since p + g is the line
through p parallel to g, we have p + g = pz.

Hence, o(p + g) = o(pz) = o(p)z. Thus, the o(p)
line o(p + g) is the line through o (p) parallel to g.
By Theorem 7.7, it follows that o (p + g) = o(p) + g. O

7.9 Theorem. Let A be a Desarguesian affine space with origin 0, and let u : A —
A be defined as follows: j1(x) := —x for all points x of A.

(a) Let 0 # x be a point of A. Then, the point —x is incident with the line 0x.

(b) For any point x of A and every line g through 0, we have u(x + g) = —x + g.
(c) The transformation i : A — A is a parallelism-preserving collineation.

(d) is a homology of A with centre 0.

Proof. (a) Let g := Ox be the line through 0 and x. Since 7,(0) = x, we have
7.(g) = g. Thus, —x = 7,7 !(0) is incident with 7, 7' (g) = g.

(b) If ais incident with u(x + g), there exists a point y on g witha = u(x + y).
It follows that

a=px+y)=-x—y=-x+(-y)e-—x+g

If a is incident with —x + g, there exists a point y on g witha = —x + y. It
follows that

a=-x+y=—(x—y)=pux—y) € pulx+g).

10We denote the projective closure of o again by o.



7 The First Fundamental Theorem 113

(c) We have p?(x) = u(u(x)) = u(—x) = x. Hence, u is bijective with u~! =

M. o is a parallelism-preserving collineation: Since p operates bijectively on
the point set of A and since & = p~' maps lines on lines, y is a collineation.
For two points x and y of A and two lines g and / through 0, we have:

x+gllytheg=hs —x+g||l —yv+ge ux+g | uny+h).

(d) For every line g of A through 0, we have: u(g) = u(0 +g) = -0+ g = g.
Thus, u is a homology of A with centre 0. O

Our next aim is to show the following: For every parallelism-preserving collineation
a with «(0) = 0 and for any two points x and y of A, we have a(x + y) = a(x) +
a(y) (Theorem 7.12). The next two lemmata prepare the proof of this assertion.

7.10 Lemma. Let A be a Desarguesian affine space with origin 0. Furthermore, let
r and s be two points of A such that 0, r and s are non-collinear.

(a) The point r + s is neither incident with the line Or nor with the line 0s.
(b) The points 0, r and —s are non-collinear.
(c) The points 0, r 4+ s and —s are non-collinear.

Proof. (a) Let P be the projective closure of A, and let H be the hyperplane of P
such thatA = P\ H. Then, by Theorem 7.4, forz, := Or N H and z; := OsN H,
we have

r+s=rz;, Nsz.

It follows that the point  + s is neither incident with the line Or nor with the

line Os.
(b) By assumption, the point r is not incident

with the line Os. By Theorem 7.9, the point
—s is incident with the line Os. It follows that
the points 0, r and —s are non-collinear.

(c) By (a), the point r + s is not incident with
the line Os. By Theorem 7.9, the point —s is
incident with the line Os. It follows that the points O, r + s and —s are non-
collinear. O

7.11 Lemma. Let A be a Desarguesian affine space with origin 0. Furthermore, let
r and s be two points of A such that 0, r and s are collinear. Finally, let t be a point
not incident with the line Or = 0s.

(a) If the points 0, r 4+t and s — t are collinear, we have s = —r.
(b) If s # —r, the points O, r + t and s — t are non-collinear.

Proof. (a) By Theorem 7.9, the point —¢ is incident with the line 07. Let g be
the line through the points 0 and r + ¢. By assumption, the point s — ¢ is
incident with g. Let £ : A — A be the homology defined by u(x) := —x (cf.
Theorem 7.9).
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If P is the projective closure of
A, and if H is the hyperplane of
P such that A = P\H, H is the
axis of u.!! Let z, := Or N H and
z; = 0t N H. Then,

p(r+1) = p(gNiz)
= pu(g) N pultz,)
=g N p@)u(z)

=gnN-—tz

=5 —1.
On the other side, we have w(r +t) = —r — ¢, thatis,—r —t = s — ¢, thus,
r=-—s.
(b) follows from (a). O

7.12 Theorem. Let A and A’ be two Desarguesian affine spaces. Then, for every
parallelism-preserving transformation a : A — A’ with a(0) = 0, we have:

(a) a(x +y) = a(x) + a(y) for all points x, y of A.
(b) a(—x) = —a(x) for all points x of A.

Proof. We shall prove the assertions (a) and (b) in common: Let P and P’ be
the projective closures of A and A, and let H and H’ be the hyperplanes of P
and P’ such that A = P\H A" = P'\H’. Since « is a parallelism-preserving
transformation, o can be extended in a unique way on P (Theorem 4.6 of Chap. II).

Step 1. Let x and y be two points of A such that 0, x and y are not collinear.
Then, we have a(x + y) = a(x) + a(y):

Letzy := O0xNH andz, := 0yNH.
Since «(0) = 0, the point a(x) is
incident with the line Oa(zy), and the
point «(y) is incident with the line
Ocx(zy).

By Theorem 7.4, we have:

0

a(x +y) = alxzy N yz,) ox) + oly)
= a(xzy) Na(yz,)

= a(x)a(zy) Na(y)a(z)

= a(x) +a(y).

Step 2. We have a(—x) = —a(x) for all x of A:

"More precisely, the axis of the projective closure of j : P — P.
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Since «(0) = 0, we can assume that x # 0. Let a be a point which is not incident
with the line Ox. By Theorem 7.9, the point —x is incident with the line Ox. By
Lemma 7.10, the point x + a is not incident with the line Ox, it follows that the
points 0, —x, x + a are non-collinear. By Step 1, we have

aa) = a(a +x —x)
=ua + x) + a(—x)
=a(a) + a(x) + a(—x).

It follows that o (—x) = —a(x).

Step 3. Let 0, x and y be three collinear points. Then, we have a(x + y) =
alx) +a(y):

For x = —y, the assertion follows from Step 2. Let x # —y. Let a be a point
outside the line Ox = 0y. Then, we have:

The points 0, x + a, y — a are non-collinear (application of Lemma 7.11 (b)
with r = x, s = y and ¢ = a). Similarly, the points 0, y, —a are non-collinear
(application of Lemma 7.10 (b) with y = r and s = a). It follows from Step 1 that

a(x +y)=alx+a+y—a)
=ax+a)+aly —a)
= a(x) + a(a) + a(y) + a(-a)
= a(x) + a(y).

O

7.13 Theorem. Let A be a Desarguesian affine space with origin 0, and let o be a
homology with centre 0. Then, —o is a homology with centre 0 as well.

Proof. By Theorem 7.9, the transformation  : A — A with u(x) = —x is a
homology with centre 0. Since —o = 1 0 0, the application —o is also a homology
with centre 0. O

7.14 Theorem. Let A be a Desarguesian affine space with origin 0, and let o1 and
0y be two homologies with centre 0. Define oy + 0, : A — A by (01 + 03)(x) =
01(x) 4+ 02(x). Then, either (o1 4+ 03)(x) = 0 for all points x of A, or o1 + 05 is a
central collineation with centre 0.

Proof. Step 1. If there is a point 0 # x of A with (07 + 03)(x) = 0, we have
01 = —0o». In particular, we have (01 + 02)(y) = 0 for all points y of A:

Let 0 # x be a point of A with (o] + 03)(x) = 0. Then, 01(x) = —o02(x). By
Theorem 7.13, o1 and —o, are two homologies with centre 0. By Theorem 5.8 of
Chap. 11, it follows that 01 = —05.

Step 2. For every line g of A through 0 and any point x of A, we have:

(01 +02)(x + g) S (01 + 02)(x) + g.
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Let y = x 4 a be a point on the line x + g such that a is incident with g. Since g
is a line through 0 and since 0 is the centre of 0] and 0, the points o} (a) and 0, (a)
are incident with g. By Theorem 7.5, the point o1 (a) + 0,(a) is incident with g. It
follows from Theorem 7.12 that

(01 +02)(y) = 01(y) + 02(y)

o1(x +a)+ ox(x +a)

01(x) + o1(a) + 02(x) + 02(a)

= (01 + 02)(x) + 01(a) + 02(a) € (01 + 02)(x) + g

Step 3. If (01 + 02)(x) # 0 for all points 0 # x of A, 0| + 0 is a homology with
centre (:

Let 0 # x be an arbitrary point of A, let o := 01 +0,andlet y := o(x) = (01 +
07)(x) = 01(x) 4+ 02(x). Since o7 and 0, are homologies with centre 0, the points
01(x) and 0,(x) are on the line Ox. By Theorem 7.5, the point y = o1(x) + 02(x)
is on the line Ox.

By Theorem 6.2 of Chap.II, there exists a homology « : A — A with centre 0
such that a(x) = y.

Let a be a point outside of the line Ox, and let g be the line through O and the
point a — x. By Theorem 7.7, h = x + g is the line through x parallel to g. (If P
is the projective closure of A, and if H is the hyperplane of P with A = P\ H, the
lines g and & meetinapointzof H.Ifz, :=0x N H andz, :=0a N H, a —x =
az, N —xz,.)

Since the points 0 and a — x are on the line g, the points x + 0 = x and x +
a—x = a are on the line h = x + g, that is, h = ax. In particular, we have
a=0aNh=0an(x+g).

By Step 2, we have

o(a) =00an(x+g))
=00a)N ox +g)
CO0ano(x)+g
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=0anN(y+ g), thatis,
o(a) =0an(y+g).

On the other hand, by Theorem 7.8, we have:

a(a) = a(0an(x +g))
=a(0a) N a(x + g)
=0a N (a(x) +g)
=0a N (y + g), thatis,
ala) = o(a).
Using the relation o(¢) = a/(a) for a point a non-incident with the line Ox, one

can deduce the relation o(r) = «(r) for all points r non-incident with Oa in a
similar way. It follows that 0 = «, that is, o is a homology with centre 0. O

Definition. Let A be a Desarguesian affine space with origin 0.

(a) We denote by Dy the set of the homologies of A with centre 0.
(b) Let 0 : A — A be the transformation defined by 0(x) := 0 for all x of A. Set
D = D() U {0}

7.15 Theorem. Let A be a Desarguesian affine space with origin 0. For two
elements o1 and 0, of D and for a point x of A, set

(01 + 02)(x) := 01(x) + 02(x)

(01 09)(x) = (ql 0 02_)(x) = 01_(02(x)) if oy, 03 € Dy
0ifop =0o0ro, =0.

Then, (D, +, -) is a skew field.

Proof. Step 1. (D, +) is an abelean group:
Closed by addition: By Theorem 7.14, o + o5 is an element of D for all oy, o
of Dy. The assertion follows fromo + 0 =0 =0+ 0 = o forall o of D.
Associativity and commutativity: By Theorem 7.6, (A, +) is an abelean group.
For 01, 05, 03 of D and x of A, it follows that

((01 + 02) + 03)(x) = 01(x) + 02(x) + 03(x) = (01 + (02 + 03))(x) and
(01 + 02)(x) = 01(x) + 02(x) = 02(x) + 01(x) = (02 + 01)(x).

Existence of the neutral elements: By definition of D, 0 is an element of D.
Existence of the inverse element: By Theorem 7.13, for each element o of D, the
element —o is an element of D.
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Step 2. (Do, -) is a multiplicative group:

(Do, -) is the group of the central collineations of A with centre 0.

Step 3. The distributive laws hold:

Let 01, 02, 03 be three elements of D, and let x be a point of A. Then, we have:

(01 (02 + 03))(x) = 01((02 + 03)(x))

= 01(02(x) + 03(x))
01(02(x)) + 01(03(x))
(0102)(x) + (0103)(x)

= (0107 + 0103)(x).

Analogously, it follows that (o7 + 02) 03 = 0103 + 0,203. O

7.16 Theorem. Let A be a Desarguesian affine space. Then, (A, +) is a vector
space over the field D defined in Theorem 7.15.

Proof. By Theorem 7.6, (A, +) is an abelean group. For x of A and o of D, we
define 0 - x := o(x). Then, for o, o1, 02 of D and x, y of A, we get:

(o1 +02)-x = (01 +02)(x) =01(x) + 02(x) =01 - x +02-x
(01-02) - x = (01 -02)(x) = 01(02(x)) = 01 - (02 - X)
o-x+y)=0x+y)=cx)+o(y)=0-x+0-Yy.

Finally, we have id - x = id(x) = x. O

7.17 Theorem (First Fundamental Theorem for Affine Spaces). Let A be a
Desarguesian affine space. Then, A is an affine space over a vector space.

Proof. As usual, we denote by 0 the origin of A. Let D be the skew field defined in
Theorem 7.15. By Theorem 7.6, (A, +) is a vector space over D. Let A’ be the affine
space over the vector space A.

Step 1. By definition, A and A’ have the same sets of points.

Step 2. The lines of A through 0 are exactly the lines of A’ through 0:

For, consider the lines of A and the lines of A" as sets of points. Let g be a line of
A through 0, and let x be a point on g distinct from 0. The lines of A’ through the
point O are the 1-dimensional subspaces of the vector space (4, +). Hence

h:=(x)={o-x|0oeD}

is the line of A’ through the points 0 and x. We have g = /:

Obviously, the points 0 and x are incident with g and with 4.

Let y be a point on g distinct from 0 and x. Since g is a line through 0, by
Theorem 6.2 of Chap. 11, there exists a homology o with centre O such that o(x) =
y. It follows that y = o - x is incident with A.
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Conversely, let y = 0 - x = o(x) be a point on % distinct from 0. Since o fixes
the line g, it follows that y = o(x) is incident with g.

Step 3. The lines of A are exactly the lines of A”:

Again, consider the lines of A and the lines of A’ as sets of points. The lines of
A’ are exactly the cosets of the 1-dimensional subspaces of the vector space (4, +).
Hence, the assertion follows from Theorem 7.7 using Step 2.

Step 4. By Step 1 and Step 3, A and A’ are affine spaces with identical point and
line sets. It follows that A = A", O

7.18 Theorem (First Fundamental Theorem for Projective Spaces). Let P be a
Desarguesian projective space. Then, P is a projective space over a vector space.

Proof. Let H be a hyperplane of P, and let A := P\ H be the affine space defined
by P and H. Then, A is Desarguesian. By the first fundamental theorem for affine
spaces (Theorem 7.17), A is an affine space over a vector space.

By Theorem 5.10, the projective closure P of A is a projective space over a
vector space. O

8 The Second Fundamental Theorem

The second fundamental theorem for affine spaces states that every parallelism-
preserving collineation of a Desarguesian affine space is the product of a collineation
induced by a semi-linear transformation and a translation (Theorem 8.2).

For projective spaces, the second fundamental theorem states that every
collineation of a Desarguesian projective space is induced by a semi-linear
transformation (Theorem 8.3).

8.1 Theorem. LetA = A(W)and A’ = A(W') be two affine spaces over two vector
spaces W and W', and let o : A — A’ be a parallelism-preserving transformation
with «(0) = 0.

There exists a semilinear transformation A : W — W with A(x) = a(x) for all
X of W.

Proof. By Theorem 7.12, we have a(x + y) = a(x) + «a(y) for all x, y of
W. Suppose that W and W’ are vector spaces over the skew fields K and K'.
It remains to show that there exists an automorphism y : K — K’ such that
a(kx) = y(k)a(x) for all x of W and all k of K.

Step 1. For any point 0 # x of W and any element k of K, there exists an element
yx (k) of K’ such that a(kx) = y,(k)a(x):

The subspace (x)w of W is a line of A. It follows that the points 0, x and kx are
collinear. Hence, the points 0 = «(0), a(x) and a(kx) are collinear, that is, ar(kx)
is contained in {&(x)) . Therefore, there exists an element y, (k) of K’ such that

a(kx) = ye(k)o(x).
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Step 2. Let x, y be two elements of W with (x)w # (y)w. Then, y.(k) = y, (k)
for all k of K:
For k of K, we have

a(k(x +y)) = yesy (k) a(x + y)
= YVaty (k) @(x) + yusy (k) a(y).

On the other side hand, we have

a(k(x 4 y)) = alkx) + alky)
= yx()a(x) +y, ()a(y).

By assumption, 0, x and y are non-collinear. Therefore, 0 = «(0), «(x) and a(y)
are non-collinear, that is, a(x), «(y) and a(x) + «(y) are linearly independent
vectors of W’. Comparison of the coefficients yields y(x) = yyx4y (k) = yy (k).
Step 3. Let x and y be two elements of W with (x)y = (y)w. Then, y,(k) =
yy(k) for all k of K:
For, let z be an element of W such that z is not contained in (x)y = (y)w. Then,
by Step 2, for all k of K, we have:

Yx(X) =y (k) =y, (k).

Step 4. For an element 0 # x of W, set y(k) := y.(k) for all k of K. Then,

y(0) = 0:
For, let 0 # x be an element of W. We have 0 = «(0) = «(0x) = y(0)a(x).

Since a(x) # 0, we have y(0) = 0.
Step 5.y : K — K’ is a field automorphism:

(i) Letky and k, be two elements of K, and let O # x be an element of W. Then,

a((ky + ko)x) = a(ky x) + a(ky x)
= y(k1) a(x) + y(k2)a(x)
= (y(k1) + y(k2))a(x).

Furthermore, we have a((k; + k2)x) = y(k1 + ky)a(x). It follows that
y(ki + ko) = y(ki) + y (ko).
(ii) Let k;, k, be two elements of K, and let 0 # x be an element of W. We have
a((ky - ka)x) = y(ka(kax)
= y(k1) - y(ka)a(x).

Furthermore, we have a((ky - k2)x) = y(ky - kz) a(x). It follows that y (ky -
ka) =y (k1) -y (k2).

(iii) y : K — K’ is injective:
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For, let y(k1) = y(ky) for two elements k; and k, of K. Then, for any
element 0 # x of W, we have

a(kix) = y(k)a(x) = y(kr)a(x) = a(kyx).

It follows from the injectivity of « that kyx = k,x, thus, k; = k».
(iv) y : K — K’ is surjective:

Let k' be an element of K’ and let 0 # z be an element of W’. Since « is
surjective, there exist two points x and y of A with «(x) = zand «(y) = k'z.
Since 0, z and k'z are collinear, the points 0, x = o~ '(z) and y = a~'(k'z)
are collinear. It follows that y = kx for some element k of K.

We have k'z = a(y) = alkx) = y(k) a(x) = y(k) z. It follows that
yk) =k'. O

8.2 Theorem (Second Fundamental Theorem for Affine Spaces). Let A and A’
be two Desarguesian affine spaces, and let o : A — A’ be a parallelism-preserving
collineation. Then, there exists exactly one translation T : A’ — A’ and exactly
one parallelism-preserving collineation B : A — A’ induced by a semi-linear
transformation with B(0) = 0 such that o = tp.

Proof. By Theorem 7.17, A and A’ are two affine space over two vector spaces
W and W'. By Theorem 6.6, there exists exactly one parallelism-preserving
collineation B : A — A" with B(0) = 0 and exactly one translation 7 : A’ — A’
such that « = .

Finally, by Theorem 8.1, the collineation § is induced by a semi-linear transfor-
mation. O

8.3 Theorem (Second Fundamental Theorem for Projective Spaces). Let P and
P’ be two Desarguesian projective spaces, and let « : P — P’ be a collineation.
Then, « is induced by a semi-linear transformation.

Proof. By Theorem 7.18, P and P’ are two projective spaces over two vector spaces
V and V'. Let H and H’ be a hyperplane of P and a hyperplane of P’, and let
A ;= P\H and A’ := P'\ H’ be the affine spaces defined by P and H and by P’ and
H'. By Corollary 5.9, A and A’ are affine spaces over two vector spaces W and W'.
Let 0 = (vo) be the origin of A.

Let {vo} U {v; | i € I} be abasis of V such that {v; |i € I} is a basis of W. Let
up and u; (i € I) be vectors of V' such that (ug) = (a(vo)) and (u;) = (a(v;)) for
all i of I. Since « : P — P’ is a collineation, {ug} U {u; | i € I} is a basis of V
(Theorem 4.2 of Chap. II).

Let D : V — V' be the linear transformation defined by Dvy := ug and Dv; :=
u; for all i of I. Then, D induces a projective collineation § : P — P’.

For B:=8'aandfori =0, 1,...,d, we have B({vo)) = (vo) and B({v;)) =
(vi) foralli of I.

It follows that § is a collineation of P with 8(0) = 0 and B(H) = H. Thus,
B induces a parallelism-preserving collineation 84 : A — A with f4(0) = 0.
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By Theorem 8.1, there exists a semilinear transformation B : W — W with
accompanying automorphism y, inducing 4.

We define the transformation B’ : V — V as follows: Let v be an element of
V. Then, there exist an element k of K and an element w of W such that v =
kvo + w. Set

B'(v) = B'(kvg +w) := y(k)vg + B(w).

Then, B’ is a bijective semi-linear transformation with accompanying automor-
phism y inducing a collineation 8’ : P — P. By definition, we have 8’ |4 = B4,
that is, 8’ is the projective closure of B 4. It follows that 8’ = B.

Hence, o« := § f is the product of a projective collineation and a collineation
induced by a semi-linear transformation. In total, o is induced by a semilinear
transformation. O



Chapter 4
Polar Spaces and Polarities

1 Introduction

The present chapter is devoted to the study of the so-called polar spaces. They form
an important part of modern incidence geometry.

In Sect.2, polar spaces are introduced. Due to the famous Theorem of
Buekenhout and Shult [21], polar spaces can be endowed with a structure of
subspaces. The subspaces of polar spaces are projective spaces, although the polar
spaces themselves are not projective spaces.

The diagram of a polar space is the subject of Sect. 3.

If 7 is a polarity of a projective space P, a polar space S, is defined by m. The
connection between polarities and polar spaces is the subject of Sect. 4.

The algebraic description of polarities is the topic of Sect.5. It will be shown
that to any polarity there exists a reflexive sesquilinear form and vice versa. The
main result of Sect.5 is the Theorem of Birkhoff and von Neumann [7] stating
that every polarity is induced by a symmetric, anti-symmetric, hermitian or anti-
hermitian sesquilinear form.

Closely related to the sesquilinear forms are the pseudo-quadratic forms. Every
pseudo-quadratic form of a vector space V defines a pseudo-quadric in the corre-
sponding projective space P = P(V). The points and the lines of a pseudo-quadric
define a polar space. Pseudo-quadratic forms and pseudo-quadrics are investigated
in Sect. 6.

The third and last family of polar spaces is constructed in Sect.7 by using the
lines of a 3-dimensional projective space. A polar space of this kind is called a
Kleinian polar space.

The three families of polar spaces constructed in the present chapter all have
the property that the (projective) subspaces are Desarguesian. A substantial result
of Veldkamp [56] (for Char K # 2) and Tits [50] says that the converse is also
true, that is, every polar space with Desarguesian projective subspaces stems from a
polarity, a pseudo-quadric or a Kleinian polar space.

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics, 123
DOI 10.1007/978-3-642-20972-7_4, © Springer-Verlag Berlin Heidelberg 2011
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Finally, in Sect.8, we will present the Theorem of Buekenhout [17] and
Parmentier [37] characterizing polar spaces as linear spaces with polarities.

2 The Theorem of Buekenhout-Shult

Definition. Let I" be a geometry of rank 2 over the type set {point, line}.

(a) Two points of I are called collinear if they are on a common line.'
(b) T is called a partial linear space if I" fulfils the following two conditions:

(PL1) Any two points are incident with at most one line.
(PL;) Any line is incident with at least two points.

Definition. A generalized quadrangle is a set geometry Q of rank 2 over the type
set {point, line} satisfying the following conditions:

(V1) Any two points are incident with at most one line.

(V2) Let g be a line, and let x be a point which
is not on g. Then, there exists exactly one point
y on g such that x and y are on a common line.

(V3) Any line of @ is incident with at least two
points. Any point of Q is incident with at least
two lines. g

bk J

Definition. (a) A polar space is a set geometry S of rank 2 over the type set {point,
line} satisfying the following conditions.?

(Py) Let g be a line, and let x be a point not on g. Then, there exists either
exactly one point on g collinear with x, or all points of g are collinear with x.
(P,) Every line is incident with at least three points.

(b) If the geometry S satisfies condition (P;) and the weaker condition
(P’,) Every line is incident with at least two points,

the geometry S is called a generalized polar space.
(c) A (generalized) polar space S is called nondegenerate if S fulfils the following
additional condition:

(P3) For every point x of S, there exists a point y such that x and y are not
collinear.

(d) Let S be a (generalized) polar space. For a point x of S, we denote by x* (say
“x perp”) the set of points which are collinear with x.

In particular, a point x is collinear with itself.

2The letter S reminds us that polar spaces as defined above originally were defined by Buekenhout
and Shult [21] as Shult-spaces.
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(e) Let S be a (generalized) polar space, and let U be a set of points of S. U is
called a subspace of S if any two points of U are collinear and if every line of
S, containing at least two points of U is completely contained in U.

(f) A (generalized) polar space S is called of finite rank » if there exists a natural
number 7 such that for every chain @ # U; C U, C ... C U, of subspaces
Uy, ..., U, therelation r < n holds and if there is at least one chain of length
n. Otherwise, the polar space is called of infinite rank.

(g) A subspace U of S is called of finite rank » if there exists a natural number n
such that for every chain @ # U; C U, C ... C U, = U of proper subspaces
Uiy, ..., U, the relation r < n holds and if there is at least one chain of length
n. Otherwise, the subspace U is called of infinite rank. The empty set is by
definition a subspace of rank 0.

Note that in the literature subspaces are often called singular subspaces.

There is the following relation between partial linear spaces, generalized quad-
rangles and polar spaces: Every nondegenerate polar space S is a partial linear space,
that is, any two points of S are incident with at most one line (cf. Theorem 2.9).

Furthermore, the generalized quadrangles are exactly the generalized nondegen-
erate polar spaces of rank 2 (cf. Theorem 2.20).

2.1 Theorem. Let S be a polar space.

(a) The intersection of an arbitrary family of subspaces of S is a subspace.
(b) Let M be a maximal set of pairwise collinear points. Then, M is a subspace.

Proof. (a) Let (U;);es be a family of subspaces of S, and let x and y be two points
contained in U; for all i of I. Since U; is a subspace for all i of 7, the line xy
is contained in U; forall i of /.

(b) Let M be a maximal set of pairwise collinear points, and let g be a line,
containing two points x and y of M. Let z be a point on g distinct from x
and y. We shall show that z is collinear with all points of M :

For, let m be a point of M. If m lies on g, the
points m and z are collinear. If m does not lie on X
g, m is collinear with the points x and y. Hence, M

. . . . z
m is collinear with two points on g and therefore,
by Axiom (P;), collinear with all points on g. It
follows that m and z are collinear. y

g

If z were not contained in M, M U{z} would be a set of pairwise collinear points,
in contradiction to the maximality of M. It follows that M is a subspace. O

2.2 Theorem. Let S be a polar space. Every subspace of S is contained in a
maximal subspace of S.

Proof. Let U be a subspace of S, and let M := {W subspace of S | U C W} be the
set of subspaces of S containing U. Let (W;);e; be a chain in M. The set | J W is

i€l
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a subspace of S and thus an upper bound in M . By the Lemma of Zorn (Lemma 4.6
of Chap. 1), there is a maximal element in M . O

Definition. Let .S be a polar space. Let M be a set of pairwise collinear points of S,
and let
(M) :=nNU|U is a subspace of S containing M.

(M) is the smallest subspace of S containing M. It is called the subspace
generated by M.

2.3 Theorem. LetS be a polar space. Any set of pairwise collinear points generates
a subspace.

Proof. Let X be a set of pairwise collinear points. By the Lemma of Zorn
(Lemma 4.6 of Chap.1), X is contained in a maximal set of pairwise collinear
points. By Theorem 2.1 (b), X is contained in a subspace. Let U be the intersection
over all subspaces, containing X . Then, U is generated by X . O

For the investigation of polar spaces, the notion of a projective hyperplane is
very useful. The definition of a projective hyperplane is motivated by the following
property of a hyperplane H of a projective space P: Every line of P is either
contained in H or it has exactly one point in common with H.

Definition. Let S be a polar space, and let U be a subspace of S. A proper subspace
H of U is called a projective hyperplane of U if every line of U has at least one
point in common with H.

2.4 Theorem. Let S be a polar space, and let U be a subspace of S. If H is a
projective hyperplane of U, H is a maximal subspace of U.

Proof. The assertion follows as in Theorem 3.4 of Chap. 1. (Note that Theorem 3.4
of Chap. 1 deals with linear spaces, whereas U might contain pairs of points which
are contained in more than one line. This case is only excluded in Theorem2.9.) 0O

2.5 Theorem. Let S be a polar space, and let U be a subspace of S. Furthermore,
let p be a point of S that is not collinear with all points of U.

(a) The set U, := ptNU is aprojective <P UP>

hyperplane of U.

(b) If U is a maximal subspace of S, the
subspace (p, Up) is also a maximal
subspace of S.

(c) If U is a maximal subspace of S,
the subspace (p, U,) consists of the
points on the lines through p that
have at least one point in common
with U p.3

— o~
—p nU

3In this case, the line through p has exactly one point in common with U,.
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Proof. (a) We first shall show that U, = pL N U is a subspace: For, let x and y

(b)

be two points of U,. Since U is a subspace, the points x and y are collinear,
and there is a line g through x and y. Since p is not contained in U (otherwise,
p would be collinear with all points of U), p is not incident with g. Since the
points x and y are contained in Up, they are collinear with p. By Axiom (P;),
all points of g are collinear with p, it follows that g is contained in pL. In
summary, U, = pL N U is a subspace.

Let g be a line of U. Then, there exists a point x on g collinear with p. It
follows that x is contained in p N U. Hence, U p = pt N U is a projective
hyperplane of U.

By assumption, there exists a point z of U which is not collinear with p.

Step 1. We have U = (z, U,): By (a), U, is a projective hyperplane of U.
By Theorem 2.4, U, is a maximal subspace of U. Since z is not contained in
Up, it follows that U = (z, U,).

Step 2. The subspace (p, U,) is a max- W
imal subspace of S: Assume that (p, U,)
is not maximal. Let W be a subspace of S,
containing (p, U,) properly. Then, there U
exists in W a line g through p disjoint from *‘

U. Let x be a point on g collinear with the
point z.

Since x is contained in W, it follows that x is collinear with every point of U),.

By construction, x and z are collinear. It follows that the set {x, z} U U, consists
of pairwise collinear points. Hence, (x, z, U)) is a subspace of S containing the
subspace U = (z, U),) properly, in contradiction to the maximality of U.

()

By assumption, there exists a point z of U not collinear with p.

Step 1. Let W := (p, U,), and let W, := zt N W. Then, W, = U,: Let x
be a point of U, Since x is contained in U, it follows that x and z are collinear.
Hence, x is contained in z- N W = W.. It follows that U » s contained in W..

We shall see that W, is contained in U,: W U
Assume that there is a point x of W, \ U,. )
Since U, is a projective hyperplane of U and
hence a maximal subspace of U, it follows that
U =(z, Upy).

Since z and x are collinear, (z, x, U,) is a
subspace through (z, U,) = U, in contradic-
tion to the maximality of U.

Step 2. (p, U,) consists of the points on the lines through p which have at least

one point in common with U,: By (a), W, is a projective hyperplane of W. In view
of Step 1, we have U, = W,. Hence, U, is a projective hyperplane of W. It follows
that every line of W through p intersects the subspace U, in a point. O

The following lemma prepares the proof of Theorem 2.7.
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2.6 Lemma. Ler S be a polar space, and let p and q be two non-collinear points
of S. Let x be a point of p* N g that is collinear with all points of p* N q*. Then,
x is collinear with all points of p* and with all points of g*+.*

Proof. Step 1. The point x is collinear with all points of pL: Let a be a point of
pL. We need to show that x and a are collinear. Since x is contained in p~ N g+,
there exists a line g through p and x. Furthermore, since a is contained in p=, there
exists a line / through @ and p. If the point x is on the line 4, a and x are incident
with 4, hence, they are collinear.

b a
Assume that x is not incident with 4. Since ~ p h o
S is a polar space, there exists a point b on A,
collinear with ¢.> It follows that b is collinear
with p and ¢g. By assumption, b is collinear
with x as well.
Since x is collinear with the two points p
and b of h, x is collinear with all points on £,
in particular with a.

X q

Step 2. The point x is collinear with all points of g*: Due to the symmetry of p
and ¢, the proof of the assertion is identical to the proof of Step 1. O

2.7 Theorem. Let S be a nondegenerate polar space, and let p and q be two
non-collinear points of S. If p+ N q* contains at least two lines, p*+ N g+
nondegenerate polar space.

is a

Proof. We shall verify Axioms (P;) to (P3):
Verification of (P;): Let g be a line of p~ N gL, and let x be a point of p~ N g+
which is noton g.

Let & be a line through x intersecting g in p
a point y. We shall show that / is contained g
in ptNgt:

Since g is contained in pt N g+, the h
points of g are collinear with p and ¢. In X y
particular, the point y is collinear with p
and q. q

Furthermore, the point x of p N g~ is collinear with the points p and g. Therefore,
all points of / are collinear with p and g. It follows that / is contained in p~ N g*.

Verification of (P,): Since any line of S is incident with at least three points, any
line of p* N g* is incident with at least three points.

“In Theorem 2.7, we shall see that in nondegenerate polar spaces, there is no point of p- N g+
which is collinear with all points of p N g-.

3The point ¢ is not on h, since otherwise p and ¢ would be collinear, in contradiction to the
assumption.
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Verification of (P3): Assume that there is a point x of p~ N g+ which is collinear
with all points of p N g=+.

We shall show that the point x is collinear with all points of S, in contradiction to
(Ps). For, let a be an arbitrary point of S. If @ is contained in p or if a is contained
in qJ-, the points x and a are collinear by Lemma 2.6. Hence, we can assume that a
is neither collinear with p nor with q.

Since x is contained in p-Ng=, there exists P
a line g through x and p and a line 4 through
x and ¢. Since a and p are non-collinear, the 1
point a is not on g. It follows that there exists b
a point b on g such that a and b are joined
by a line /. If b = x, the points x and a are
collinear, and the assertion is shown. Thus, we
can assume that x # b. °

The points b and ¢ are non-collinear since, X q h
otherwise, ¢ would be collinear with the points x and b on g. This would imply
that g is collinear with all points of g, in particular with p, in contradiction to the
assumption.

Step 1. The point x is collinear with all points of g N b~ For, let w be a point
of g+ N bL. In particular, the point w is contained in g*. By Lemma 2.6, the point
x is collinear with all points of g=. In particular, x and w are collinear.

Step 2. The points x and a are collinear: By Step 1, x is collinear with all points
of g+ N b+. By Lemma 2.6, the point x is collinear with all points of 5. Since a
and b are collinear, the points x and a are collinear.

Since a is an arbitrary point of S, it follows that x is collinear with all points of S,
in contradiction to Axiom (P3).

It remains to show that p- N ¢ is a geometry: For, let g be a line contained in
pLtNgL. Let x be apoint of pNg=L. If x is incident with g, then {x, g} is a chamber
through x. If x is not incident with g, there exists a line /2 through x intersecting g in
a point. Above (Verification of (P})), we have seen that / is contained in p* N g*.
Hence, x is contained in the chamber {x, 4}. Obviously, every line of p* N g is
contained in a chamber. O

[

g

2.8 Theorem. Let S be a nondegenerate polar space, let g be a line of S and let a
be a point on g. Then, there exists a point b outside of g such that b is collinear with
a, but not collinear with any further point on g.

Proof. Assume that there exists a point @ on g such that for any point b outside of g,
we have: If @ and b are collinear, b is collinear with at least one further point on g,
that is, b is collinear with all points of g.

For a point x of g \ {a}, let

I, :={ueS\ g |uis collinear with x, but with no further point on g}.

Step 1. Let x and y be two points of g \ {a}. For any two elements u of I, and
v of I1,, the points  and v are non-collinear:
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Otherwise, there are two points u of IT,
and v of I1, which are joined by a line /.

(i) We have h N g = @: Assume that
there exists a point z contained in v
hnNg If z # x,zis (besides x)
a second point on g collinear with z
u, in contradiction to u € II,. If
7=X, z # y is a second point on g,
collinear with v, in contradiction to the fact that v is contained in IT,.

).( a y g

(ii) No point on % is collinear with all points on g: |, z h Vv
Assume that there exists a point z on / collinear with «
all points on g. Then, z is collinear with the point y.
It follows that y is collinear with the points z and
v and therefore with all points of 4. Hence, u and
y are collinear, in contradiction to the fact that u is
contained in IT,.

(iii) We shall see that the assumption that there exists a S h Vv
line & through u and v, yields a contradiction: Since
the lines g and & are disjoint, the point a is not on
h. It follows that there exists a point s on # which is
collinear with a. By (ii), the point s is collinear with
a, but with no further point on g. This contradicts
our assumption with respect to a.

X a g y

Step 2. We shall see that our assumption at the beginning of our proof yields a
contradiction: For, let x be a point on g distinct from a. By Axiom (P3), there exists
a point v of S not collinear with x. It follows that there exists exactly one point y on
g collinear with v. We have y # a, since, otherwise, the point v would be collinear
with a, but with no further point on g, in contradiction to our assumption that no
such point exists.

Let u be a point of S that is not collinear with y. As above there is a point
x" € g\ {a} such that u is collinear with x’, but with no further point on g.

It follows that u is contained in IT,» and that v is v
contained in IT,. Let / be a line through x’ and u.
Since v and u are non-collinear (Step 1), there exists 1
exactly one point z on / (z # u) collinear with v.
If z is contained in IT,/, by Step 1, z and v would z
be non-collinear, a contradiction. It follows that z is
collinear with all points of g, in particular with the
pointa. ' g
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Hence, a is collinear with the points x” and z and therefore with all points on /.
It follows that a and u are collinear, a contradiction. O

2.9 Theorem. Let S be a nondegenerate polar space. Then, any two points of S are
incident with at most one line of S.

Proof. Assume that there exist two points a and b incident with two lines g and /.

Step 1. There is a point ¢ which is not
collinear with any point of g N &:

Since g # h, there exists a point x on g
or h not contained in g N /. W.lo.g., let x
be a point incident with g. By Theorem 2.8,
there exists a point ¢ of S which is not on
g and which is collinear with x, but with
no further point on g. In particular, ¢ is not
collinear with any point of g N &.

Step 2. On the line /, there exists exactly one point y collinear with c¢. The point
y is not incident with any line through ¢ and x.

Since ¢ is not on 4, there exists a point
y on h, collinear with c. If there were a
further point y’ on & collinear with ¢, ¢
would be collinear with two and hence
with all points on /. This is a contradiction
to the fact that ¢ is neither collinear with a
nor with b.

Assume that the point y is on a line /
through ¢ and x. Then, the points ¢ and b
would be collinear with x and y and hence
with all points on /, in particular with ¢, in
contradiction to the construction of c.

Step 3. The points x and y are collinear:
Since y is collinear with the points @ and b
on g, the point y is collinear with all points
on g, in particular with x.

Step 4. Let m be a line through x and
y. Then, the line m is contained in atn
ct: The points x and y are collinear with
a and c, it follows that all points of m are
collinear with a and ¢, that is, the line m is contained in a+ N ¢L.

Step 5. Let u be a point of a. If u is collinear with x or y, u is collinear with all
points on m: W.l.o.g., let  and x be collinear. Then, u is collinear with @ and x and
hence with all points on g. In particular, u and b are collinear. Thus, u is collinear

5Observe that the existence of the point x is due to the fact that polar spaces are by definition set
geometries.
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with a and b and hence with all points on /4. In particular, u and y are collinear.
Since u is collinear with x and y, u is collinear with all points on m.

Step 6. We shall see that the assumption that there are two lines g and 4 through
the points a and b, yields a contradiction:

Since the points a and ¢ are non-collinear, u
S = at netis, by Theorem 2.7, a nonde-
generate polar space. By Step 4, the line m is
contained in §’. By Theorem 2.8, there exists a
point u of " which is not on m such that u is

collinear with x, but with no further point of m. e m *
By Step 5, u is collinear with all points of m, X y
a contradiction. O

2.10 Theorem. Let S be a polar space, and let M be a maximal subspace of S.
Let H and H' be two projective hyperplanes of M. For every point x of H not
containedin H N H', we have H = (x, H N H').

Proof. Obviously, (x, HNH') is contained in H. Conversely, let z be a point of H.
Since H' is a projective hyperplane, the line zx meets H' in a point y. Since z and
x are contained in H, the point y is also contained in H, hence y is contained in
H N H'. It follows that
ze€xy C{x, HNH').
O

2.11 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x1 and x, be two points of S outside of M such that H) :=
x1t N M and Hy := x,* N M are two (distinct) projective hyperplanes of M. Let
x be a point of M outside of H) N H». Then, there exists a projective hyperplane of
M through Hy N H, and x.

Proof.

Step 1. By Theorem 2.5, the subspace M := (x;, H;) is a maximal subspace
of S. Since H; and H, are two different hyperplanes of M, there exists a point y;
of H| not contained in H; N H,. The line x, y; is disjoint to the subspace H; N H,.
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By Axiom (P;), there exists a point z on the line x;y; which is collinear with the
point x,. The points x; and z are different since, otherwise, we would have H, =
xtNM =z NnM = H,, a contradiction.

Step 2. Denote by g the line through z and x,. There is a point p on g which
is collinear with the point x. The point p is not contained in M : Assume that p is
contained in M . Then, the point p is contained in

(fnM)NnENM)=(utnM)n(xtNM)=H N H,.

This implies that the point x, is contained in the subspace M, since the line zp is
contained in M; a contradiction.

Step 3. The subspace H; N H, is contained in p~ N M, hence p~ N M is a
projective hyperplane of M through H; N H, and x: For, let r be a point of H; N H>.
Since r is collinear with the points z and x», the point r is collinear with all points
on the line g = x,z. In particular, r is collinear with p. O

2.12 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x be a point of M, and let g be a line of M such that x and g
are not incident. There exists a hyperplane H of M such that g is contained in H,
but x is not contained in H.

Proof. Let E := (x, g) be the sub-
space of M generated by x and g.

Let a and b be two arbitrary points
on g, and let & be the line of E
through the points ¢ and x. By
Theorem 2.8, there exists a point
x" of § which is collinear with the
point a but not with the point x.

Let H, := x’* N M. In view of Theorem 2.5, H| is a projective hyperplane of
M containing the point a but not the point x.

If the line g is contained in H|, the theorem is proven. So we may assume that the
line g meets the projective hyperplane H; in the point a. The line xb meets H, in a
point y. Since H N g = a, we have y # b. Since the point x is not contained in Hj,
we also have y # x. By Theorem 2.8, there is a point y’ of § which is collinear with
a but not with y (consider the line through @ and y). Let H, := y"+ N M. Since the
point y is contained in H; but not in H,, the hyperplanes H; and H, are different.
By Theorem 2.11, there exists a projective hyperplane H through H; N H; and the
point b. Since the point a is contained in H;N H;, the line g = ab is contained in H .

The point x is not contained in H: Assume on the contrary that x is contained in
H . Then, the line xb is contained in H, hence the point y is contained in H. Since
the point y is contained in H; but notin H; N Hy, it follows from Theorem 2.10 that

le(HlnHz, y)gH

Since H and H, are projective hyperplanes of M, it follows that H; = H in
contradiction to the fact that the point x is contained in H but not in H;. O



134 4 Polar Spaces and Polarities

2.13 Theorem. Let S be a nondegenerate polar space, and let M be a maximal
subspace of S. Let x be a point of M, and let g be a line of M such that x and g are
not incident. Let H be a projective hyperplane of S such that the line g is contained
in H, but the point x is not contained in H. If E := (x, g) is the subspace of M
generated by x and g, it follows that H N E = g.

Proof. Assume that there exists a
point y of H N E such that
y 1is not incident with g. By
Theorem 2.12, there exists a
projective hyperplane H; of M i
through g not containing y.

The point x is not contained in
Hi: Assume that x is contained in
Hi.Then, the plane E = (x, g)is E
contained in H;, implying that the
point y is contained in H; which
yields a contradiction.

Since the point y is contained in H but not in H,, we have H # H;. By
Theorem 2.11, there exists a projective hyperplane H, through H N H; and x.
Since the point x is contained in H, but neither in H or Hy, it follows that H, # H
and H, # H;. Since x and g are contained in H,, the whole plane E is contained
in H;, hence the point y is contained in H>. It follows from Theorem 2.10 that

H:(HnHls J’>:HZs
a contradiction. O

2.14 Theorem (Buekenhout). Let S be a nondegenerate polar space. Every sub-
space of S containing at least two lines is a projective space.

Proof. Let U be a subspace of S containing at least two lines. By Theorem 2.2, the
subspace U is contained in a maximal subspace M of S. We shall show that M is a
projective space.

Verification of (PS): By Theorem 2.9, every two points of M are incident with
exactly one line of M.

Verification of (PS»): Let p,a, b, x, y
be five points of M such that the lines ab
and xy intersect in the point p. We shall
show that the lines ax and by intersect
in a point: For, let £ be the plane of M
generated by the points p, a and x.

By Theorem 2.12, there exists a projective hyperplane H containing the line
ax but not the point p. By Theorem 2.13, we have H N E = ax. The line by is
not contained in H since, otherwise, H would contain the point p. Since H is a
projective hyperplane of M, the line by meets H in a point z. Obviously, the point z
is contained in the plane E. It follows that
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axNby=(HNE)Nby =EN(HNby) =z

Verification of (PS3): By assumption, M contains at least two lines and every
line of M contains at least three points. O

Remark. The Theorem of Buekenhout—Shult (Theorem 2.18) for polar spaces of
finite rank was proven in 1973 [21], whereas Theorem 2.14 was proven only in 1990
by Buekenhout [16] using the ideas of [21] and Teirlinck [48]. Independently, Theo-
rem 2.14 was also proven by Johnson [32] and Percsy [40] also using [21] and [48].

From now on, we will concentrate on polar spaces of finite rank.

2.15 Theorem. Let S be a nondegenerate polar space of finite rank. If U is a
subspace of S, there exists a maximal subspace of S disjoint to U.

Proof. By Theorem 2.2, there exists a maximal subspace M.If M N U = &, the
assertion is shown. Therefore, we may assume that M N U # &. In what follows
we shall construct a maximal subspace M’ such that M’ N U is a proper subspace
of M N U. Since S is of finite rank, it follows by successive application of this
construction that there is a maximal subspace disjoint to U.

Step 1. By Axiom (P3), there is a point z of M N U and a point p of S which are
non-collinear.

Step 2. Construction of the maximal subspace M’: By Theorem 2.5, the subspace
p*t N (M NU) is a projective hyperplane of M N U. Again by Theorem 2.5, the
subspace M’ := (p, p~ N M) is a maximal subspace of S.

Step 3. We have M = (p-N M, z): Since p~NM is
a projective hyperplane of M, by Theorem 2.4, pX N M %s
is a maximal subspace of M. Since p and z are non- M’ M
collinear, it follows that z is contained in M\ (p N M).
Hence, M = (p~ N M, z).
Step 4. M’ N U is contained in M N U:

Assume that there is a point x of M’ N U
which is not contained in M N U. Then, the
points of M N U, the points of p~ N M and
the point x are pairwise collinear: For, if a is
contained in M N U and b is contained in p~ N M,

a and b are contained in M, hence, they are p

collinear. 9
i M
pN"MnU

If a is contained in M N U, x and a are contained in U and therefore collinear.
If, finally, b is contained in pJ- N M, x and b both are contained in M’ and are
collinear.

Let W := (M NU, p* N M, x) be the subspace generated by M N U, p~ N M
and x. By construction, p* N M and the points x and z are contained in W. By
Step 3, it follows that M = (p* N M, z) is contained in W. Furthermore, x is a
pointin W whichis notin M. Hence, M is a proper subspace of W, in contradiction
to the maximality of M.




136 4 Polar Spaces and Polarities

Step 5. The subspace M’ N U is a proper subspace of M NU: By Step4, M'NU
is contained in M NU . Furthermore, by Step 1, the points z contained in M NU and
p are non-collinear. It follows that z is not contained in M’. In summary, M’ N U is
a proper subspace of M N U. O

2.16 Theorem. Let S be a nondegenerate polar space of finite rank, and let U
and W be two subspaces of S such that U is contained in W. Then, there exists a
maximal subspace M of S suchthat M N W = U.

Proof. We shall prove the assertion by induction on r := rank U. If U = &, the
assertion follows from Theorem 2.15.

r—1—r:LetU # @. By Theorem 2.5, U
contains a projective hyperplane H . Since rank
H < rankU — 1 = r — 1, by induction, there
exists a maximal subspace M’ such that M’ N
W =H.

Let p be a point of U\H. Then, by
Theorem 2.5, M := (p, p* N M’') is a
maximal subspace of S containing the subspace
U = (p, H).Itfollows that M NW containsU. M’ po\ M

It remains to show that M N W is contained
in U: For, let x be a point of M N . Since p and x are contained in W, there exists
the line g := px through p and x. By Theorem 2.5, M = (p, p N M’) consists
of the points on the lines through p which have at least one point in common with
pLt N M'. Since x is contained in M, there is a point a of p~ N M’ on g = px.
Since g = px is contained in W, the point a is contained in W'

Altogether, the point @ is contained in (p- N M)NW C M'NW = H.In
particular, a is contained in U . Since p is contained in U, it follows that g = pa is
contained in U. Since x is a point on g, the point x is contained in U . O

2.17 Theorem. Let S be a nondegenerate polar space of finite rank, and let U be
a subspace of S. There exist two maximal subspaces My and My such that U =
M; N M,.

Proof. By Theorem 2.2, there exists a maximal subspace M; of S through U. By
Theorem 2.16, there exists a maximal subspace M, with M| N M, = U. O

Definition. Let S be a polar space. For a subspace U of S, we denote by dim U the
dimension of U as a projective space.

As for projective geometries, for a subspace U of a polar space of finite rank, we
haverank U = dim U + 1.

2.18 Theorem (Buekenhout, Shult). Ler S be a nondegenerate polar space of
finite rank n.

7Choose U = U and M; = W.
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(a) Every maximal subspace of S containing at least two lines is an (n—1)-
dimensional projective space. In particular, every subspace of S is a projective
space of dimensiond with2 <d <n — 1.

(b) The intersection of any two subspaces is a subspace.

(c) Let U be a maximal subspace of S, and let p be a point of S outside of U. Then,
there exists a uniquely determined subspace W through p with dim(W NU) =
n — 2. Furthermore, the points of U collinear with p are exactly the points
of WNU.

(d) There are two disjoint maximal subspaces of S.

Proof. (a) Step 1. Every maximal subspace of S is a projective space: This assertion
follows from Theorem 2.14.

Step 2. There is a maximal subspace U of S with dim U = n — 1. For any
further (maximal) subspace W of S, we have: dim W < n — 1: The assertion
follows from the assumption that rank S = n.

Step 3. For any maximal subspace W of S, we have dimW = n — 1: By
Step 2, there exists a maximal subspace U of § with dim U = n — 1. Assume
that there is a maximal subspace W with dim W # n — 1. It follows from Step 2
thatdim W < n — 1.

(1) There is a point p contained in W\U: Otherwise, W is contained in U.
Since W is maximal, it follows that W = U, in contradictionton — 1 =
dmU =dim W <n —1.

(i) We have dim(W NU) < n—2: Otherwise, we have dim W > dim(p, W N
U)y=n-2+1=n-1

(iii)) There is a maximal subspace M such that dim M = n — 1 and such that
dim (W N M)>dm(WnNU):

Let U, = pl N U. Then, by
Theorem 2.5, U, is a projective
hyperplane of U. In particular, we
have dim U, = n — 2. Further-
more, M := (p, U ) is a maxi-
mal subspace withdimM = n—1.
Finally, M N W contains U N W:
For, let x be a point contained in
UNW.Then, x is contained in W.
In particular, x and p are collinear. Since x is contained in U, the point x
is contained in pt NU = Uy, <({p,U,) =M.

Since p is contained in M N W and since p is not containedin U N W,
the subspace U N W is properly contained in M N W.

(iv) We shall see that the assumption dim W < n —1 yields a contradiction: By
successive application of Step (iii), we obtain a sequence M, M,, ... of
maximal subspaces with dim M; = n — 1 and dim (W N M;) > dim(W N
M;_y).




138 4 Polar Spaces and Polarities

It follows that there exists an index 7 such that dim M, = n—1 and dim (W N
M,) = n — 2. It follows from dim W < n — 1 that W is contained in M,, in
contradiction to the maximality of W.
(b) The assertion follows from Theorem 2.1.
(c) Let U be a maximal subspace of S, and let p be a point of S outside of U.

(i) Existence of a subspace W through p with dim (W NU) = n —2: By (a),
we have dim U = n—1.By Theorem 2.5, pNU is a projective hyperplane
of U, that is, dim (p-NU) = n—2. Finally, by Theorem 2.5, the subspace
W := (p, p* N U) is maximal. It follows that dim W =n — 1.

(ii) Uniqueness of a subspace W through p with dim (W NU) = n — 2:
Let W := (p, p- N U), and let X be a further subspace through p with
dim (X NU) = n — 2. Since the points of X are collinear with p, it
follows that X N U is contained in p~NU. Since dim (X NU) =n—2 =
dim(ptNU), it follows that X NU = pLNU. Furthermore, the point p is
contained in X implying that the subspace W = (p, pTNU) is contained
in X. Due to the maximality of W, it follows that W = X.

(iii) By construction, we have UNW = p+NU. It follows that U N W consists
exactly of the points of U collinear with p.

(d) The assertion follows from Theorem 2.17 with U := @&. O

Tits [50] introduced polar spaces as geometries, fulfilling the properties (a) to
(d) of Theorem 2.18. Only by the Theorem of Buekenhout—Shult has the definition
of polar spaces assumed its current form. The Theorem of Buekenhout—Shult states
that a polar space in the sense of Buekenhout—Shult is a polar space in the sense of
Tits. The converse direction is the content of the following theorem.

2.19 Theorem. Let I' = (X, *, type) be a set geometry® of rank n over the type
set {point, line, ..., hyperplane®} fulfilling the following properties:

(i) Let H be a hyperplane of T'. Then, the residue |y is an (n — 1)-dimensional
projective space.
(ii) For any two subspaces U and W of T, the set U N W is a subspace.

(iii) Let H be a hyperplane, and let p be a point of I" outside of H. Then, there
exists exactly one hyperplane L of T through p withdim (H N L) =n—2. L
consists of all points of H which are collinear with p.

(iv) There are two disjoint hyperplanes of T'.

Then, the points and lines of I form a nondegenerate polar space.

Proof. Verification of (P;): Let g be a line, and let x be a point which is not on g.

8Remember that a set geometry is a geometry where all subspaces can be seen as subsets of the set
of points.

Note that we have two sorts of hyperplanes: A hyperplane of T is a subspace of type n — 1 of the

geometry I'. As indicated in Part (i), this hyperplane is a projective space. A projective hyperplane
is a hyperplane of this projective space, hence a subspace of type n — 2 of I'.
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First case. The point x and the line g are contained in a common hyperplane
H: Then, x and g are a point and a line in a projective space, it follows that x is
collinear with all points on g.

Second case. The point x and the line g are not contained in any common
hyperplane: Since I' is a geometry, g is contained in a chamber. In particular, g
is contained in a hyperplane H .

By assumption, x and g are not contained
in a common hyperplane, hence, x is not con-
tained in H. By assumption (iii), there exists a
hyperplane L through x with dim (H N L) =
n — 2. If g were contained in L, x and g would
be contained in the common hyperplane L, a
contradiction. Since H N L is a hyperplane of
H, the line g meets H N L in a point y. Since
the points x and y are contained in L, they are H
collinear.

Since, by assumption (iii), 4 N L consists of all points of H collinear with x,
the point y is the only point on g collinear with x.

Verification of (P): Let g be a line. Since I' is a geometry, g is contained in
a chamber and therefore in particular in a hyperplane H. Thus, g is a line of a
projective space. Therefore, g contains at least three points.

Verification of (P3): Let x be a point of I'. Since there are two disjoint
hyperplanes, there exists a hyperplane H not containing x. Let L be the hyperplane
of I' through x with dim (H N L) = n — 2. Since, by assumption (iii), L contains
all points of H that are collinear with x, for any point y of L\(H N L), it holds that
x and y are non-collinear. O

HnNL

We conclude this section by proving the following relation between polar spaces of
rank 2 and generalized quadrangles.

2.20 Theorem. The generalized quadrangles are exactly the generalized nonde-
generate polar spaces of rank 2.

Proof. Step 1. Let Q be a generalized quadrangle. We shall show that Q is a
generalized nondegenerate polar space of rank 2:

Axiom (Py) follows from Axiom (V5).
Axiom (P,) follows from Axiom (V3).

Verification of (P3;): Let x be a point of Q. By
Axiom (V3), there is a line g through x. Since there h
are at least two points on g, there exists a point y on
g different from x. Since there are at least two lines
through y, there is a line & through y different from g. g y

By Axiom (V7), the point x is not on /. Let z be a point on /4 distinct from y.
Since y is the only point on / collinear with x, the points x and z are non-collinear.
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Altogether, Q is a generalized nondegenerate polar space. Since there are no non-
incident point-line pairs (x, g) such that p is collinear with all points on g, it follows
that @ is of rank 2.

Step 2. Conversely, let S be a generalized nondegenerate polar space of rank 2.
We shall show that S is a generalized quadrangle:

Axiom (V) follows from Theorem 2.9.

Verification of (13): Let g be a line, and let x be a point outside of g. By Axiom
(P1), x is collinear with exactly one or with all points of g. Assume that x is
collinear with all points of g. Then, by Theorem 2.1, x and g would generate a
plane, in contradiction to rank § = 2.

Verification of (V3): By Axiom (P’;), on every line, there are at least two points.
Let x be a point of S. Since S is of rank 2, there is at least one line g in S.

First case. The point x is not on g: Then, there exists a line 4 through x
intersecting g in exactly one point y. By (P3), there exists a point z that is non-
collinear with y. It follows that z is not on A, and there is a line / through z
intersecting the line g in a point @ # y. If x were on /, the point x would be
collinear with two points of g, namely a and y, a contradiction.

Since the point x is not incident with the line /, y g a
there exists a line m through x intersecting the line /
in a point . Assuming m = h the point b would be
incident with the two lines & and [ which intersect
the line g in the points y and a. Hence, b would be j
collinear with two points of g, a contradiction. ¢z
It follows that x is incident with the two lines m
and h.

X m b
Second case. The point x is on g: By Axiom (P3), there exists a point y which

is non-collinear with x. Let & be a line through y intersecting the line g in a point
z. If z = x, x is incident with the two lines g and /4. Otherwise, 4 is a line which is
not incident with x, and we can apply Case 1. O

3 The Diagram of a Polar Space

The idea of the diagram of a geometry is to summarize classes of rank-2-geometries
in a pictogram. The diagram of a geometry of rank n > 3 is determined by the
diagrams of its rank-2-residues (Sect. 7 of Chap. 1).

In Sect.7 of Chap. 1, we have already introduced some diagrams of rank-2-
geometries. In the present section, we shall introduce the following diagrams for
generalized quadrangles and for the 4-gon (geometry of the ordinary quadrangle):

O—OorO—+ 0

Altogether we obtain the following list of diagrams of rank-2-geometries:
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Rank-2-geometry Diagram

X
Arbitrary rank-2-geometry o——=O
Generalized digon O O

L
Linear space o—=O

Af
Affine plane o—=O
Projective plane or 3-gon Oo——=0
4

Generalized quadrangle or 4-gon O—C0orO—O0O

3.1 Theorem. Let S be a nondegenerate polar space of rank n > 3. Then, for any
point p of S, the residue S, is a nondegenerate polar space of rank n—1.

Proof. Verification of (P;): Let E

be a line of S, (that is, a plane of X

S through p), and let g be a point X

of S, not on E (that is, a line of g

S through p notin E). Let & be a E
p

line of S in £ which is not incident
with p, and let x be a point of S on g distinct from p.

First case. The point x is collinear with all points on /: Then, the set {z € § |
z € h} U {x} U {p} consists of pairwise collinear points. By Theorem 2.1, this set
is contained in a common subspace. Therefore, in S, every point of E is collinear
with g.

Second case. The point x is collinear with exactly one point on /: Let z be this
point. Then, the line pz of S is the only point of §,, on E collinear with g.

Verification of (P,): Let E be aline of §,. In S, E is a plane through p. Since E
is a projective plane, there are at least three lines of S through p in E. These three
lines are three points on £ in S ,.

Verification of (P3): Let g be a point of S,
that is, a line of S through p. By Theorem 2.8,
there exists a point x of S such that x is
collinear with p, but non-collinear with any
further point of g. Let &7 := px be the line X h
through x and p. p

Since the lines g and /4 are not contained in a common plane, the points g and 4 of
S, are not collinear in S . O

We recall that, for a geometry I with a linear diagram, we always denote the types
of I" by point, line, plane, . . ., hyperplane.

3.2 Theorem. Let S be a nondegenerate polar space of rank n > 2, and let I be
the geometry defined by the subspaces of S.
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(a)
(b)
(c)
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I is a set geometry.
I' is residually connected.
I" has the diagram

O—O— OO O——O=—=0

Proof. (a) is obvious.

(b)

©)

We shall prove the assertion by induction on .
Step 1. Let n = 2. We need to show that generalized quadrangles are
connected. For, let a and b be two elements of a generalized quadrangle. We
exemplarily consider the case that a and b are two points. By Axiom (V3), the
point b is incident with a line g.
If the point a is on g, a-g-b is a path from a g
to b. b
Otherwise, by Axiom (V>), there exists a line
h through « intersecting g in a point c. It follows
that a-h-c-g-b is a path from a to b. . T

Step 2. Letn > 3. Let F be a flag such that the residue I'r is of rank at least
2. Let U and V be two elements of I'f.

First case. The flag I contains a point x. Then, the elements U and V are
contained in the residue I'y. By Theorem 3.1, the residue I’ is a polar space
of rank n—1. By induction, I', is residually connected, hence, in I'r, there is a
path from U to V.

Second case. The flag I contains a hyperplane H . Since H is a projective
space, by Theorem 7.9 of Chap. 1, I'g is residually connected, hence there is a
pathfrom U to V in I'fr.

Third case. The flag F' neither contains a point nor a hyperplane. Then, U
and V' are either two points or two hyperplanes or a point and a hyperplane. Let
W be an arbitrary element of F.

If U and V are two points, let H be a hyperplane of I' contained in I'r. It
follows that the subspace W is incident with U, V and H. Hence, U and V' are
contained in H, it follows that U-H-V is a path from U to V in ['f.

If U and V are two hyperplanes, let x be a point of I contained in I'r. It
follows that the subspace W is incident with U, V' and x. Hence, x is contained
in U and V, it follows that U-x-V is a path from U to V in I'f.

If U and V are a point x and a hyperplane H, it follows that the subspace
W is incident with x and H. Thus, x and H are incident, that is, x- H is a path
from U to V in ['f.

Again, we shall prove the assertion by induction on n.
Step 1. Let n = 2. By Theorem 2.20, I' is a generalized quadrangle. By
definition, it has the diagram

O:C)
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Step 2. Let n > 3. We shall apply Theorem 7.5 of Chap. 1: Let x be a point
of I'. Then, by Theorem 3.1, the residue Iy is a polar space. By induction, I'y
has the diagram

O—O0——0O- O——O0=——=0

Let H be a hyperplane of I'. Then, the residue ['y is an (n—1)-dimensional
projective space and has, by Theorem 7.6 of Chap. 1, the diagram

O—O0 O———O e O—0

If Fisaflagof type {1, 2,...,n —2}, the residue I'r consists of points and
hyperplanes such that every point is incident with every hyperplane, it follows
that I'r has the diagram

©) ©)

It follows from Theorem 7.5 of Chap. 1 that I' has the diagram

O—0—0—0—-0——0=—=0

O

By Theorem 7.15 of Chap. 1, every residually connected geometry I" with the
diagram
O O O O--mmmmmee o0——=oO
and the property that on each line of I, there are at least three points, is a projective
geometry.
For polar spaces, one could guess that every residually connected geometry with
the diagram

O O

0
?

and the property that on each line of I', there are at least three points, is a polar
space. In fact, the situation for polar spaces is more complicated: There exists a
geometry I with diagram

O—O:O

such that on each line of I', there are at least three points, whose points and lines do
not form a polar space (Theorem 3.11).
In order to obtain a polar space from a geometry I with diagram

O—O0—0—0--0——0=—=0
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two further conditions are necessary. This fact motivates the following definition of

a polar geometry.

Definition. Let I' = (X, *, type) be a residually connected geometry of rank
n > 2 with the diagram

O—0—0—0—-0——0=—=0

Then, I is called a polar geometry of rank » if I" fulfils the following conditions:
(PoG;) Any two points of I" are incident with at most one line.
(PoGy) For any two elements U and V of I with U # V', we have:
{x pointof T | x * U} # {x pointof ' | x * V}.

(PoG3) Any line of T is incident with at least three points.

3.3 Theorem. Let S be a nondegenerate polar space of rank n. Then, the subspaces
of S together with the incidence relation induced by S form a polar geometry ' of
rank n.

Proof. By Theorem 3.2, I defines a residually connected geometry with the
diagram

o0—O—O0—-0O-0—-O0=—=0

The properties (PoG;) and (PoGs;) follow of Theorem 2.9 and from Axiom (P),
respectively.
Property (PoG) follows from the fact that I is a set geometry. O

3.4 Theorem. Let I' = (X, *, type) be a polar geometry of rank n > 3, and let p
be a point of . Then, the residue I, is a polar geometry of rank n—1.

Proof. Since T' is residually connected, I', is residually connected as well.
By Theorem 7.5 of Chap. 1, the geometry I', has the diagram

O—0—0—0—-0——0=—=0

Verification of (PoG): Let g and /& be two points of I, that is, two lines of I"
through p. Assume that there are two planes £ and F through g and 4. Since I has
the diagram

O—O— OO O——O=—=0

E and F are projective planes.
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By (PoGy), there exists a point x in E, not
contained in F.!° Let 1be a line of E through x X
which is not incident with p. Since E is a pro-
jective plane, the two lines / and g meet in a a
point a, and the two lines / and 4 meet in a point
b. In the (projective) plane F there is a line m .4
through the two points a and b. Since the point p b
x is on the line /, but not in the plane F, we 1
have [ # m.

¢

F

Hence, the points a and b are incident with two distinct lines / and m, in
contradiction to (PoG).

Verification of (PoG;): Let U and V be two subspaces of I',, that is, two
subspaces of I" through p. By assumption (PoG,), there exists a point x in U not
contained in V. Since U is a projective space, there exists a line g in U through p
and x. Since x is not contained in V, the line g is not contained in V. Thus, g is a
point of I',, contained in U, but notin V.

Verification of (PoGs): The assertion follows from the fact that in a projective
plane, any point is incident with at least three lines. O

3.5 Theorem. Let I' = (X, *, type) be a polar geometry of rank n > 2.

(a) The points and lines of T" form a nondegenerate polar space S.
(b) The subspaces of S correspond to the elements of T'.

Proof. We shall prove the assertions (a) and (b) by induction on .

For n = 2, the assertion follows from the definition of the diagram Oo——=0.
Letn > 3.

Step 1. Let H be a hyperplane of I'. Then, the residue I'y is an (n—1)-
dimensional projective space: By Theorem 7.5 of Chap.1, I'y is a residually
connected geometry with the diagram

O—O0— OO0 O—O0

By Theorem 7.15 of Chap. 1, I'y is an (n—1)- H
dimensional projective space.

Step 2. Let x be a point of IT", and let H
be a hyperplane of I', not containing x. Then,

there exists a hyperplane L and an (n—2)- L
dimensional subspace U of I' such that x is
contained in L and such that U is contained in
L andin H:
By Theorem 7.10 of Chap. 1, there exists a path from x to H where all nodes
except the first node is of type n—2 or n—1. Let W : x = X, X1, Xo, ..., X, =

H be such a path of minimal length with dim X; = »n — 1. We shall show that
r=3:

190r a point which is in F but not in E.
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Assume that r > 3. Since W is a path
of minimal length, the subpath x = X,
X1, X2, X3, X4, X5 is a path of minimal
length from x to X5. Set H; := X, H, :=
X3, H3 = X5, U1 = Xz and U2 = X4.
Then, H;, H, and Hj; are hyperplanes,
and U; and U, are subspaces of
dimension n—2.

Since U; and U, both are incident with H; and since H» is an (n—1)-dimensional
projective space (in view of Step 1), it follows that

dim (U, N U;) = dim U, + dim U, —dim(U;, U,)
=n—-24n—-2—-m—-1)=n-3=>0.

It follows that there exists a point y in U; N U,. Since the points x and y both
are contained in the hyperplane H|, there exists a line g through x and y. By
Theorem 3.4, the residue I’y is a polar geometry of rank n—1. It follows that the
points and lines of I') define a polar space §, whose subspaces are by induction
(Part (b)) exactly the subspaces of T'.

In §,, g is a point and Hj; is a hyperplane. By Theorem 2.5, there exists in S,
a hyperplane L through g such that L N Hj is a hyperplane of H3.'' In T, L is a
hyperplane through g = xy such that dim (L N H3) = n — 2. It follows that x-L-
L N H;-Hs; is a path of length 3 from x to H3, in contradiction to the minimality of
the pathx = Xo-X1-X2-X3-X4-X5 = H;.

Step 3. Let x be a point of I', and let g be a line of I" not incident with x.
There exists at least one point on g collinear with x: If x and g are in a common
hyperplane, x is collinear with all points on g. Therefore, we may assume that x
and g are not contained in a common hyperplane.

Let H be a hyperplane of I' through g. By H
Step 2, there exists a hyperplane L and an (n—2)-
dimensional subspace U of T" such that x is con-
tained in L and such that U is contained in L and
in H. L

Since U is a hyperplane of H, the line g meets
U in a point y.!? In L, there exist a line through x
and y.

U

Choose L := (g, g+ N Hs).
12The line g is not contained in U since otherwise x and g would be contained in the hyperplane L.
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Step 4. Let x be a point of I', and let g be a line of I" not incident with x. Let a
and b be two points on g collinear with x. Then, the point x and the line g are
contained in a common plane of I":

Let E be a plane through g. W.l.o.g., we may suppose that x is a point outside of
E. By assumption, there exist a line /2 through x and a and a line / through x and b.
In Iy, i is a point and E is a line not containing /.

Since the points and lines of the residue
I', form by induction a polar space, there
existsin I, aline F, through & intersecting
the line E in a point A’. In T, the line F,
is a plane through 4 which has a line /'
in common with the plane E. Similarly,
there exists a plane Fj through the line /
intersecting the plane E in a line /.

Since the lines 4’ and !’ both are contained in the (projective) plane E, they meet
in a point s. Since the points x and s both are in the planes F, and Fj, there exists a
line m, in F, and a line m; in Fj through x and s. By assumption (PoGy), through
any two points of I" there is at most one line, it follows that m := m, = my, that is,
the two planes F, and Fj have the line m in common.

In the residue Ty, the point m is joined with the point 4’ by the line F,, and the
point m is joined with the point [’ by the line Fj. Since I’y is by induction a polar
space, there exists a subspace V' in Iy through the points m, i’ and I’.'* In T, V is
either a 2-dimensional or a 3-dimensional subspace through the lines m, &’ and /’.
In particular, the point x and the line g are contained in V.!* It follows that the point
x and the line g are contained in a common plane.

Step 5. Verification of (P;): Let x be a point of ', and let g be a line of I" not
containing x. By Step 3, there exists at least one point on g collinear with x. By
Step 4, x is either collinear with exactly one or with all points on g.

Step 6. Verification of (P,): Axiom (P,) follows from Axiom (PoG3).

Step 7. Verification of (P3): Let x be a point of I'. Let g be a line through
x, and let p be a point on g different from x. By induction, the residue I', is a
nondegenerate polar space. It follows that there exists in I', a point /& such that
g and h are two non-collinear points. In I', g and & are two lines through p not
contained in any common plane.

Let y be a point on £ distinct from p. Assume that x and y are collinear.

13More precisely, the points and lines of Ty define a polar space S. In S, there exists a subspace V/
through the points m, 4’ and I’. By induction (applied on Part (b)), V is a subspace of T.

4The point x is on m, hence it is contained in V. By (P0G ), there exists at most one line through
the points ¢ and b. The line through a and b in V' is therefore the line g.
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Then, the point x is collinear with the two
points p and y on &, and by Step 4, x and h are
contained in a common plane E.

By (PoGy), the line g = pux is contained in the (projective) plane E. This
contradicts the fact that the lines g and / are not contained in any common plane. It
follows that x and y are non-collinear.

Step 8. Verification of (b): By Steps 5 to 7, the points and lines of I" form a polar
space S of rank n. For a subspace V of T', we denote by V' the set of points incident
with V (if V is a point, set V' := V). We shall show that to every subspace U of S
there is an element V of I such that U = V', and conversely that to every subspace
V of T, the set V' is a subspace of S. Note that it follows from (PoG,) that for any
two subspaces V, W of ' with V' # W, we have V' # W',

(i) Let E be a plane of S. There exists a subspace F of I' such that E = F’: For,
let x be a point of E and let g be a line of E which is not incident with x. By
Step 4, there exists a plane F of T" through x and g. Since E and F’ are two
projective planes through x and g, it follows from (PoGy) that E = F’.

(ii) Let F be a plane of T". Then, F’ is a plane of S: Since F is a projective plane
consisting of points and lines of S, it follows that F' is a plane of S.

(iii) Let U be a subspace of S. There exists a subspace V of I such that U = V':
Let x be a point of U. It follows from (i) and (ii) that the points and lines of
T\ (lines and planes of I" through x) are the points and lines of the polar space
S.. By induction, there exists a subspace V of T, such that U = V' (in S,). It
follows that U = V' in S.
(iv) Let V be asubspace of I'. Then, V' is a subspace of S: In Ty, V" is by induction
a subspace of S.. It follows that V' is a subspace of S.
O

In order to construct a geometry I (the so-called Neumaier-geometry) with the
diagram

O O——==0

which is not a polar space, we first shall introduce the construction of the smallest
generalized quadrangle. Afterwards, we shall prove some results about the projec-
tive plane of order 2. The construction of the Neumaier-geometry will be the subject
of Theorem 3.11.

3.6 Theorem. Let M := {1, 2, 3, 4, 5, 6}, and let " be the geometry of rank 2
defined as follows:

(i) The points of I are the subsets of M with exactly two elements.
(ii) The lines of T are the partitions of M consisting of three subsets of M each
with two elements.
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(iii) A point {x,y} of T is on a line {{a,b}, {c,d}, {e, f}} of T if {x,y} is
contained in the set {{a, b}, {c,d}, {e, f}}.

I" is a generalized quadrangle. On any line of T, there are exactly three points.
Through any point of T', there are exactly three lines. I" has 15 points and 15 lines.

Proof. Obviously, there are exactly three points on any line of I' and through any
point of I' there are exactly three lines. Furthermore, I' has exactly 15 points and
15 lines.

Let {a, b} be a point of T, and let g be a line of " which is not incident with x.
Then, g is of the form {{a, c}, {b,d}, {e, f}} with {a, b, ¢, d, e, f}={1, 2, 3, 4,
5, 6}. The line {{a, b}, {c,d}, {e, f}} is the only line through x = {a, b}
intersecting g in a point, namely in the point {e, f'}. O

3.7 Lemma. Every projective plane of order 2 is Desarguesian.

Proof. Let K be the field of two elements, and let V be the 3-dimensional
vector space over K. Since every 2-dimensional subspace of V has exactly three
1-dimensional subspaces, the projective plane PG(2, K) is a finite projective plane
of order 2. Since, by Theorem 8.7 of Chap. 1, there is exactly one projective plane
of order 2 (up to isomorphism), any projective plane of order 2 is Desarguesian. 0O

3.8 Lemma. Let P be the projective plane of order 2, and let G be the full
automorphism group of P.

(a) The group G consists of 168 elements.
(b) The group G is generated by the elations" of P.

Proof. In view of Theorem 8.7 of Chap. 1, every projective plane of order 2 is of
the form

(a) Step 1. Let o be a collineation of P. The collineation « is uniquely determined
by its definition on three non-collinear points: For, let x;, x, and x3 be three
non-collinear points, and let @ and f be two collineations of P with «(x;) =
B(x;)fori =1,2,3. Wlo.g.,letx; =1, x = 3,and x3 = 7.16

I5Remember that an elation is a central collineation where the centre and the axis are incident.

16Since the automorphism group of P operates transitively on the frames of P (Theorem 4.6 of
Chap. 3), it is no restriction to choose x; = 1, x; = 3 and x3 = 7.
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(b)

If y := B~ la, it follows that y(1) = 1, y(3) = 3, and y(7) = 7. Hence
v(2) = 2, y(5) = 5, and y(6) = 6. Finally, it follows that y(4) = 4. It follows
fromy = id thata = B.

Step 2. The group G consists of 168 elements: In view of Step 1 and

Theorem 4.6 of Chap. 3, the number of elements of G equals the number of
ordered triangles of P. It follows that |G| = 7 x 6 x 4 = 168.
We shall show that every collineation « of P is the product of at most three
elations: Let x;, x, and x3 be three non-collinear points of P, and let y; :=
a(x;) fori = 1,2, 3. In view of Step 1 of the proof of Part (a), it suffices to
construct three elations oy, 0, and o3 such that o3(03(01(x;))) = y; fori =1,
2,3.

Step 1. Construction of the first elation oy:

If x; = yp, letoy ;= id.

If x; # y1, let z; be the third point on the line x;y;. Let 1 be a line through
z; different from the line x; y;, and let o; be the elation with centre z; and axis
[ such that oy (x;) = y;."7 Let x’5 := 07(x7) and x'3 := 07(x3).

Step 2. Construction of the second elation 05:

If X'y = y;, let oy :=id. Yo

If x'» # y,, let 7, be the third point on the '

line x'5y,. Since the points x;, x, and x3 are e
non-collinear, the points y; = o1(x1), x'» =

01(x2) and x'3 = 01(x3) are also non-collinear. In o 1
particular, we have x' # yj. Zy 2

In addition, we have y; # y,. Hence, there is a line / through z, and y,
different from the line x’;y, (such a line also exists if y; = z,). Let 0, be the
elation with centre z, and axis / such that o, (x') = y,. We have 0, (07 (x;)) =
yi fori = 1,2. Let x5 := o5 (x'3).

Step 3. Construction of the third elation o3:

If x5 = y3, leto; :=id. y3
If x"3 # ys, let z3 be the third point on x"3
the line x”3y;. Since y; = oz(01(x1)), y» =

02(01(x2)). x"3 = 02(01(x3)) and y1, y», y3 are
two sets of non-collinear points, the lines x”3y3
and y| y, meet in a point zz # x”'3, ys. Z3 Y1 A

Let 03 be the elation with centre z3 and axis y;y, such that o3 (x”3) = y;. We

have 03(02(01(x;))) = y; fori =1,2,3. O

In the following, we shall denote by S, the symmetric group on n elements and by

Ay

the alternating group on n elements.

17This central collineation exists in view of Theorem 6.2 of Chap. 2 and Lemma 3.7.
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3.9 Lemma. Let P be the projective plane of order 2, and let G be the full
automorphism group of P. The group G is a subgroup of the group As.

Proof. Let o be an arbitrary elation of P with centre z and axis /.

With a suitable numbering, we have z = 1 and [ =
{1, 2, 3}.Hence o0 = (4 6)(57). Since o is the product
of two transpositions, o is an element of A;. Since G
is generated by elations (Lemma 3.8), G is a subgroup
of A7. O

3.10 Lemma. Let X := {1, 2, 3, 4, 5, 6, 7}.

(a) There are 30 distinct ways to endow the set X with lines (as subsets of
{1,2,3,4,5,6,7}) such that a projective plane of order 2 is constructed.

(b) Under the operation of the alternating group A7 the 30 planes constructed in
(a) split into two orbits each containing 15 planes.

Proof. (a) Let P be a projective plane with the pointset X = {1, 2, 3, 4, 5, 6, 7}
where the lines of P are subsets of X. Altogether, there exist |S;| = 7!
permutations on the set X. By Lemma 3.8, the full automorphism group of
P consists of 168 elements. It follows that there exist 7!/168 = 30 projective
planes of order 2 on the point set X (any two of them are isomorphic).

(b) Since the automorphism group of P is a subgroup of 47 (Lemma 3.9) and since
|S7 : A7] = 2, the 30 planes constructed in (a) split up into two orbits each
containing 15 planes under the operation of the group A. O

Definition. Let X := {1, 2, 3, 4, 5, 6, 7}, and let I" be the geometry defined as
follows:

(i) The points of I are the elements of X.
(i) The lines of I" are the subsets of X containing three elements.
(iii) The planes of I" are the 15 projective planes of an orbit under the operation of
the group A7 of Lemma 3.10.
(iv) A point x of X and a line g are incident if x is contained in g.
(v) Every point of I' and every plane of I" are incident.
(vi) Aline g of I' and a plane E of I" are incident if g is a line of E.

I" is called the Neumaier-geometry [35].
3.11 Theorem (Neumaier). Let I' be the Neumaier-geometry.

(a) T is a residually connected geometry with the diagram

O—C—>0
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(b) The geometry I' cannot be constructed as the set of the points, lines and planes
of a polar space of rank 3.

Proof. (a) Obviously, I' is a connected geometry.

Step 1. If E is a plane of I, the residue I'g is by construction a projective plane
of order 2. In particular, I'g is connected.

Step 2. If g is a line of I, the residue I'y is a generalized digon since already in
I", every point is incident with every plane. In particular, I, is connected.

Step 3. Let x be a point of I'. The residue I'y is a generalized quadrangle:

(i) For,let M := X \ {x}. Every point of Iy (that is, every line of I"
through x) is a subset of X of cardinality 3 containing x. Conversely,
every subset of X of cardinality 3 containing x is a point of I',. The
points of I', can be understood as the subsets of M = X \ {x} of
cardinality 2.

(ii) Let E be a line of I'y (that is, a
plane of I' through x). Then,
the three lines of E through x

define a partition of M.
M

(iii) Conversely, let {{a,b}, {c,d}, {e, f}} be a partition of M =
X \ {x}. Then, there are exactly two ways in which the lines
{x,a,b}, {x,c,d} and {x,e, f} can be continued to a projective
plane of order 2:

X a

Since the first plane can be transformed into the second plane by the
permutation (c, d), the two planes are in different orbits under the
group A7. It follows that only one the two planes is a plane of I'.
Therefore, the partitions of M = X \ {x} each consisting of three
subsets of cardinality 2 of M can be identified with the set of planes
of I through x, that is, with the set of lines of I'y.

(iv) By Theorem 3.6, I, is a generalized quadrangle. In particular, 'y is
connected.

(b) Any two points of I" are incident with five lines. In view of Theorem 2.9,
I" cannot stem from a polar space. O
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4 Polarities

In the present section, we shall investigate the polarities of a projective space and
show that every polarity defines a polar space (Theorem 4.7).
For that purpose, we need the notion of dual projective spaces.

Definition. Let P be a projective space, and let P* = (X*, *, type*) be the
geometry over the type set {point, line} defined as follows:

(i) The points of P* are the subspaces of P of codimension 1. The lines of P* are
the subspaces of P of codimension 2.
(ii) Two elements U and W of P* are incident in P* if they are incident in P.

P* is called the dual space of P.
4.1 Theorem. Let P be a projective space, and let P* be the dual space of P.

(a) The dual space P* of P is a projective space.
(b) We have dim(P*) = dim(P).
(c) Let P be of finite dimension d. For every subspace U of P, we have

dimp x (U) = d — 1 — dimp(U).

Proof. (a) We shall verify Axioms (PS) to (PS3).

Verification of (PS): Linearity: Since any two hyperplanes of P meet in
exactly one subspace of codimension 2, any two points of P* are incident with
exactly one line.

Verification of (PS;): Veblen-Young:
Let H,, H,, H,, Hy, and H, be five
distinct hyperplanes of P such that
H.NH, C H,and H,N H, C H, and
H.NH, #H, N H,.'8

Since H, N H, and H, N H), are both hyperplanes of H),, they meet in a subspace U
of H, of codimension 2, that is, in a subspace U of P of codimension 3. It follows
that there are two points r of H, N H, and s of H, N H}, such that

H, N H,=(U, ryand H, N H, = (U, s).

Hence, ((H, N H,), (Hy, N Hy)) = (U, r, s) is a subspace of codimension 1. It
follows that the lines H, N H, and H, N H, meet in P* in the point ((H, N H,),
(Hy N Hb))

Verification of (PS3): Let U be a subspace of P of codimension 2, and let g be
line of P disjoint to U. Let x, y and z be three different points on g. The subspaces

8The condition H, N H, # H,N H, says that in P*, the lines H, N H, and H, N H, are distinct.
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(U, x), (U, y) and (U, z) are three hyperplanes of P through U, that is, on every
line of P*, there are at least three points.
(b) and (c) are easy to verify. O

We shall turn to the study of dualities and polarities. Remember that a duality §
of a projective geometry P has been defined as an autocorrelation of P such that §
induces on the type set of P a permutation of order 2. A polarity of P is a duality of P
of order 2. We shall extend the definition of a duality and of a polarity to projective
spaces of arbitrary dimension:

Definition. Let P be a projective space, and let P* be the dual space of P.

(a) A collineation « : P — P* from P onto P* is called a duality of P.
(b) A polarity of P is a duality of P of order 2.

4.2 Theorem. Let P be a projective space, and let § be a bijective transformation
of the set of points of P onto the set of hyperplanes of P. The following conditions
are equivalent:

(i) The transformation § is a duality of P.
(ii) Three points x, y and z are collinear if and only if the hyperplanes §(x), §(y)
and 8(z) meet in a common subspace of codimension 2, that is, if

S(x)NS8(y) =38(y)Nd(z) =8(x)Né) =8(x)N3E(y)Nz).

Proof. The proof follows from the definition of a duality. O

4.3 Theorem. Let P be a d-dimensional projective space, and let § be a duality of
P. Then, for any subspace U of P, we have the relation dim §(U) = d —1—dim U.

Proof. By Theorem 7.5 of Chap. 1, P has the diagram

O—O0—0—0——-0—=0
0 1 d-1

By definition, a duality § induces a permutation §; of order 2 on the type set [ :=
{0, 1, ..., d — 1}. Since, by Theorem 2.3 of Chap. 2, §; fixes the diagram of P, it
follows that6;(j) =d —1—j,forj =0, ..., d — 1. O

4.4 Theorem. Let P be a projective space, and let § be a duality of P. For any
subspace U of P, we have

§(U) = () 8(x).

xeU

Proof. Let U be a subspace of P. Since § : P — P* is a collineation, the set
M := {5(x) | x € U} is a subspace of P*. It follows that

SU)=M = ((x)| x €U)ps=[)8(x).

xeU 0
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4.5 Theorem. Let P be a projective space, and let id # m be a bijective
transformation of the set of points into the set of hyperplanes of P. The following
two statements are equivalent:

(i) The transformation m is a polarity.
(ii) For any two points x and y of P, the relation “x € 7 (y)” implies the relation
A'(y e ﬂ(x) )!-

Proof. (i) = (ii): Let 7 be a polarity, and let x and y be two points of P such that x
is contained in 7(y). Let * be the incidence relation of the geometry defined by P.
Since 7 is a polarity, it follows from x*m(y) that 7 (x)* 7 (7 (y)). It follows from
7(w(y)) = n%(y) = y that w(x)* y, that is, y is contained in 7 (x).

(i1) = (i): Step 1. = is a duality: We shall apply Theorem 4.2:

(o) Let a, b and c¢ be three collinear points of P, and let x be a point of 7 (a) N
7(b). By assumption (ii), it follows that a and b are contained in 7 (x). Since 7 (x)
is a hyperplane of P, the line ab is contained in 7 (x), in particular, the point ¢ is
contained in 7 (x). Again by assumption (ii), it follows that x is contained in 7 (c).

Altogether, 7w (a) N () is contained in 7 (c). Due to the symmetry of the points
a, b and ¢, it follows that

w(a) Nw(b) =) Nm(c) = m(a) Nr(c).

Thus, (a) N w(b) N m(c) is a subspace of codimension 2 of P.
(B) Conversely, let a, b and ¢ be three points of P such that the subspace 7 (a) N
w(b) N m(c) is of codimension 2.

Let x be a point of 7(c) \ (7(a) N
7(h)N7(c)),and let¢’ ;= w(x)Nabbe (@)
the intersection point of the hyperplane
7 (x) with the line ab.

From (&) follows that 7w (a) N7 (b) is
contained in 7 (c’). Since ¢’ is contained
in 7(x), by assumption (ii), the point
x is contained in 7 (c’). It follows that
w(c") = (m(a) N7(h), x) = m(c).

n(b) n(a) N 1(b) N m(c)

Since 7 is bijective, it follows that ¢ = ¢’. In particular, the points a, b and ¢ are
collinear.

Step 2.  is of order 2: Let x be a point of P, and let y := 7?(x). Let z be a point
of 7 (x). Since m is a duality (Step 1), 7w(z) contains 7 (7 (x)) = y. It follows that
z is contained in 7(y). Since z is an arbitrary point of 7 (x), it follows that 7 (x) is
contained in 7 (y) and therefore 7 (x) = m(y). Since 7 is bijective, we have x = y,
hence, 7%(x) = x. Since, by assumption, id # 7, it follows that 7 is of the order 2.

O
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Definition. Let P be a projective space, and let = be a polarity of P.

(a) A point x of P is called absolute with respect to r if the point x is contained
in the hyperplane 7 (x).

(b) A subspace U of P is called absolute with respect to = if dim U < dim 7 (U)
and if U is contained in 7 (U).!

4.6 Theorem. Let P be a projective space, and let w be a polarity of P.

(a) If U is an absolute subspace of P, every point of U is absolute.
(b) Let x and y be two absolute points of P. Then, the line xy through x and y is
absolute if and only if y is contained in w(x).%°

Proof. (a) For any point z of U, we havez € U € n(U) C 7(2).
(b) (i) Let g := xy be an absolute line. By Theorem 4.4, we have y € g C
7(g) C m(x).

(i) Let x and y be two absolute points of P such that y is contained in 7 (x).
Since 7 is a polarity, the point x is contained in 7 (y). Since x and y are
absolute, it follows that x is contained in 7 (x) and that y is contained in
7 (y). It follows that g = xy is contained in 7 (x) N 7 (y).

Let z be a point on g different from x and y. Since 7 is a polarity,
it follows from Theorem 4.2 that w(x) N 7(y) < m(z). It follows that
7(g)=()n(z) 27 (x) N7 (y) 2 g.Hence, g is absolute. O

Z€¢
Remark. In general, the converse of Theorem 4.6 (a) is not true. There are polarities
7 such that all points of a line g are absolute, without g being absolute with respect
tom.

4.7 Theorem. Let P be a projective space, and let w be a polarity of P such that
there exists at least one absolute line with respect to w. The absolute points and the
absolute lines with respect to w define a polar space.

Proof. We shall verify Axioms (P;) and (P»):

Verification of (P;): Let g be an absolute line of P,
and let x be an absolute point of P not on g. Let y be ° y
an arbitrary point on g. By Theorem 4.6, the line xy
is absolute if and only if y is contained in 7 (x).

Since 7 (x) is a hyperplane of P, either the line g and the hyperplane 7 (x) meet
in a point, or g is contained in 7 (x).

19For an absolute subspace U of a d-dimensional projective space P, we always have dim U < 1/2
d—=1).

20Since 7 is a polarity, it follows that x is also contained in 7 (y).
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It follows that either there exists exactly one absolute line through x intersecting the
line g, or all lines through x intersecting the line g are absolute.

Verification of (P,): The fact that on every line, there are at least three points
follows from the fact that on every line of P, there are at least three points. O

Definition. Let P be a projective space, and let = be a polarity of P such that
there exists at least one absolute line with respect to 7. Furthermore, let S, be the
geometry over the type set {point, line} defined as follows:

(1) The points and lines of S, are exactly the absolute points and absolute lines
with respect to .
(i) A point and a line of S, are incident in S, if they are incident in P.

Sy is called the polar space defined by 7.

4.8 Theorem. Let P be a projective space, let w be a polarity of P, and let S, be
the polar space defined by . We have x* = m(x) N S, for all points x of S;.*!

Proof. By definition, we have

xt = {z €S, | x and z are collinear}

= {z € S; | x and z are joined by an absolute line} U {x}

={zeS,|zen(x)}U{x} (byTheorem 4.6)

=a(x)NS,.
|
Remark. Let P be a projective space, and let 7w be a polarity of P. Often, the notation
x1 := 7 (x) is used for all points x of P. In view of Theorem 4.8, this definition is

in accordance with the definition of x for a point x of the polar space S.

5 Sesquilinear Forms

Dualities can be described algebraically by so-called sesquilinear forms (cf.
Theorem 5.6). Polarities can be described algebraically by so-called reflexive
sesquilinear forms (cf. Theorem 5.7). In the present section, we shall investigate the
relation between dualities, polarities and sesquilinear forms.

In Sect. 6, we shall introduce pseudo-quadrics and pseudo-quadratic forms which
are strongly related to sesquilinear forms. We will follow the outline of Tits [50].
Since Tits considers vector spaces in [50] as right vector spaces and since we want
to make it easier for the reader to follow the exposition of Tits, all vector spaces in
the present chapter are right vector spaces.

2INote that 77 (x) is defined for all points of P, whereas x -

(absolute points of P).

is only defined for the points x of S,
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Definition. Let K be a skew field. A transformation o : K — K is called an anti-
automorphism if o fulfils the following two conditions:

(i) o is bijective.
(i) We have (A + ) = 0(A) + o(u) forall A, p of K.
(iii) We have 0 (Ap) = o(u)o(A) forall A, u of K.

5.1 Example. (a) If K is a commutative field, every automorphism is an anti-
automorphism.
(b) Let QO be the quaternion skew field, that is,

O={a+ib+jc+kd|a b c deR}

with i2 = j2 = k> = —landij = k, jk = i, ki = j. Then, the
transformation o : Q — Q with

ola+ib+ je+kd):=a—ib— jc—kd
is an anti-automorphism.

Definition. Let V be a right vector space over a skew field K, andleto : K — K
be an anti-automorphism.

(a) A o-sesquilinear form is a transformation f : V x V — K fulfilling the
following conditions:

(i) Wehave f(vi +va, wi +w2) = f(vi, wi) + f(vi, wa) + f(v2, wi) +
f(VZ, Wz) for all Vi, V2, Wi, Wa of V.
(i) Wehave f(vA, wp) =0a(A) f(v, w) pforall A, uof K and v, w of V.

(b) A o-sesquilinear form f : V x V — K is called nondegenerate if for any
vector 0 # v of V, there exists a vector w such that f(v, w) # 0 and if for any
vector 0 # w' of V, there exists a vector v/ such that f(v', w') # 0.

(¢) A o-sesquilinear form f : V x V — K is called a bilinear form if the field K
is commutative and 0 = id, thatis, f(v A, wu) = A f(a, b) npforall A, u
of K and all v, wof V.

(d) A bilinear form f : VxV — K is called symmetric if f(v, w) = f(w, v) for
allv, wof V.

Definition. Let P be a projective space over a right vector space V, and let P* be the
dual space of P.Let § : P — P* be aduality. Let f : VXV — K be a o-sesquilinear
form such that

S((v))y={weV]| f(v, w) =0} forallvof V.
Then, the duality § is called the duality of P induced by f'. It is denoted by § /.

5.2 Theorem. Let P be a d-dimensional projective space over a vector space V,
and let § be a duality of P. Furthermore, suppose that there exists a o-sesquilinear
form f VXV — K suchthat§ = 4.
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For any two points x = (v) and y = (w) of P, where 0 £ v, w are two elements
of 'V, the point y is contained in §(x) if and only if f(v, w) = 0.
Proof. The proof follows from the fact that §(x) = {w € V| f(v, w) = 0}. O
In Theorem 5.6, we shall see that there exists for any duality § a o-sesquilinear
form f such that § = § . For the proof of this assertion, we shall make use of the
following information about opposite fields and dual vector spaces:
Definition. Let K be a skew field. The opposite field K* of K is defined as follows:

(i) The elements of K* are the elements of K.
(i) The addition in K* is the addition in K.
(iii) For two elements A, u of K*, let A*u := u A. The operation * is the
multiplication in K*.

5.3 Theorem. Let K be a skew field. The opposite field K* of K is also a skew
field.

Proof. The proof is obvious. O

Definition. Let V be a right vector space over a skew field K. The dual right vector
space V* of V over the opposite field K* of K is defined as follows:
* The elements of V* are the linear transformations ¢ : V — K.

* For two elements @1, @, of V*, let (¢1 + @2)(v) := @1 (v) + @2 (v).
+ For an element ¢ of V* and an element A of K, let (pA)(v) := Ap(v).?

5.4 Theorem. Let V be a right vector space over a skew field K. Then, the dual
vector space V* of V is a right vector space over the opposite field K*.

Proof. The proof is obvious. Note that
(@A x ) (V) = Axe(v) = (LA)p(v) = n(Ag)(v) = uleA) () = (PA))(v),
hence ¢ (A * ) = (@ 1) u. O

5.5 Theorem. Let P be a projective space over a right vector space V. Let P* be
the dual space of P, and let V* be the dual space of V. Then, P* and P(V*) are
isomorphic.

Proof. Leta : P(V*) — P* be defined as follows: For an element 0 # ¢ of V*, set

a(p) := Kern ¢.

Step 1. « : P(V*) — P* is well-defined: For, let 0 # ¢ be an element of V*, and
let 0 # A be an element of K*. Set ¥ := @A. Obviously, ¢(v) = 0 if and only if
Y (v) = (p A)(v) = A ¢(v) = 0. Hence a(¢) = Kern ¢ = Kern ¥ = a ().

Step 2. « : P(V*) — P* is injective: For, let 0 # ¢ and 0 # ¥ be two elements
of V* with a(p) = Kern ¢ = Kern v = (). Let {vo} U{v; | i € I} bea

22Note that ¢(v) is an element of K. Hence, the expression A ¢(v) is well-defined.
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basis of V such that {v; | i € I} is a basis of Kern ¢ = Kern . It follows that
o(vi) =¥ (v;) =O0foralli of /. Since 0 # ¢ and 0 # ¥, we have ¢(vg) # 0, and
¥ (vo) # 0. Since ¢(vg) and ¥ (vo) are elements of K, there exists an element A of
K such that ¢(vo) = A ¥ (vo). It follows that ¥ A = ¢. Hence, (¢) = (V).

Step 3. « : P(V*) — P* is surjective: Let H be a hyperplane of P. There exists
a hyperplane W of V such that H = P(W). Let {vo} U {v; | i € I} be a basis of
V such that {v; | i € I} is a basis of W. Define the transformation ¢ : V — K by
©(vo) = L and ¢(v;) = O for all i of /. It follows that «(¢) = Kernp = W.

Step 4. a : P(V*) — P* is a collineation:

(i) Let (p), (¥) and (y) be three collinear elements of P(V*). W.Lo.g., there exist
two elements A and p of K such that ¢ = YA + yu. Let v be an element of
Kern ¥ N Kern y. It follows that

p(v) = (WA + () = WD) + () (v) = Ay (v) + ux(v) = 0.

Hence, Kern ¥ N Kerny € Kern ¢. It follows that a(¢), a(¥) and a(y) are
collinear in P*.
(i) Let a(p), a(y¥) and a(y) be three collinear elements of P*. W.Lo.g., let
Kern ¥ N Kern y be contained in Kern ¢. Let {vo} U {vi} U {v; | i € I} be
a basis of V such that {v; | i € I} is a basis of Kern ¥ N Kern y, such that
{vo} U{v; | i € I}is abasis of Kern ¢ and such that {v;} U {v; |i € I}isa
basis of Kern y.
Let b := ¥(vy) and ¢ := y(vo). It follows that b # 0 and ¢ # 0. Let
ay := ¢(vo), and let a; := ¢(v;). Finally, set A := a; b=' and p := ao ¢! It
follows that

WA + x)(vo) = (YA (vo) + (xi) (vo) = AY (vo) + x(vo) = 0+ p ¢ = ap = ¢(vo)
WA+ xw)(v) = AV + Gru)v) = A1) + pux(v) =Ab +0=a; = ¢(v1)
WA+ x)(v) = WA ) + () (vi) = A (vi) + uy(v;) = 0 for all i of L.

Hence, ¢ = YA + yu, thatis ¢, ¥ and y are collinear. O

5.6 Theorem. Let P be a projective space over a right vector space V, and let § be
a duality of P. There exists a o-sesquilinear form f : V xV — K inducing §, that
is, § = (Sf.

Proof. Let P* be the dual space of P, and let V* be the dual space of V. Note that, by
Theorem 5.4, the vector space V* is a right vector space over the opposite field K*.

By Theorem 5.5, P* and P(V*) are isomorphic. Since § : P(V) — P(V*) is a
collineation, it follows from Theorem 8.3 of Chap. 3 that there exists a semilinear
transformation A : V — V* with accompanying isomorphism ¢ : K — K*
inducing §. Obviously, o induces an anti-automorphism K — K which we also
denote by o.

Define the transformation f : Vx V — K by f(v, w) := (A(v))(w). Then, f
is a o-sesquilinear form:



5 Sesquilinear Forms 161

Let v, w, vi, v2, wy and w; be some arbitrary elements of V, and let A and p be
two elements of K. We have

SO+ va, wi+w2) = (A1 + v2)) (w1 + wa)
= (A(v1 +v2))(w1) + (A(v1 + v2))(w2)
= (A1) W1) + (A1) (1) + (A1) (w2) + (A(v2))(w2)
v=fi, wi) + f(v2, wi) + f(vi, w2) + f(v2, wa)
SOA, wi) = (A(WA)(wu)
= (A )W) p
((AW)a (L) (w)p
= o(M)(AV)(wW)u
=0o(A) f(v, wp.

Hence, f : Vx V — K is a o-sesquilinear form. O

In what follows, we shall investigate the relation between sesquilinear forms and
polarities.

Definition. Let V be a right vector space over a skew field K, and let f : VXV —
K be a nondegenerate o-sesquilinear form. f is called reflexive if for all elements
v, w of V, the relation

fr,w)y=0<% f(w,v)=0

holds.

5.7 Theorem. Let P be a projective space over a vector space V, and let § be a
duality of P. Furthermore, let f : VXV — K be a o-sesquilinear form such that
§=24y.

(a) § is a polarity if and only if f is reflexive.

(b) If § is a polarity, the o-sesquilinear form f is nondegenerate.

Proof. (a) Let § be a polarity, and let x = (v) and y = (w) be two points of P.
Then, we have

§ polarity & (x € §(y) & y € 8(x)) (Theorem 4.5)
S (fw,v)=0< f(v, w) =0) (Theorem 5.2)
& f isreflexive.

(b) Since § is induced by f, we have §((v)) ={w e V| f(v, w) = 0}.

Step 1. Let 0 # vy be a vector of V. Since 6({vo)) is a hyperplane, we have
{we V| f(vo, w) = 0} # P, hence, there exists a vector wy of V such that
S (o, wo) # 0.

Step 2. Let 0 # wy be a vector of V. In view of Step 1, there exists a vector
vo of V such that f(wp, vo) # 0. Since § is a polarity, f is reflexive, and it
follows that f(vo, wo) # 0.

From Steps 1 and 2, it follows that f is nondegenerate. O
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5.8 Theorem. Let V be a right vector space over a skew field K with d > 2, and
let f: VxV — K bea nondegenerate o-sesquilinear form. The following two
conditions are equivalent:

(i) f is reflexive.
(ii) There is an element 0 # ¢ of K such that

f(w, v) =0(f(v, w))eforall v, wof K.

Proof. (ii) = (i): Let f(v, w) = 0 for two vectors v, w of V. Then,

fw, v) =0(f(v, w))e =0(0)e =0.

It follows that f is reflexive.

(1) = (ii): Let f be reflexive. Since f is reflexive and since 0 : K — K is an
anti-automorphism, we have {w € V| f(v, w) = 0} = {w e V| o ' (f(w, v)) =
03}.

For an element 0 # vof V,let f, : V — K and g, : V — K be the
transformations f,(w) := f(v, w) and g,(w) := o~ '(f(w, v)). Obviously, f, is
a linear transformation. Since

gv(wd)

o (f(wA,v))

o (o) f(w, v)

o (f(w, v))o~ (o (R))
=07 (f(w, v)A

= g(w)h

gy is a linear transformation as well. Since f, and g, are both linear applications
from V into K and since Kern f, = Kern g, it follows that there exist elements y,
of K, such that g,(w) = vy, f,(w) forall wof V.

Let e, := o(y,). Then,

o N fw, v)) = go(w) =y, f,(w) =y, f(v, w)forall wof V.

It follows that f(w, v) = o(y, f(v, w)) = a(f(v, w)o(y,) = a(f(v, w))e,
for all w of V.

Let u, v be two elements of V. We need to show that ¢, = ¢,,.

First case. Let # and v be linearly independent. For an arbitrary vector w of V, we
have:

f(wv u—+ V) = O'(f(bt + v, W))su-i-v = O'(f(bt, W))gu-i-v + O-(f(vs W))gu-i-v-

At the same time we have

S, utv)=fw. )+ fw, v) = o(f(u, w)euw +0(f(v, w)e,.

It follows that
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U(f(u’ W))(8u+v - SM) = G(f(‘h W))(Sv - 8u+v)-

Since f is nondegenerate and since u and v are linearly independent, there exists
a vector w of V such that f(u, w) # 0and f(v, w) = 0. It follows that g,4, = &,.
Analogously, it follows that ¢,4, = ¢,, hence ¢, = ¢,.

Second case. Let # and v be linearly dependent. Since, by assumption, dim V >
2, there exists a vector w, linearly independent from « and v. By Case 1, it follows
thate, = ¢, = ¢,. O

5.9 Corollary. Let P be a projective space over a right vector space V, and let
be a polarity of P.

(a) There exists a reflexive o-sesquilinear form f such that 7 is induced by f, that

is, T =7y.
(b) There exists an element € of K such that f(w, v) = o(f(v, w))e for all v, w
of V.

(c) If f is a o-sesquilinear form inducing m, then f is reflexive and nondegenerate.

Proof. (a) follows from the Theorems 5.6 and 5.7.
(b) follows from Theorem 5.8.
(c) follows from Theorem 5.7. ]

Definition. Let V be a right vector space over a skew field K. A nondegenerate
o-sesquilinear form f : V x V — K is called (0, ¢)-hermitian if there exists an
element ¢ of K such that

fw, v) =a(f(v, w))eforall v, wof V.

By Theorem 5.8, for dim V > 2, every nondegenerate reflexive o-sesquilinear form
is (0, €)-hermitian and vice versa. In this sense, the notions reflexive and (o, ¢)-
hermitian are equivalent.

5.10 Theorem. Let V be a right vector space over a skew field K, and let | be a
(0, &)-hermitian sesquilinear form. Then, we have

(a) o(g) =g\,

(b) o*(e) =s.

(c) () =¢e A e ! forall X of K.

Proof. We shall prove Parts (a) to (c) in common. Let A be an element of K. Since

f is nondegenerate, there exist two elements v, w of V such that f(v, w) = A. It
follows that

A= f(v, w) =0o(f(w, v))e =o(o(f(v, w))e)e = o(e)o’(A)e, thatis,
A =o(e)o*(Me. *)

For A = 1, itfollows that 1 = o(¢)o?(1)e = o(¢)e, hence, o(¢) = £~ '. This proves
Part (a). Using o'(¢) = &, we obtain from equation (*):
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A= s_loz(k)s, that is,
o*(A) = ere™ .

This proves (b) and (c). O

Definition. Let V be a right vector space over a skew field K, and let f be a (o, ¢)-
hermitian sesquilinear form.

(a) f is called alternating if the following conditions are fulfilled:

(i) K isafield.
(i) We have f(w, v) = —f(v, w) for all v, w of V, that is, 0 = id and
e=—1.
(iii) We have f(v, v) = Oforall v of V.

(b) fis called symmetric if the following conditions are fulfilled:

(i) K is a field.
(ii)) We have f(w, v) = f(v, w) forall v, w of V, thatis,c = id ande = 1.

(c) f is called hermitian if the following conditions are fulfilled:

(i) Wehaveo? =id ando # id.
(i) We have f(w, v) = o(f(v, w)) forall v, w of V, that is, ¢ = 1.

(d) f is called anti-hermitian if the following conditions are fulfilled:

(i) Wehave 02 = id ando # id.
(ii) We have f(w, v) = —o(f(v, w)) forall v, w of V, thatis, e = —1.

Given a polarity 7 of a projective space P, in general, there exists more than one
reflexive o-sesquilinear form f : V x V — K inducing 7. This is due to the fact
that the polarity 7 is defined on the 1-dimensional subspaces of V, whereas f is
defined on the elements of V (more precisely on the pairs (v, w) where v, w are two
elements of V). “Proportional” sesquilinear forms define the same polarity.

The following Theorem of Birkhoff and von Neumann says that every polarity is
induced by an alternating, a symmetric, a hermitian or an anti-hermitian sesquilin-
ear form.

5.11 Theorem (Birkhoff, von Neumann). Let P be a projective space over a right
vector space V, and let 7w be a polarity of P. There exists an alternating, a symmetric,
a hermitian or an anti-hermitian sesquilinear form inducing the polarity 7.

Proof. By Corollary 5.9, there exists a reflexive nondegenerate o-sesquilinear form
f such that 7 is induced by f, thatis, 7 = 7.

First case. Let 0 = id and let ¢ = —1. Since 0 = id, K is a field. It follows
from e = —1 that f(w, v) = —f(v, w) forall v, wof V.

If Char K # 2, it follows from f(v, v) = — f(v, v) forall v of V that f(v, v) =
0 for all v of V. It follows that f is alternating.
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If Char K =2, f(w, v) = f(v, w) forall v, wof V, and f is symmetric.

Second case. Let ¢ = —1 and let o # id. Since 6>(A) = ¢ A ¢! for all A of K
(Theorem 5.10), it follows that 0> = id. Hence, f is anti-hermitian.

Third case. Let ¢ # —1. Then, ! # —1, and it follows that j := 1 4+ &' # 0.

In the following Steps 1-5, we will define a sesquilinear form g and show that
g is symmetric or hermitian. In the final Step 6, we will show that the polarity  is
induced by g.

Step 1. Let p : K — K be defined by p(1) = w (1) u~! for all A of K. Then,
p is an anti-automorphism of K: We have

p(Av) = pov)u™

=po)oA)u”
=po()p poA)pu”
= p(v)p(A) forall A, v of K.

1

1

Step 2. We define the transformation g : VxV — K by g(v, w) := u f(v, w).
Then, g is a p-sesquilinear form: We have

gA, w) =pn f(vA, w)
= pno(A) fv, w)
= o) = ufv, w)
= p(A) g(v, w).

Step 3. g is nondegenerate: Let 0 # v be an element of V. Since f is
nondegenerate, there exists a vector w of V such that f(v, w) # 0. It follows from

w# Othat g(v, w) = u f(v, w) # 0.
Step 4. g is (p, §)-hermitian with § := p o(u)~" &: We have

gw, v) = f(w, v)
=pno(f(v, w)e
= pup po(f v, wyp e
= p(f (v, w)pe
=p(u~" g(v. w)) e
= p(g(v. w)p(u™"pe
= p(g(v. wpo(u™") ™" pe
= p(g(v. whpo(u™") e
= p(g(v, w))d forallv, wof V.

Step 5. g is symmetric or hermitian: Since g is a (p, 8)-hermitian sesquilinear
form, we need to show that p> = id and § = 1: We have
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o) =o(l+¢7)
=o(1)+o(e)”!

=1+e¢ (Theorem 5.10)
=es 46
=ee '+ 1)
= g/L.
It follows that
§=po(u e
=po(w e
=pEw e
=pupltele=1.

By Theorem 5.10, we have p>(1) = § A §~! = A for all A of K. It follows that
0> =id.Forp =id, g is symmetric. For p # id, p is hermitian.

Step 6. The polarity 7 is induced by g, that is, 7 = 7,: Indeed, for any point
x = (v) of P, where 0 # v is an element of V, we have

7 (x) = tw e Vg w) = 0}
={weVipflv.w) =0}
={weV] f(v,w) =0} (since o # 0)
= m(x).

It follows that w = 7. a

6 Pseudo-Quadrics

Closely related to the sesquilinear forms are the pseudo-quadratic forms introduced
by Tits [50]. They are used to construct the so-called pseudo-quadrics. The pseudo-
quadrics provide a further class of polar spaces (cf. Theorem 6.5).

The difference between a polar space defined by a pseudo-quadric and a polar
space defined by a polarity is not obvious. We shall discuss these aspects at the end
of the present section.

Definition. Let K be a skew field, let 0 : K — K be an anti-automorphism, and
let 0 # ¢ be an element of K such that o(¢) = ¢!, and 6%(1) = eAe™! for all A of
K. The set

Koo = {A—0(Me | A e K}

is called the (o, ¢)-subgroup of K.
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6.1 Theorem. Let K be a skew field, and let K, . be a (o, ¢€)-subgroup of K. Then,
K, is an additive subgroup of K.

Proof. Letx := A —o(A) eand y = p — o(u) € be two elements of K, .. Then,
we have

x—y=@A-0@)e)—(n—0(ne)
=A-—p—(0)—a(w)e
=A—pu—0oA—pn)ee Ky,

6.2 Theorem. Let K be a skew field, and let K. be a (o, €)-subgroup of K.

(a) Foro =id and e = 1, we have K, . = {0}.
(b) The following statements are equivalent:

(i) We have K;, = K.
(ii) We have o = id, ¢ = —1 and Char K # 2.

Proof. (a) Foro =id ande = 1, we have K;, = {A —0o(1) ¢ | A € K} = {0}.
(b) (i) = (ii): Let x := A — o(X) & be an element of K, = K. Then,
o(x) =0c(A—0a(})e)

=o0(A)—a(a(d)¢)

=0(A) —o(e) 02(1)

=o(M)—elere! (definition of Ky .)

=o(A)—Are!

=oc(M)eel—re!

=0l e—Ar)e!

=—-A—0o)e)e!

=—xg L

From K, = K, it follows that ¢ is an element of K, .. It follows that o (¢)
—e e ! = —1,thatis, ¢ = 0~ !(—1) = —1. In particular, we have o(x) =
—x ¢~! = x for all x of K. Hence, we have 0 = id.

Assume that Char K = 2. Then, K, = {A + A | A € K} = {0}, in
contradictionto K;, = K.

(ii) = (i): From o = id and ¢ = —1, it follows that
K;e ={A—0(Q)e| A e K}
={A+A|XeK}
={21|1 €K}
= K if Char K # 2.
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Definition. Let V be a right vector space over a skew field K, and let K, be a
(o0, €)-subgroup of K such that K, # K. A transformationg : V — K/K,. is
called a pseudo-quadratic form with respect to o and ¢ if q fulfils the following
two conditions:

(i) Wehaveg(vA) = a(A) g(v) A for all v of V and all A of K.
(ii) There exists a (o, €)-sesquilinear form f : V x V — K such that

qOv+w) =q0) +qw) + (f(v. w) + Koe).
We say that f belongs to g.

If K = Ky, then K/K,. = 0. This is the reason why this case is excluded in the
definition of a pseudo-quadratic form.
Pseudo-quadratic forms are generalizations of quadratic forms:

Definition. Let V be a vector space over acommutative field K, and let f : VXV —
K be a symmetric bilinear form. The set

Rad(f) :={ve V]| f(v, w) =0forall w € V}
is called the radical of f.

Definition. Let V be a vector space over a commutative field K.

(a) A transformation ¢ : V — K is called a quadratic form if g fulfils the
following two conditions:

(i) We have g(v A) = A? g(v) for all v of V and all A of K.
(ii) The transformation f : V x V — K defined by

S, w)i=qv+w) —q) —qw)

is a symmetric bilinear form. We say that f* belongs to g.
(b) The quadratic form ¢ : V — K is called nondegenerate or non-singular if

Rad(f) N ¢~'(0) = {0},

that is, if for every element O # v of V with g(v) = 0, there exists an element
wof V with f(v, w) # 0.

The following theorem says that pseudo-quadratic forms are a generalization of
quadratic forms.

6.3 Theorem. Let V be a right vector space over a skew field K, and let K, be
a (o, &)-subgroup of K. Furthermore, let q : V — K /K, be a pseudo-quadratic
form with respect to 0 and e. If 0 = id and ¢ = 1, q is a quadratic form.

Proof. Let 0 = id and ¢ = 1. By Theorem 6.2, we have K, . = {0}. It follows
that K/K,. = K.Let f : VXV — K be the (0, ¢)-hermitian sesquilinear form
belonging to ¢. Since 0 = id and since ¢ = 1, we obtain the equations
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fOA, wu) =21 f(v, w)y uforallv, wof V, A, uof K and
f(w, v) = f(v, w) forall v, wof V.

Since ¢ is an anti-automorphism and since o = id, it follows that

Ap=c@Ap)=o(w)o)=pni

for all elements A and u of K. Hence, K is commutative. Thus, the (o, ¢)-hermitian
sesquilinear form f is a symmetric bilinear form. O

6.4 Theorem. LetV be a right vector space over a skew field K, let K, . be a (o, €)-
subgroup of K suchthat K, # K, andletq : V— K /K, . be a pseudo-quadratic
form with sesquilinear form f .

(a) Let v be an element of V with q(v) = 0.2 Then, f(v, v) = 0.
(b) Let (v, w) be a 2-dimensional subspace of V. Then, the following two statements
are equivalent:

(i) We have q(z) = 0 for all z of (v, w).
(ii) We have g(v) =0, g(w) = 0and f(v, w) = 0.

Proof. (a) Assume that there exists an element 0 # v of V with ¢(v) = 0 and
f(v, v) # 0. By assumption on a pseudo-quadratic form, we have K # K.,
that is, there exists an element z of K\ K. Let A := f(v, v)~' . Then,

fov ) = fo A= f,v) [0, = p

On the other hand, we have

0=4q()
=o(l+A)gv)(1+21) (since g(v) = 0)
=q(1+ 1))
=q(v+vd)
=q® +q0A)+ (f(v. vA) + Kop)
=q®)+0A) g A+ (f(v, v) A + Kop)
=040+ (/. v) fO, V7 i+ Kop)
= (1 + Koe) #0, (since u ¢ Koz)

a contradiction.

(b) (i) = (ii): Let ¢(z) = 0 for all z of (v, w). Obviously, we have g(v) = 0
and g(w) = 0. Assume that f(v, w) # 0. As in the proof of (a), let A :=
f(v, w)™' u for some p of K\K,,. Then,

2We denote by 0 the neutral element of the factor group K/K,,.
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0=qgv+wl)
=qv) +qwA)+ (f(v. wd) + Ko)
=qv)+o@A)gw) A+ (f(v. w) A+ Kop)
=040+ (S, w) S, W'+ Ko
= (M + KU,&‘)s

in contradictionto i ¢ Koe.
(i) = (i): Let g(v) = g(w) = 0, and let f(v, w) = 0. Let u be an arbitrary
element of K. We have

qov+wp) =qO) +qwp) + (fv, wu) + Kspe)
=qO)+o(w) gw) u+ (fv, w) u+ Kse)
=040+ (0+ Kye) =0forallv +w juof (v, w).

O
Definition. (a) Let P be a projective space over a right vector space V, and let
q :V— K/K,. be a pseudo-quadratic form.
The set Q := {x = (v) € P| q(v) = 0} is called a pseudo-quadric with respect
togq.

(b) Let P be a projective space over a vector space V over a commutative field K,
and letg : V — K be a quadratic form.
The set Q := {x = (v) € P | g(v) = 0} is called a quadric with respect to
q. If P is a projective plane, a quadric is also called a conic.
(c) Aline g of P is called a line of a quadric or of a pseudo-quadric Q if all points
on g are contained in Q.

6.5 Theorem. Let P be a projective space, and let Q be a pseudo-quadric in P. If
Q contains a line, the points and the lines of Q define a polar space.

Proof. Let x = (v) and g := (w;, wy) be a point and a line of P such that x is not
on g. We shall show that either exactly one point of g or all points of g are joined
with x by a line of Q.

Let ¢ be the pseudo-quadratic form with respect to Q, and let f be the (o, ¢)-
sesquilinear form belonging to ¢. Furthermore, let f, : V — K be the linear
transformation defined by f,(w) := f(v, w). Note that ¢(v) = 0 and g(u) = 0
for all u of (w;, wy), since x = (v) is contained in Q and since g = (wy, w) is
contained in Q. For a point y = (u) on g = (w;, wy), we have:

The point y = (u) is joined with the point x = (v) by a line of Q

< (v, u) Q0
& q(v) =0, g(u) =0and f(v, u) = 0. (Theorem 6.4)
& fv,u)=0 (since ¢(v) = q(u) = 0)

& u € Kern f,.
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Since Kern f, N (w;, wy) is either of dimension 1 or 2, either exactly one point
of g is joined with x by a line of Q or x is joined with all points of g by a line of Q.
Obviously, on every line of Q, there are at least three points. O

Definition. Let P be a projective space, and let Q be a pseudo-quadric of P defined
by a pseudo-quadratic form ¢ such that Q contains at least one line. Furthermore,
let S, be the geometry over the type set {point, line} defined as follows:

(i) The points and lines of S, are exactly the points and lines of P contained in Q.
(ii) A point and a line of S, are incident in S, if they are incident in P.

S, is called the polar space defined by 4.

In the rest of this section, we shall explain the relation between polar spaces defined
by polarities and polar spaces defined by a pseudo-quadratic form.

By Theorem 6.3, pseudo-quadratic forms are generalizations of quadratic forms.
The pseudo-quadrics stemming from a quadratic form are called quadrics. Quadrics
and quadratic forms are the subject of Chap. 5.

Let ¢ be a nondegenerate quadratic form with (nondegenerate) symmetric
bilinear form f. Since f(v, w) = f(w, v), the bilinear form f is reflexive.
Suppose that there exists a polarity 7 such that 7 is induced by f. The polarity
7 defines itself a polar space S, (Theorem 4.7). On the other hand, the quadratic
form ¢ defines a polar space S, by Theorem 6.5.

We shall see in the following theorem that S, = S if and only if Char K # 2.
For Char K = 2, the bilinear form f and the quadratic form ¢ define different polar
spaces.

Moreover, for Char K = 2, there exists a symmetric bilinear form f such that
there is no quadratic form ¢ with the property that f belongs to g.

6.6 Theorem. Let V be a vector space over a commutative field K, and let P =
P(V) be the projective space defined by V.

(a) Let q : V — K be a nondegenerate quadratic form with symmetric bilinear
form f, and suppose that there exists a polarity w such that w is induced by f .
Let S, be the polar space defined by q, and let S, be the polar space defined
by .

(i) If Char K #2, S, = Sy.
(i) If Char K =2, S, # Sy.

(b) Let f :VxV — K be anondegenerate symmetric bilinear form, and suppose
that there exists a polarity w such that 7 is induced by f.

(i) If Char K # 2, there exists a quadratic form q such that f belongs to q.
We have Sy = S.

(ii) If Char K = 2 and if there exists an element v of V with f(v, v) # 0,
there is no quadratic form q such that f belongs to q.
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Proof. (a) (i) Let Char K # 2, and let x = (v) be a point of P. Then,
S v) =qv+v)—q() —q0)
=4q@2v)=24()
=4q(0)—2qW)
=2q©v).
Hence,

qv) =% f(v. v).

It follows that

X = (v) is a point of S,

&S qg(v) =0 (definition of ;)
& f(v.v) =0 (since g(v) =12 f(v. v))
& x e mw(x) (Theorem 5.2)

& x = (v)isapointof S, (definition of S).

Let x = (v) and y = (w) be two points of P, and let g = xy = (v, w) be
the line of P through x and y. Then,

g =xy = (v, w)isaline of S,

& q(v) =qw) =0and f(v, w) =0 (Theorem 6.4)
& f(v, v) = f(w, w) =0and f(v, w) =0 (since q(v) = 1 f(v, v))
&S xen(x), yen(y)andy € m(x) (Theorem 5.2)
& g =xyisaline of S, (Theorem 4.6).

It follows that S, = S.
(ii) Let Char K = 2. Let x = (v) be a point of P. Then,

S, v)=qOv+v)—q(»)—q()=q0)-0=0.

By Theorem 5.2, every point of P is a point of S;.>* On the other hand, there
exists a point of P that is not a point of §,: Otherwise, we would have g(v) = 0
for all v of V. Since, by assumption, f is nondegenerate, there exist vectors
wi, wy of V such that f(wy, wy) # 0. It follows that

0=gqwi+w2) =qwi) +qwa) + f(wi, wa)
= f(wi1, w2) # 0, acontradiction.
It follows that S, # S.
(b) (i) Let Char K # 2. Setq(v) := 1/ f(v, v) for all v of V. We have

g A) =1/2 f0A, vA)=2121/2 f(v, v) = A% ¢(v) and
qOv+w) —q) —qw) =1/2 f(v+w, v+w) = 1/2 f(v, v) = 1/2 f(w, w)

24Note that this fact does not mean that every line of P is a line of S,;.
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=1/2 fv, w)+1/2 f(w, v)
1/2 f(v, w)+1/2 f(v, w).
fv, w).

It follows that ¢ is a quadratic form with bilinear form f. It follows from Part
(a) that S, = S5.

(ii) Let Char K = 2, and let v be an element of V with f(v, v) # 0. Assume that
there is a quadratic form ¢ such that f" is the bilinear form belonging to ¢. Then,

0+# f(v, v) =q(v+v)—q(v)—q(v) = q(0)—0 = 0, a contradiction. |

In what follows we shall indicate the motivation for the definition of a pseudo-
quadratic form: For, let f : VXV — K be a (0, €)-hermitian sesquilinear form.
By definition, we have

fw, v) =0(f(v, w)) eforallv, wof V.

For a quadratic form ¢ and for its symmetric bilinear form f, we have the
equation
qv+w) —q() —gw) = f(v, w)

which is not valid if ¢ is a (o, ¢)-hermitian sesquilinear form with (o, &) #
(id, 1), since, otherwise, we would have

S, w)=q(v+w)—q() —qw) = f(w. v) =0 (f(v. w)) e.
Instead of the relation f(v, w) — f(w, v) = 0, we have
SO w)=fw.v) = fr, w)—o(fr, w)eeid—od) e e K} =K.
It follows that f(v, w) — f(w, v) = 0 mod K, .. This relation motivates the
definition of a pseudo-quadratic form as a transformation g : V — K/K;

withg(v A) = o(A) ¢(v) A and
qOv+w)—q) —qw) = f(v, w) + Kq. ¢
for a (o, €)-hermitian sesquilinear form f : VxV — K. O

7 The Kleinian Polar Space

Definition. Let P be a 3-dimensional projective space, and let S be the set geometry
defined as follows:

(1) The points of S are the lines of P.
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(i) For a point x of P and a plane E of P through x, let E, be the set of lines of
E through x. The lines of S are the sets E, where x is a point of P and E is a
plane of P through x.

S is called the Kleinian polar space defined by P.

7.1 Theorem. Let S be the Kleinian polar space defined by a 3-dimensional
projective space P.

(a) Two points g and h of S are collinear in S if and only if g and h as lines of P
intersect in a point.

(b) Let g and h be two collinear points of S, let x := g N h be the intersection
point of g and h in P, and let E be the plane of P generated by g and h. There
is exactly one line of S through g and h, namely the line E,.

(c) S is a nondegenerate polar space.

(d) For a point x of P and a plane E of P, let G be the set of lines of P through x,
and let G be the set of lines of P in E. The sets Gy (x point of P) and Gg (E
plane of P) are the planes of S.

(e) S is a polar space of rank 3.

(f) If Ex is a line of S, E is incident with exactly the two planes Gy and Gg.

(g) Let A and B be two planes of S.

IfA=Gand B = G, fortwo points x and y of P, A = B or dims(ANB) = 0.
If A = Gy and B = Gg for a point x and a plane E of P, dims(A N B) €
{—1, 1}.

If A = Ggand B = Gp fortwo planes E and F of P, A = B ordims(ANB) =
0.

Proof. (a) and (b) are obvious.
(¢) Verification of (P;): Let g be a point of S (that is, a line of P), and let E, be a
line of S such that g is not on E|.
First case. Let g be contained in E. Let & be a point of E,, that, is a line of
E through x. Since g and % both are contained in £, they meet in P in a point.
By (a), they are collinear. It follows that g is collinear with all points of E,.
Second case. Suppose that x is incident with g. Let / be a point of E . Then,
the lines g and /& meet in P in the point x. By (a), they are collinear. It follows
that g is collinear with all points of E.
Third case. Suppose that x is not
incident with g, and let g be not con-
tained in E. Let y be the intersection
point of g and E in P, and let h := xy
be the line through x and y in E. By (a),
g and & are collinear. All other points on E, are not collinear with g.
Verification of (P,): There are at least three points on every line E, of S since
there are at least three lines of P in E through x.
Verification of (P5): Since, in P, for every line g, there exists a line & skew to g,
there exists in S for every point g a non-collinear point /.
(d) Let x and E be a point and a plane of P, and let g and & be two points of G, or
Gg. Then, g and & meet in P in a point s and they generate a plane F'. We have
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s = x or F = E.By (a), g and h are collinear in S. By (b), the line F; through
g and & is contained in G, and in Gg. It follows that the sets G, and G are
subspaces of S.

If g, h and [ are three pairwise collinear points in S, there exists in P either
a point x such that x = g N A N/ or a plane E such that g, i, [ are contained
in E. It follows that (g, h, I)s = G, or (g, h, l})s = Gg. It follows that the
sets Gy and G are the planes of S.

(e) Let E be a plane of P, and let g be a point of S outside of Gg. If s is the
intersection point of g and E in P and if / is a line of E not incident with s, the
lines g and & are disjoint in P, that is, g and / are non-collinear in S.

It follows that for every point g of S
outside of G, there exists a point & of Gg h
non-collinear with g, that is, G is a maximal
subspace of S. Analogously, for a point x of S
P, the set G, is a maximal subspace of S. It E
follows that S is a polar space of rank 3.

(f) is obvious.

(g) () Let A = G, and B = G, for two points x and y of P, and let A # B.
Then, we have x # y. Let g be the line through x and y. Obviously, we
have {g} = G, NG,.In S, the planes A and B meet in the point g, hence,
dimg(A N B) = 0.

(i) Let A =G, and B = G for a point x and a plane E of P. If x is contained
in E (in P), Ex = G, N Gg. It follows that dimg (A4 N B) = 1. If x is not
contained in E, we have G, N Gz = &, hence, dimg(4A N B) =—1.

(iii) Let A = Gg and B = G for two planes E and F of P, and let A # B.
Then, E # F.InP, g := E N F is aline. Hence, {g} = Gz N Gf, and
it follows that dimg(A4 N B) = 0. O

In Theorem 7.2, we shall see that every polar space S of rank 3 with the property
that every line of S is incident with exactly two planes, is a Kleinian polar space.

7.2 Theorem. Let S be a nondegenerate polar space of rank 3 such that every line
of S is incident with exactly two planes. There exists a 3-dimensional projective
space P such that S is the Kleinian polar space defined by P.

Proof. The proof is organised as follows: In Steps 1-3, we shall see that the planes
of S split into two equivalence classes 7" and S where two planes A and B of S
are equivalent if A = B or if dimg(A N B) = 0. These two equivalence classes
correspond to the sets {G, | x € P} and {Gg | E plane of P} of Theorem 7.1 and
hence to the points and planes of P.

In order to construct the projective space P of S, we will define in Step 4 the
geometry I" as follows: The points of I" are the planes of S of one equivalence class,
the planes of I' are the planes of the other equivalence class. The lines of I" are the
points of S.

In Steps 5 and 6, we shall show that the so-defined geometry I" is a 3-dimensional
projective space.
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Step 1. Let A and B be two planes of S through a line 1, and let C be a further
plane of S. We have | dimg(A N C) —dimg(BNC)| = 1:

First case. Suppose that 1 is contained in C. Since there are exactly two planes
throughl, we have C = Aor C = B.W.l.o.g.,let C = A. It follows that | dimg (AN
C)—dimg(BNC)|=2—-1=1.

Second case. Suppose that x := / N C is a point. The residue S is a generalized
quadrangle. In S, [ is a point not incident with the line C. By Axiom (V}), in Sy,
there exists exactly one line D through / intersecting C in a point m. In S, D is
a plane through / intersecting the plane C in the line m. Since there are exactly
two planes through /, we have D = A or D = B. W.lo.g,, let D = A. Then,
ANC =DNC =mand BNC = x. It follows that | dimg(A N C) —dimg(B N
C)=1-0=1.

Third case. Let/ N C = @.

(i) There is a plane D through [ intersecting a
the plane C in a point s: Let p and q
q be two points on /. Since C is a 1 W AC
maximal subspace of S, by the Theorem D
of Buekenhout-Shult (Theorem 2.18), p
there exist two planes W, and W,
through p and ¢, respectively such that
dimg(W, N C) = dimg(W, N C) = 1. W.AC
Let s be the intersection point of the lines
W,NCand W,NCinC.

Since s is contained in W, and in W

W, and since the points p and g are
collinear, it follows that there exists a plane D through the points p, ¢ and
s containing the line [ = pgq.

P

(i) There is at most one plane through / intersecting the plane C in a point:
Assume that there are two planes E and F through / both intersecting the
plane C in a point. We have x := C N E # y := C N F since, otherwise,
E = (x, 1) = (y, l) = F. It follows that the points of / and the points x
and y are pairwise collinear, hence, there is a subspace U := (I, x, y). By
construction, the plane E is properly contained in U, in contradiction to the
maximality of E.%

(iii) We have | dimg(4A N C) — dimg(B N C)| = 1: By (i) and (ii), there exists
exactly one plane D through /, intersecting the plane C in a point. Since there
are only the two planes A and B through /, w.l.o.g. let D = A. It follows that
BNC = g. Thus

|dimg(ANC)—dimg(BNC)|=]0—(-1)| = 1.
Step 2. Let A, B, C be three planes of S. Then, the number

n :=dimg(4 N B) + dimg(B N C) + dimg(4 N C)

238 is a polar space of rank 3, hence the planes of § are the maximal subspaces of S.



7 The Kleinian Polar Space 177

is even: Let B = Xy, X1, ..., X, = A be a sequence of planes such that
dimg(X;—1 N X;) = 1. Such a sequence exists in view of Theorem 7.10 of
Chap. 1 since S is residually connected (Theorem 3.2). Furthermore, let n; :=
dimg(X; N B) 4+ dimg(B N C) + dimg(X; N C). We have

ng = dimg(Xo N B) + dimg(B N C) + dimg(Xo N C)
= dimg B + dimg(B N C) + dimg(B N C)
=2+ 2dimg(B N C).

It follows that ng is even. By Step 1, fori =1, ..., r, we have

n; —n;—; = dimg(X; N B) + dimg(B N C) 4+ dimg(X; N C)
—(dimg(X;—1 N B) + dimg(B N C) + dimg(X;—; N C))
= dimg(X; N B) —dimg(X;,—; N B)
+dimg(X; N C) — dimg(Xi—; N C)
=+1+1e{-2 0 2.

Since ng is even, ny, ..., n, = n are also even.

Step 3. Two planes A and B of S are called equivalent if A = B or if dimg(A N
B) = 0. The set of the planes of S splits into two equivalence classes: We first
shall show that the relation is an equivalence relation. Obviously, the relation is
reflexive and symmetric. In order to verify the transitivity, we consider three planes
A, B and C suchthat A and B as well as B and C are equivalent. Then, dimg (AN B)
and dimg (B N C) are even, by Step 2, dimg(A N C) is also even, thatis, A = C or
dimg(A N C) = 0. It follows that A and C are equivalent.

Let A and B be two planes through a line 1. Since dimg(4 N B) = 1, A and B
are in different equivalence classes. Let C be a further plane of S. If A and C are
not in a common equivalence class, dimg(4 N C) € {—1, 1}. By Step 1, we have
dimg(B N C) € {0, 2}. It follows that B and C are equivalent. Altogether, there
exist exactly two equivalence classes.

Step 4. Definition of the geometry I' : Let & and & be the two equivalence
classes of the planes of S as described in Step 3, and let ' = (X, *, type) be the
geometry over the type set {point, line, plane} defined as follows: The points of I"
are the planes of &. The lines of I" are the points of S, and the planes of I are the
planes of &. A point x of T" or a plane £ of I is incident with a line g of " if, in S,
the point g is incident with the plane x or with the plane E. A point x of I and a
plane E of T" are incident if, in S, x and E intersect in a line.

We shall use the following notations:
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S
point of I (Notation: x4) plane of S of &7 (Notation: A)
line of I' (Notation: g,) point of S (Notation: a)

plane of I (Notation: Ey) plane of S of & (Notation: X)

The point x4 of I corresponds to the plane A of &2, etc. With these notations,
we have the following incidence relations:

S
X4 ¥ g4 ac A
XA*EX dims(AﬂX)=1
g ¥ Ex acX

Step 5. T' is a residually connected geometry with diagram

@
(i)

(iii)
(iv)

O——06—=0
0 1 2

It is easy to see that I" is a connected geometry.

Let x = x4 be a point of I". The residue I'y consists of the lines g, of I" and
the planes E, of I" incident with x4, that is, Iy consists of the points @ of S
and the planes X of S such that a is contained in 4 and X and A intersect in a
line of S.

Since every line of A is incident with exactly two planes of S (one of them

being A itself), the planes of S intersecting A in a line may be identified with
the lines of A. Hence, Iy is a projective plane. In particular, I, is connected.
Let E = Eyx beaplane of I'. Asin (i), it follows that I'g is a projective plane.
In particular, I'g is connected.
Finally, let g = g, be a line of I'. The residue I'y consists of the points x4
and the planes Ey of I' incident with g,, that is, I', consists of the planes
A of & and the planes X of & such that, in S, a is contained in the planes
A and X. Since A and X are in different equivalence classes, it follows that
dimg(A N X) = —1, or dimg(A N X) = 1. Since the point a is contained in
both planes, it follows that dimg (A N X)) = 1, hence, A and X are incident. In
particular, I, is connected.

Step 6. It follows from Theorem 7.15 of Chap.1 that I' is a 3-dimensional
projective space. O

We finish this section with the classification theorem of polar spaces of rank at least
3, whose maximal subspaces are Desarguesian projective spaces.

7.3 Theorem (Veldkamp, Tits). Let S be a polar space of rank at least 3, whose
maximal subspaces are Desarguesian projective spaces. Then, S is isomorphic to
one of the following geometries I':
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(i) Let P be a projective space, and let w be a polarity of P such that there exists at
least one absolute plane with respect to . Let I be the polar space S, defined
by .

(ii) Let P be a projective space over a vector space V, let K, ¢ be a (o, €)-subgroup
of K suchthat K, # K, andletq : V — K /K. be a pseudo-quadratic form
such that the pseudo-quadric of P defined by q contains at least one plane. Let
" be the polar space S, defined by q.

(iii) Let P be a 3-dimensional projective space. Let T" be the Kleinian polar space
defined by P.

Proof. For a proof see Veldkamp [56], Tits [50] or Buekenhout and Cohen [20]. O

8 The Theorem of Buekenhout and Parmentier

The theorem of Buekenhout [17] and Parmentier [37] characterizes projective
spaces as linear spaces admitting a generalization of polarities. Although the
theorem is not so well known, it deserves to be called “classical”.

Definition. Let L be a linear space with a symmetric and reflexive relation ~ on the
point set P of L.

(a) For a point p of L, the set pX := {x € P | x ~ p} is called the polar
hyperplane of p.
(b) For a subset X of the point set of L, let

xt.= ﬂ pt.

PEX

(c) The linear space L (with a symmetric and reflexive relation ~ on its point set)
is called a linear space with polarity if the following three conditions are
fulfilled:

(i) If p is a point and if g is a line of L, either g is contained in p*, or g and
p* meet in a point.
(ii) For every line g of L, we have (g1)* = g.
(iii) For every point p of L, we have pL # P.

Remark. (a) Condition (i) means that p either is a hyperplane or the whole point
set of L. Condition (iii) excludes the case that p= is the point set of L.

(b) Condition (ii) means that a point p and a line g of L are incident if and only if
gt is contained in p (see Step 8 in the proof of Part (a) of Theorem 8.1).

8.1 Theorem (Buekenhout and Parmentier). Let P be a linear space with
polarity such that every line of P is incident with at least three points. For a point p

of P, let p* := n(p).
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(a) P is a projective space.
(b) Ifdim P < oo, the transformation w is a polarity of P.?°

Proof. (a) Step 1. Let X and Y be two subsets of P such that X is contained in Y.
Then, Y1 is contained in X1: We have

YJ_:myJ_gﬂxJ_:XJ__

YEY xX€X

Step 2. For every point p of P, the point set p= is a maximal subspace of P:
The maximality of p* follows from Condition (i) and Theorem 3.4 of Chap. 1.

Step 3. Let p and ¢ be two points of P. The point p is contained in g+ if and
only if the point ¢ is contained in p~: We have

peqt-e p~qgeg~peqeph.

Step 4. Let p be a point, and let g be a line of P. The point p is contained in
gt if and only if g is contained in p: We have

pegl & pexlforallxong
& x e plforallxong (Step 3)
s gcph

Step 5. Let p and g be two points of P, and let g be the line joining p and g.
We have pt N g+ = gt:

From g+ := (0 x%, it follows that g* is contained in p* N g=*.
X€Eg

Conversely, let z be a point of p N g It follows from Step 3 that p and ¢
are contained in z*. Hence, the line g = pq is contained in z*. By Step 4, the
point z is contained in g*. Hence, p- N g~ is contained in g=.

Step 6. Let p and g be two points of P, and let x be a point outside of
pNg=. There exists a unique point y of P such that the subspace (x, pNg=L)
is contained in y. The point y is incident with the line pq:

Existence of the point y: Let g = pg be the
line joining p and g. By Step 5, we have g+ =
ptngt.

Since x is not contained in p+ N ¢t = gt,
it follows from Step 4 that g is not contained in
xt. By Condition (i), x+ and g intersect in a
point y.

Since the point y is contained in x, the point
x is contained in y+ (Step 3). Since y is contained in g = (g

J.)J_

, it follows

20In particular, 7(p) = p- is a hyperplane of P for all points p of P.
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from Step 4 that p- Mgt = g is contained in y. It follows that (x, p+Ng=t)
is contained in y=.
Uniqueness of the point y: Let z be a second point of P such that (x, p N
q-") is contained in z+. Since the point x is contained in 7+, zis contained in x1.
Since g+ = p* N g= is contained in 7+, z is contained in (g1)* = g = pq. It
follows that 7+ = g N xt = y.
Step 7. Let p and ¢ be two distinct points of P. We have pt # gt: Assume

)

that p+ = g=. Let ¢ be a point of P outside of p. Let g := pq be the line
joining p and ¢. Since ¢ is not contained in pL, the point p is not contained in
cL. It follows that the line g is not contained in ¢, hence g and ¢ meet in a
point z.

Since z is contained in ¢, the point ¢ is contained in z+. Since z is incident

with g, it follows that

Hence, P = (p

ZJ_QﬂxJ_=gJ_=pJ_ﬂqJ_=pJ_'

x€g

1, ¢) is contained in z+, in contradiction to Condition (iii).

Step 8. Let p be a point of P, and let g be a line of P. Then, p and g are

incident if and only if g is contained in p=:

®
(ii)

Suppose that p and g are incident. Let ¢ be a further point on g. It follows from
Step 5 that g= = p+ N g=L. In particular, g is contained in p=.

Suppose that g is contained in pt. Let ¢ and b be two points on g. Since
at # bt (Step 7), the subspace g := a* N b+ is not maximal. Since, by Step
2, the subspace p= is maximal, p* cannot be contained in g=. It follows that
there exists a point x of p* outside of g*. By Step 6, there is a unique point y
of P such that the subspace (x, a* N bL) is contained in y*. Again by Step 6,
the point y is incident with the line ab = g. Since (x, at N b) is contained
in pL, it follows that y = p. In particular p and g are incident.

Step 9. P is a projective space. It
remains to verify the axiom of Veblen— /
Young. For, let p, x, v, a, b be five points X y
such that the lines xy and ab meet
in p. —_—
a b
P RS

(i) The subspace x* N a is not contained in y* N h+: Assume that x* N at is

contained in yJ- N b+, From Step 5, it follows that
(xa)t =xtnat cytnbt = (bt

From Step 1, it follows that xa = ((xa)*)* 2 ((yb)*)+ = yb, hence xa =
yb, a contradiction.
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(i1) In view of Step (i), there is a point z of x1 Nat which is not contained in y+ N
bL. By Step 6, there is a unique point r such that the subspace (z, y* N bL) is
contained in 7+. Again by Step 6, the point r is incident with the line yb.

(iii) x* N at is contained in rL: Let s be an arbitrary point of x* N a=. Since z
is contained in r+, we can assume w.l.o.g. that s # z. Since z is contained in
x+ Nat, it follows that the whole line sz is contained in x+ N at.

By Condition (i), the line sz and the subspace p= have at least one point u
in common. It follows that « is contained in p+ N x+ = (px)* = (py)*+ =
p* Nyt and that u is contained in p+ Nat = (pa)t = (pb)* = p Nnbt.
In particular, u is contained in yJ- N bt

By Step (ii), the line zs = zu is contained in . Since s is an arbitrary point
of x+ N a?, it follows that x N a= is contained in rL.

(iv) The lines xa and yb meet in r: By Step (ii), the point r is incident with the
line yb. By Step (iii), the subspace (xa)* = x* N a* is contained in r+. It
follows from Step 8 that the point r is incident with the line xa.

(b) Let P be the point set of P. By Step 2 of (a), 7(x) := x= is a maximal subspace
of P, hence a hyperplane for all points x of P.
Step 1. Let z be a point of P, and let H be a hyperplane of P. We have
7 = H if and only if z is contained in H*:

ngJ‘<:>xezJ‘f0rallx0fH

& z e xtforall x of H (Step 3 of (a))

< zZE€ ﬂxJ‘

xX€H

& ze HE.

As H is a hyperplane of P, the inclusion H C z* implies H = z*.

Step 2. Let z be a point of P, and let H be a hyperplane of P. We have z+ = H
if and only if z = H': In view of Step 1, we need to show that z = H~ if and only
if z € HL. Assume that there is a second point y in H~+. By Step 3 of Part (a), we
have y* # z1, a contradiction.

Step 3. Let z be a point of P. Then, we have z = (z+)*: Let H := z*. It follows
from Step 2 that (z+)t = H+ = z.

Step 4. Let P* be the dual projective space of P, and denote by Im(x) :=
{m(x) | x € P} the image of P under 7. Then, Im(r) is a subspace of P*: For,
let p* and ¢ be two points of Im(xr), and let H be a further point of P* on the
line of P* through p* and ¢*. By definition of P*, H is a hyperplane of P through
pt N gt . Let x be a point of H outside of p~ N gL. We have H = (x, p+ Nqt).

By Step 6 of the proof of Part (a), there exists a (unique) point y of P such that the
subspace (x, p* N qt) is contained in y=. Since the subspaces {x, p* N¢*t) and
y+ both are hyperplanes of P, it follows that H = (x, pt Ngt) = y* = n(y).
Hence, H is a point of Im(r).
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Step 5.  is a bijective transformation of the set of points of P into the projective
space Im(r): It follows from Step 3 that (z)+ = z for all points z of P. Hence,
is an injective transformation with 72 = 1.

Step 6. The transformation 7 : P — Im(rr) is a collineation: For, let x, y and z
be three points of P, and let H := xt, L= yJ- and M = 7+

(1) Suppose that the points x, y and z are collinear. It follows that the point z is
contained in the line xy implying that

z+ o) (xy)J‘ =xtn yl.

Hence, the subspace H N L is contained in M, thatis, H, L and M are collinear
in P*.

(ii) Suppose that the subspaces H, L and M are collinear in P*. It follows that the
subspace H N L is contained in M, that is, 2 oxtn yJ-. It follows that

=t et nyhHt=@Ht=gHt=¢

The equation z = (z+)* follows from Step 3, the relation (z1)* € (x*+ N
y1)+ follows from Step 1 of Part (a), the equation (x+ N y1)+ = ((xy)+)*t
follows from Step 5 of Part (a), and the equation (g+)* = g follows from
Condition (ii).

From (i) and (ii), it follows that the points x, y and z are collinear if and only if
xt, yL and z* are collinear. It follows together with Step 5 that 7 : P — Im(rr) is
a collineation.

Step 7. If P is of finite dimension d, the transformation 7 is a polarity: By
Theorem 4.1, the dual projective space P* is also of dimension d. By Step 6,
7w : P — Im(m) is a collineation. By Theorem 4.2 of Chap. 2, we have dim(P) =
dim(Im(z)). It follows that Im(zx) = P*. Hence, 7 is a bijective transformation of
the set of points into the set of hyperplanes of P with the property that for any two
points x and y of P, the relation “x € 7 (y)” implies the relation “y € 7 (x)” (Step
2 of the proof of Part (a)). It follows from Theorem 4.5 that 7 is a polarity. O






Chapter 5
Quadrics and Quadratic Sets

1 Introduction

The present chapter is devoted to the study of quadrics and quadratic sets of a
projective space. The main result is the Theorem of Buekenhout saying that every
nondegenerate quadratic set is either an ovoid or a quadric (Theorems 6.4 and
Corollary 6.5).

In Sect. 2, we shall introduce the notion of a quadratic set and we shall see that
a quadratic set defines a polar space. Furthermore, we shall prove some elementary
properties of quadratic sets.

Quadrics and quadratic forms, which have already been introduced in Sect. 6
of Chap.IV as special cases of pseudo-quadrics and pseudo-quadratic forms, are
the subject of Sect.3. We shall discuss the relation between quadratic forms and
homogeneous quadratic polynomials, and we shall see that every quadric is a
quadratic set.

In Sect. 4, we will consider the quadratic sets of a 3-dimensional projective space.
Mainly, we shall investigate the so-called hyperbolic quadrics. We will see that a
nondegenerate quadratic set of a 3-dimensional projective space is either an ovoid
or a hyperbolic quadric.

For the investigation of quadratic sets and of quadrics, central collineations play
a crucial role. In Sect. 5, we will see that nondegenerate quadratic sets containing
at least one line, are perspective, that is, that there are “many” central collineations
fixing the quadratic set.

Section 6 contains the main result of the present chapter: Every nondegenerate
quadratic set is either an ovoid or a quadric.

In Sect.7, we will introduce the Kleinian quadric. This quadric is of particular
interest, since it provides a proper family of polar spaces which has been introduced
in Sect. 7 of Chap.IV.

In Sect. 8, we will turn to one of the most famous results of finite geometries,
namely the Theorem of Segre [43] saying that every oval of a finite Desarguesian
projective plane of odd order is a conic (that is, a quadric in a projective plane).

J. Ueberberg, Foundations of Incidence Geometry, Springer Monographs in Mathematics, 185
DOI 10.1007/978-3-642-20972-7_5, © Springer-Verlag Berlin Heidelberg 2011
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2 Quadratic Sets

In the present section, we shall introduce quadratic sets and we shall prove some of
their elementary properties.

Definition. Let P be a projective space, let U be a subspace of P, and let Q be a set
of points of U.

(a) Let x be a point of Q. A line g of P is called a tangent of Q at x if g intersects
the set Q in the point x or if all points of g are contained in Q.

(b) Letx be a point of Q. The tangent set O, consists of the point x and all points
y of P such that the line xy is a tangent of Q at x.!

(c) The set Q is called a quadratic set of U if Q fulfils the following two
conditions:

(Q1) Every line of U has at most two points in common with Q, or it is
completely contained in Q.

(Q-) For any point x of Q, the tangent set Q, is the point set of a hyperplane
of U or it is the whole point set of U. The set O, is called the tangent space
of Q at x with respectto U. If U = P the set Q, is just called the tangent
space of Q at x.

(d) A point x of Q with the property that O, = P is called a double point. The set
of all double points of Q is called the radical of Q. It is denoted by Rad(Q).?

(e) A non-empty quadratic set Q which does not contain any double points (that is,
Rad(Q) = @) is called nondegenerate.’

The definition of a quadratic set is due to Buekenhout [11].

2.1 Theorem. Let P be a projective space, and let Q be a quadratic set. Further-
more, let x and y be two points of Q. The point y is contained in the tangent space
Q. ifand only if the line xy is contained in Q. In particular the point y is contained
in Q if and only if the point x is contained in Q.

Proof. The point y is contained in Q, if and only if the line xy is a tangent of Q.
Since the line xy contains the points x and y of Q, the line xy is a tangent of Q if
and only if all points of the line xy are contained in Q. O

2.2 Theorem. Let P be a projective space, and let Q be a quadratic set. Let S be
the geometry over the type set {point, line} defined as follows:

(i) The points of S are the points of Q.
(ii) The lines of S are the lines of P contained in Q.
(iii) The incidence in S is induced by the incidence in P.

I'The tangent set Q is a subset of the point set of P, but, in general, not a subset of Q.
Note that a quadratic set may be empty. In this case, the radical Rad(Q) is empty as well.

3 A nondegenerate quadratic set is a quadratic set such that for any point x of Q, the tangent space
Q, is a hyperplane of P.
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Then, we have:

(a) If Q contains at least one line, the geometry S is a polar space.
(b) If Q is nondegenerate, S is nondegenerate.

Proof. (a) Verification of (P): Let x be a point of Q, and let g be a line in Q not
containing x. Let O, be the tangent space at Q through x. By definition, Q, is
a hyperplane or P.
In any case, the line g contains
at least one point y of O, N Q. By
Theorem 2.1, the line xy is contained
in Q. It follows that there exists
at least one line of S through x Qs g
intersecting the line g in a point.

Next, we consider the case that there are at least two points y and z on g such
that the lines xy and xz are contained in Q. It follows that y, z are contained in
Q.. Hence, the plane generated by x, y and z is contained in Q, that is, every
line of P through x intersecting g in a point, is a tangent of Q through x. Any
of these lines contains at least two points of Q (the point x and the intersection
point with g), thus, any of these lines is contained in Q.

It follows that either exactly one point or all points of g are joined with x by a
line of S.

Verification of (P,): Since on every line of P, there are at least three points, on
any line of S, there are also at least three points.

(b) Let Q be a nondegenerate quadratic set, and let x be a point of Q. Furthermore,
let QO be the tangent space at Q through x. Since Q, is a hyperplane, there
exists a line g through x not contained in Q,. Since g is not a tangent and
contains a point of Q (namely x), there is exactly one further point y of Q on
g. It follows that the points x and y are non-collinear in S. O

Definition. Let P be a projective space, and let Q be a quadratic set in P. Let ¢ be
the maximal dimension of a subspace of P contained in Q. Then, r := ¢ + 1 is
called the rank of Q. (A possible value for ¢ is t = c0.)

The rank of a quadratic set Q is, by definition, the rank of the polar space defined

by Q.

2.3 Theorem. Let P be a d-dimensional projective space, and let Q be a nondegen-
erate quadratic set. If U is a subspace of P contained in Q, we have dimU < ) d.

Proof. By Theorem 2.2, the subspaces of P contained in Q define a nondegenerate
polar space S. Let U be a subspace of S, and let M be a maximal subspace of
S through U. By Theorem 2.15 of Chap.IV, there exists a maximal subspace W
of S disjoint to M. Since M and W are disjoint subspaces of P, it follows that
dimU <dim M < 1/hd. O

2.4 Theorem. Let P be a projective space, and let Q be a quadratic set. Further-
more, let E be a plane of P which has a point p in common with Q. Then, either E
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contains exactly one tangent of Q through p, or all lines of E through p are tangents
of Q.

Proof. Since the tangent space O, is either a hyperplane of P or P, either the
intersection £ N Q, is aline, or we have E N Q, = E. a

2.5 Theorem. Let P be a projective space, and let Q be a quadratic set. If U is a
subspace of P, the set Q N U is a quadratic set of U. Furthermore, for any point p
of O NU, the relation Q, N U = (Q NU), holds.

Proof. Step 1. We first shall prove the relation O, N U = (Q N U),: For, let x be
a point of U distinct from p. Then, we have

x€Q,NU & x €U and px isatangentof Q at p
& px C U and px is atangentof Q at p
& pxisatangentof Q NU at p
&S xe(QNU),.

Step 2. Q N U is a quadratic set of U: Axiom (Q1) follows from the fact that
every line of P intersects the set O in at most two points or is contained in Q. Hence,
this is true for every line of U.

In order to verify Axiom ((Q»), we consider the set (QNU), = Q,NU (Step 1).
Since Q is a hyperplane of P, or O, = P, it follows that Q , N U is a hyperplane
ofUyorQ,NU =U. O

The rest of this section is devoted to the investigation of the radical Rad(Q) (the set
of double points) of a quadratic set Q.

2.6 Theorem. Let Q be a nondegenerate quadratic set of a projective space P, and
let H be a hyperplane of P. Furthermore, let p be a point of Q N H.
The point p is a double point of the quadratic set Q N H if and only if Q, = H.

Proof. Let Q" := Q N H. By Theorem 2.5, we have Q’, = Q, N H. Since Q isa
nondegenerate quadratic set, Q , is a hyperplane of P. It follows that

pisadoublepointof 0":= QNH & Q' ,=H & Q,NH=H <% Q,=H.

O

2.7 Theorem. Let P be a projective space, and let Q be a quadratic set. Then, the
radical Rad(Q) of Q is a subspace of P.

Proof. Let x and y be two double points of O, and let g := xy be the line through
x and y. Let z be a point on g. Since x is a double point of Q, the line g is a tangent
of Q. Since g contains the two points x, y of Q, it follows that g is contained in Q.
In particular, the point z is contained in Q.
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Let & be a line of P through z.
Assume that / is not a tangent. On h, X Z y
there is exactly one further point s of Q
different from z. Since s is contained
in QN Oy N Q,, it follows from
Theorem 2.1 that the lines sx and sy
are contained in Q. Since the points
and lines of Q define a polar space, S
every line through s intersecting the line
g = xy, is contained in S.

It follows that & = sz is a tangent of Q, in contradiction to the assumption. Thus,
every line through z is a tangent, hence, z is a double point. O

E

2.8 Theorem. Let Q be a quadratic set of a projective space P.

(a) If x is a point of Q, every line xy, where y is a point of Rad(Q), is contained
in Q.

(b) For every point x of Q, the subspace {x, Rad(Q)) is contained in Q.

(c) For every point x of Q, the subspace Rad(Q) is contained in Q.

Proof. (a) Let y be a point of Rad(Q). Every line through y is a tangent of Q. Since
the line xy contains two points of Q (namely x and y), it follows that xy is
contained in Q.

(b) and (c) follow from (a). O

2.9 Theorem. Let Q be a quadratic set of a projective space P with Q #
Rad(Q) # @. Furthermore, let U be a complement* of Rad(Q) in P.

(a) Q' := Q0 NU is a nondegenerate quadratic set of U.
(b) Let Q' := Q NU. Q consists of all points incident with a line joining a point
of Q' with a point of Rad(Q), that is,

O={xecP|3a € Q' Ib €Rad(Q) withx € ab}.

Proof. (a) Let x be a point of Q’. Assume that x is a double point of Q’. Then,
U = Q', = Q,NU is contained in Q. By Theorem 2.8, it follows that
Q, contains (U, Rad(Q)) = P. It follows that x is a double point of Q, in
contradiction to the assumption that U is a complement of Rad(Q).

(b) Let X :={x e P|3a € Q'3 b € Rad(Q) with x € ab}. We need to show
that X = Q.

(1) X is contained in Q: Let x be a point of X. Then, there exists a point a of
Q’ C Q and a point b of Rad(Q) such that x is incident with the line ab.
By Theorem 2.8, we have

x € ab C {a, Rad(Q)) € Q.

“That is, U is a subspace of P with U N Rad(Q) = & and (U, Rad(Q)) = P.
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(i) Q is contained in X: Let x be a point of Q. If x is contained in Rad(Q), x
is contained in X. W.l.o.g., let x be a point outside of Rad(Q).

<x, Rad(Q)>

By Theorem 2.8, the subspace (x, Rad(Q)) is contained in Q. Since the
subspaces Rad(Q) and U are complementary, the subspaces (x, Rad(Q)) and
U meet in a point a of U N Q = Q’. Since the line ax is contained in the
subspace (x, Rad(Q)), the line ax intersects the subspace Rad(Q) in a point b.

It follows that x is incident with the line ab where a is contained in Q” and
b is contained in Rad(Q), that is, x is contained in X. |

In view of Theorem 2.9, the study of quadratic sets can be restricted to the study of
nondegenerate quadratic sets.

2.10 Theorem. Let Q be a quadratic set of a projective space P. Q is a subspace
of P if and only if Q = Rad(Q).

Proof. (i) If Q = Rad(Q), by Theorem 2.7, Q is a subspace of P.

(i) Conversely, let O be a subspace of P. Since every line of P is either contained

in Q or has at most one point common with Q, all lines through a point x of
Q are tangents of Q. It follows that every point of Q is a double point, that is,

0 = Rad(Q). O

2.11 Theorem. Let Q be a quadratic set of a projective space P with Q # Rad(Q).
Then, (Q) = P.

Proof. Since Q # Rad(Q), there exists a point x of Q which is not a double point.
Then, H := Q, is a hyperplane of P. For every line g through x not contained in
H, there is point of Q on g distinct from x (otherwise, g would be a tangent of Q).
It follows that (Q) D (P \ H) = P. O

Next, we shall determine the quadratic sets of a projective plane.

Definition. Let P be a projective plane, and let & be a set of points of P satisfying
the following properties:

(1) On every line of P, there are at most two points of &.
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(ii) Through any point of &, there is exactly one
tangent, that is, there is exactly one line of P
intersecting ¢ in exactly one point.

The set & is called an oval of P.

2.12 Theorem. Let P be a projective plane, and let Q be a quadratic set of P. Then,
Q is one of the following sets:

(i) Q is a subspace of P. In this case, we have Rad(Q) = Q.
(ii) Q consists of the set of the points of two lines, intersecting in a point x. In this
case, we have Rad(Q) = x.
(iii) Q is an oval. In this case, we have Rad(Q) = @.

Proof. First case: Let Rad(Q) = @, and let Q # @.

Step 1. Any point of Q is incident with exactly one tangent: Assume that there
is a point p of Q incident with two tangents #; and t,. Then, O, 2 (t1, ©») = P, in
contradiction to Rad(Q) = @.

Step 2. Q does not contain a line: Assume on the contrary that Q contains a
line g. Since (Q) = P (Theorem 2.11), Q contains a point x not on g. The point x
is incident with exactly one tangent ¢ intersecting the line g in a point z. Hence, the
point z of Q is incident with two tangents, a contradiction.

It follows from Steps 1 and 2 that Q is an oval.

Second case. Let Rad(Q) = x be a point. Let g be a line of P not incident with x.
Then, g is a subspace of P complementary to x. Hence, we can apply Theorem 2.9:

If gN Q = &, we have Q = Rad(Q) = x.

If ¢ and Q meet in a point x, we have Q0 = xy and xy = Rad(Q), in
contradiction to Rad(Q) = x.

If g and Q meet in two points y and z, we have Q = xy U xz, and we have
x = Rad(Q).

If g is contained in Q, we have Q = (x, g) = P and P = Rad(Q), a
contradiction to Rad(Q) = x.

Third case. Let Rad(Q) = g be a line. Let p be a point outside of g. We shall,
once more, apply Theorem 2.9.

If p is not contained in Q, we have Q = g and g = Rad(Q).

If p is contained in Q, we have Q0 = (p, g) = P and P = Rad(Q), a
contradiction to Rad(Q) = g.

Fourth case. We have Q = P and P = Rad(Q). O

3  Quadrics

Quadrics have been introduced in Sect. 6 of Chap.IV as special cases of pseudo-
quadrics. In the present chapter we shall consider the relation between quadrics
and homogeneous quadratic polynomials, and we shall show that every quadric is
a quadratic set. Since the main results about quadrics and quadratic sets presented
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in the present chapter are about quadrics and quadratic sets in finite-dimensional
projective spaces, we generally restrict ourselves to finite-dimensional projective
spaces.

Every quadratic form defines a homogenous quadratic polynomial and vice versa.
This relation is the subject of Theorems 3.1 and 3.2.

Definition. Let V be a (d + 1)-dimensional vector space over a commutative field
K,andlet P = PG(d, K) be the corresponding d -dimensional projective space.

For i, j = 0, 1, ..., d, let g;; be some elements of K. Define the
transformationg : V — K by

d
q (XO,Xl, R ,xd) = Z qij Xi X;.
i,j=0
Then, g is called a homogenous quadratic polynomial.

3.1 Theorem. Let V be a (d + 1)-dimensional vector space over a commutative
field K, and let g : V — K be a quadratic polynomial. Then, q is a quadratic form.

Proof. Since ¢ is a quadratic homogenous polynomial, fori, j = 0, 1 ..., d,
there exist elements g;; of K such that

d
q (X0, X100 Xa) = ) Gij Xi X
i,j=0

(i) We have ¢(A v) = A% q(v) for all v of V and for all A of K: For a vector
v = (X0, X1, ..., xXg)" of V and an element A of K, we have’

qAv)y =q(A xo, A x1, ..., A xg)
d

= Z q,-jkxi)kxj

i.j=0

d
= /\2 Z qijxixj = Azq (V)

i.j=0
(i1) The transformation f : V x V — K defined by
S, w)=q@+w)—q()—qw)

is a symmetric bilinear form: For all vectors v, w of V with v = (xq, x1, ..., xg4)’
andw = (yo, ¥1, ..., Ya)', we have

Note that, by assumption, K is commutative.
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S, w) =g +w) —qO)—qw)
d
= Z qij (i +yi) (xj +yj) —qijxix; — qij yiy;
i,j=0
d
= Z qij (xiJ’j +ij’i)-
i.j=0

A simple computation yields for u, v, w of V and A of K:
JO+u w)y=f, w)+ flu, w)
JAv, w)y =24 f(v, w)
S, wtuw) = fv, w)+ f(v. u)
f(v, Aw) =A f(v, w) and
J. w) = fw, ).

Remark. If g : V — K is a quadratic homogenous polynomial with

d
q(XO, Xl,...,xd)z E qij X; xj’
i,j=0

by Theorem 3.1, g is a quadratic form and hence defines a quadric Q. One says that
d
the quadric Q is defined by the quadratic equation ) g;; x; x; = 0.
i,j=0

By Theorem 3.1, a quadratic homogenous polynomial is a quadratic form. As we
shall see in Theorem 3.2, conversely, every quadratic form of a finite-dimensional
vector space defines a homogenous quadratic polynomial. For finite-dimensional
vector spaces, the two notions are equivalent.

3.2 Theorem. Let V be a (d + 1)-dimensional vector space over a commutative
field K, and let q : V — K be a quadratic form with symmetric bilinear form f.
Then, q is a quadratic homogenous polynomial.

Proof. Let {ey, e, ..., eq}beabasisof V.Fori, j =0, 1, ..., d,set
qii = q(e;)
qij = flei, e;) = qlei +ej)—qle;) —qlej) fori < j
qij =0 fori > j.
d
Letv = Y x,e, be an element of V. Furthermore, let

r=0

k
Vi 1= Zx,e, fork =0, ..., d.
r=0
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d
Finally, let g : V — K be the transformation defined by g(v) := > qix X; Xk.
i k=0
We shall prove by induction on k that

qvg) = glv) forallk =0, ..., d.

k = 0: We have g(vo) = ¢(xo e0) = xo* g(e0) = qoo Xo> = g(vo).
k —1 — k: We have
q(vk) = q(vg—1 + Xy ex)
= f(Vk—1, Xr ex) + q(vi—1) + q(x ex)
k=1
= > xix fleien) + gvi-1) + xiq(ex)
i=0

k—1 k—1
2
= Z%‘kxi Xk + Z qij Xi Xj + Gk Xk
i=0 i,j=0

k
= > g xi xi = g(v).

i=0
It follows from ¢ (v4) = g(v4) that g is a homogenous quadratic polynomial. O

In Theorem 3.7, we shall see that every quadric is a quadratic set. Theorems 3.3
to 3.6 prepare the proof of this assertion.

3.3 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
vector space V over a commutative field K. Furthermore, let Q be a quadric of P.

Every line of P intersects the quadric Q in at most two points, or all points of the
line are contained in Q.

Proof. Letq : V — K be the quadratic form defining the quadric Q. Let g be aline
of P which has three points x = (v), y = (w) and z = (v + A w) for some element
0 # A of K in common with Q. We need to show that all points of g are contained
in Q.

For, leta := (v + p w) with 0, A # p € K be a further point on g. Since x, y,
z are contained in Q, it follows that ¢(v) = g(w) = q¢(v + A w) = 0. In particular,
we have

0=qv+Aw)= f(v, Aw)+q0)+qAw)
=4 f(v, w) +q) + 2% g(w)
=1 f(v, w).
Since A # 0, we have f(v, w) = 0. It follows that
qv+pw) = f, pw)+q) +q(pw)

=u S, w)+qO) + p* gw)
= O’

that is, @ = (v 4+ u w) is contained in Q. O
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3.4 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a

vector space V over a commutative field K. Let Q be a quadric of P with quadratic

form q 1V — K and bilinear form f. Let x = (v) and w = (y) be two points of Q.
The line xy is contained in Q if and only if f(v, w) = 0.

Proof. (i) Suppose that the line xy is contained in Q. In particular, the point (v+w)
is contained in Q. It follows that f(v, w) = g(v +w) —gq(v) —gq(w) = 0.

(ii) Suppose that f(v, w) = 0. Let (v + Aw) be an arbitrary point on xy. It
follows that

g+ Aw) = f(v, Aw) +q() +q Aw) = A f(v, w)+q() + A% g(w) = 0.

Hence, the point (v + Aw) is contained in Q. O

Definition. Let V be a (d + 1)-dimensional vector space over a commutative field
K,and let ¢ : V — K be a quadratic form with bilinear form f. For an element
0#vofV,set

Wt :={weV| fr, w) =0}

Note that (v)* is a subspace of V and hence a subspace of P = PG(d, K).

3.5 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
vector space V over a commutative field K. Let Q be a quadric of P with quadratic
formgq:V — K.

(a) For every point (v) of P, we have: If (v) is contained in Q, the point (v) is
contained in (v)*. If Char K # 2, the converse is also true, that is, if (v) is not
contained in Q, the point (v) is not contained in (v)*.

(b) For an element 0 # v of V, the subspace (v)* is a hyperplane of P or (v)
equals P.

(c) For every point (v) of Q, the subspace (v)* is the tangent set at Q through (v).

(d) For every two points (v) and (w) of Q, we have: The line (v, w) is contained in
O if and only if (w) is contained in Q N (v)*, or (v) is contained in Q N (w)L.

L

Proof. (a) Let (v) be a point of Q. We have ¢(v) = 0, and it follows that

F,v) =q0+v)—qO) —q() =2>q(v) —q(») —q(») = 0,

thus, v is contained in (v)*.
Let Char K # 2, and let (v) ¢ Q. Then, ¢(v) # 0, and it follows that

F, v)=q@v+v)—q®)—qv) =22 q(v) —q() —q(v) =2 q(v) # 0,

hence, v ¢ (v)*.

(b) The transformation f(v, -) : V — K is a linear transformation with Kern
f(v, ) = (v)*. It follows that (v)= is a hyperplane, or (v)* equals V.

(c) Step 1. Every line of (v)* through (v) is a tangent of Q through (v): Let g be a
line of (v)* through (v) containing besides (v) a further point (w) of Q. Since
g = (v, w) is contained in (v)*, we have f(v, w) = 0.Letx = (v+Aw), 0 #
A € K, be a further point on g.
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Then,

qv+Aw) = f(v, Aw)+qO») +q(Aw)
=1 f. w)+q(v) + A% qg(w)
= 0.

It follows that x is contained in Q, that is, the line g is contained in Q.

Step 2. Let (v) be a point of Q. Then, every tangent through (v) at Q is
contained in (v)*: By Theorem 3.3, every line through (v) intersects the quadric
Q in one or in two points or it is completely contained in Q. It follows that we
need to show that every line of P through (v) not contained in (v)=, intersects
the quadric Q in exactly two points.

For, let g = (v, w) be a line through (v) not contained in (v)*. Then, w
is not contained in (v)*, hence, f(v, w) # 0. Hence, for any point (v) # x =
(A v+ w) on g, we have

xeQ & 0=qAiv+w)
= fAv, w)+qAv)+qWw)
=1 fv, w)+qw)

~qw)
f.w)

&A=

Besides the point x, there is exactly one further point of Q on g, namely the
point y = (u v+ w) with u = —g(w)/ f (v, w).
(d) The proof is obvious. a0
3.6 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a

vector space V over a commutative field K. Furthermore, let Q be a quadric of P
defined by the equation

d
Z qijxixj =0.

i.j=0
The tangent space Q , of a point p = (po, pi, ..., pa)' of Q is defined by the
equation
d

Z qij (pi xj +xi pj) = 0.

i,j=0
Proof. Let p = (v) with 0 # v = (po, p1, ..., pa)' € V. By Theorem 3.5,
we have

0,=Wr=1{weV]| [, w) =0

Ifw= (xo, X1, ..., Xg)", we have
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d
Joowy =D qij (pixj + xi pj).
ij=0
The assertion follows. O

3.7 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
vector space V over a commutative field K. Furthermore, let Q be a quadric of P
with quadratic form q.

(a) Q is a quadratic set.
(b) The quadratic set Q is nondegenerate if and only if the quadratic form q is
nondegenerate.

Proof. (a) Verification of (Q1): By Theorem 3.3, every line of P intersects the
quadric Q in at most two points or is completely contained in Q.

Verification of (Q5): By Theorem 3.5, for any point (v) of Q, the set (v)= is the
tangent set at Q through (v). Again by Theorem 3.5, (v)= is a hyperplane of P
or (v)* equals P.
(b) By Theorem 3.5, for any point (v) of Q, the tangent space Q) at Q through
(v) equals (v)*. It follows that
¢q is nondegenerate is the first part of the equivalences

& For any point (v) of Q, there exists an element 0 # w of V
with f(v, w) = 0.
& We have (v)* # P for all (v) of Q.
< We have Q) # P for all (v) of Q.
< @ is nondegenerate.
|

The previous theorems imply a construction method for quadratic sets: Every
homogeneous quadratic polynomial of the form

d
q (x0,X1,...,Xq) i= § qij Xi X;
ij=0

with g;; € K defines a quadricin P = PG(d, K) over a commutative field K. By
Theorem 3.7, this quadric is a quadratic set.

4 Quadratic Sets in PG(3, K)

The aim of the present section is the classification of the quadratic sets of a
3-dimensional projective space P = PG(3, K). This includes a detailed inves-
tigation of the so-called hyperbolic quadrics. The main result of this section
(Theorem 4.13) says that a quadratic set in P = PG(3, K) is either a subspace
of P, the point set of two planes, a cone, an ovoid or a hyperbolic quadric.
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At the end of this section, we shall see that there are central collineations of P
fixing a hyperbolic quadric (Theorem 4.15).

Definition. Let P be a d-dimensional projective space, and let U and W be two
subspaces of P. The subspaces U and W are called skew if U and W are disjoint.

4.1 Theorem. Let P be a 3-dimensional projective space, and let g and h be two
skew lines of P. Furthermore, let p be a point of P which is neither incident with g
nor with h. There exists exactly one line [ through p, intersecting each of the lines g
and h in a point.

Proof. (i) Existence:
Let E := (p, g) be the plane generated by p and g.
Since dim P = 3, the plane E meets the line &
in a point x. Since the lines g and / := px are
contained in the plane E, the lines g and / meet in
a point y.

(ii) Uniqueness: Assume that there are two lines /; and /, through p intersecting
each of the lines g and / in a point. Then, the plane £ := ([;, [,) contains the
lines g and h, in contradiction to the assumption that g and % are disjoint. O

Definition. Let P be a d-dimensional projective space, and let Z be a set of
pairwise skew subspaces of P. A line ¢t of P is called a transversal of Z if the
line ¢ intersects each of the subspaces of % in exactly one point.

4.2 Theorem. Let P be a 3-dimensional projective space, and let G be a set of three
pairwise disjoint lines. For the set 7 of the transversals of G, we have:

(a) The lines of 7 are pairwise disjoint.
(b) Any point on a line of G is incident with exactly one transversal.
(c) The lines of G are transversals of 7 .

Proof. The proof of the assertion follows from Theorem 4.1. O

Definition. Let P be a 3-dimensional projective space, and let % be a set of pairwise
disjoint lines. The set & is called a regulus of P if the set % fulfils the following
conditions:

(R,) Each point on a line of & is incident with a
transversal of Z.

(R>) Each point on a transversal of % is incident with a
line of Z.

4.3 Theorem. Let P be a 3-dimensional projective space, and let Z be a regulus
of P.
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(a) Z contains at least three lines.

(b) Let x be a point on a line of %Z. Then, x is incident with exactly one transversal.

(c) Any two transversals of % are skew.

(d) Let T be the set of the transversals of %. Then, 7 is a regulus. The set of the
transversals of T is X.

Proof. (a) Lett be a transversal of Z. Since each point of ¢ is incident with a line
of Z, it follows that | Z| > 3.

(b) By Axiom (R)), any point on a line of % is incident with at least one transversal.
The uniqueness follows from Theorem 4.2 together with (a).

(¢) Since |Z| > 3, the assertion follows from Theorem 4.2.

(d) Step 1. By (c), the set .7 consists of pairwise disjoint lines.

Step 2. Let g be a line of Z. Then, g is a transversal of .7: For, let ¢ be a line
of 7. Since t intersects every line of %.,% in particular, ¢ and g meet in a point.
It follows that g meets every line of .7, that is, g is a transversal of 7.

Step 3. The lines of & are exactly the transversals of .7: By Step 2, every
line of Z is a transversal of 7. Conversely, let /i be a transversal of .7. Let
t1, 1 and t3 be three lines of .7, and let x := h N t; be the intersection point
of h and ¢,. By Axiom (R;), the point x is incident with a line g of Z. Since g
and £ are incident with the point x and since g and & meet the lines #, and 73, it
follows from Theorem 4.1 that 4 = g is contained in Z.

Step 4. 7 is a regulus: By Step 3, the lines of Z are exactly the transversals
of .7. Since Axioms (R;) and (R;) are symmetric with respect to the sets %
and .7, it follows from the fact that & a regulus, that .7 is aregulus as well. O

Definition. Let P be a 3-dimensional projective space, and let Z be a regulus of P.
Let .7 be the set of the transversals of %. Then, .7 is called the opposite regulus’
of Z.

4.4 Theorem. Let P be a 3-dimensional projective space, and let Z be a regulus of
P. Furthermore, let R be the set of the points on the lines of %Z. Finally, let T be
the opposite regulus of %.

(a) Each line of P intersects the set R in at most two points or is completely
contained in R.

(b) The lines completely contained in R are exactly the lines of #Z and 7.

(c) Each point of R is incident with exactly one line of Z and with exactly one line

of 7.

5By assumption, ¢ is a transversal of Z.

7Since .7 is a regulus, Z is the opposite regulus of .7. In this sense, regulus and opposite regulus
are two symmetric notions.
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Regulus and Opposite Regulus

Proof. (a) and (b) Let /1 be a line intersecting the set R in at least three points. Then,
either /1 is a line of Z, or h meets at least three lines g, g2, g3 of Z in a point. If &
is a line of Z, the assertion is shown. Let us suppose that x := & N g; is a point. By
Theorem 4.2, & is the uniquely determined transversal of these three lines through
the point x. It follows that 4 is a transversal of & through x. By Axiom (Ry), & is
contained in R.

(c) Since each of the sets Z and .7 consists of pairwise skew lines, any point of
R is incident with exactly one line of % and with exactly one line of 7. O

4.5 Theorem. Let P be a 3-dimensional projective space, and let % be a regulus of
P. Let 7 be the opposite regulus of Z. If R is the set of the points on the lines of
Z, R and the lines of # U T form a generalized quadrangle.

Proof. We shall verify Axioms (1), (V2) and (V3):

Verification of (V}): Obviously, any two points of R are incident with at most
one line of Z U 7.

Verification of (13): Let g be a line of Z U .7, and let x be a point of R which
is not on g. If g is contained in %, there exists exactly one line of .7 (and no line
of #) through x intersecting the line g. If g is contained in .7, there exists exactly
one line of Z (and no line of 77) through x intersecting the line g.

Verification of (V3): Obviously, on each line of Z U .7, there are at least two
points. By Theorem 4.4, any point of R is incident with two lines of Z U 7. O

4.6 Theorem. Let P be a 3-dimensional projective space over a 4-dimensional
vector space V. Let g, go and g be three pairwise disjoint lines, and let t, ty and t,
be three transversals of {g, go, g1}. There exists a basis {vo, vi, v2, v} of V with
the following properties:
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(a) We have

Vo)
Vi)

goNty = {(vo+mv)

v2)

= (
=
(
=
gnNt = ()
(
(
(
(vo

gnNty = (va+v3)
g1 Nty = (vo+v2)
g1Nt= (v +v3)

g1y = + v +va +v3).

<V2+aV3>

<Vitvs> <YV + Vohva>
- <votvpta(vi+vy)>

<V0+V1+b(V2+V3)>

(b) For an element a of K, let t, be the line (vo + a vy, v, + a v3). The lines t and
t, (a € K) are exactly the transversals of {g, go, €1}

(c) Foran element b of K, let gj, be the line (vo + b v,, vi + b v3). The lines g and
g» (b € K) are exactly the transversals of {t, ty, t1}.

Proof. (a) Since the lines go and g are skew, the points go Ny, go N, g Nty and
g Nt generate P. For (vo) := go Nty, {(w1) := go Nt, (W) := g Nty and
(w3) := g Nt, the set {vy, wi, wyp, ws} is a basis of V.

For the point gy N #;, there exists an element 0 # A of K such that gy N#; =
(vo + A wy). Setvy := A wy.

Similarly, there exist for the points g; N ¢y and g; N ¢ elements 0 # w, v of
K suchthat gy Nty = (vo + pwwy) and gy Nt = (vi + w ws). Set vy := pwy
and v = v ws.

Let & be the line (vo + v, v2 + v3). Then, h meets the lines g(, g and g in
the points (vo + v1), (v2 + v3) and (vo 4+ vi + vo + v3), respectively. It follows
that / is a transversal of {go, g, g,} through the point go N #; = (vo + vi). By
Theorem 4.1, we have h = t;. It follows that



202 5 Quadrics and Quadratic Sets

gNty=gNh= (v, + v3) and
giNty=g1Nh= o+ vi+vy+vs).
(b) The points on gy are exactly the points (v;) and (vo + av;), a € K. Obviously,

for an element a of K, the line #, meets the lines go, g and g; in the points
goNt, = (vo+avi), gNt, = (va+avs)and gy Nt, = (vo+va+a (vi+v3)),

respectively.
Hence, the set {t} U {z, | a € K} is the set of the transversals of {g, go, g1}
(c) follows analogously to (b). O

4.7 Theorem. Let P = PG(3, K) be a 3-dimensional projective space over a
vector space V and a skew field K.

(a) In P, there exists a regulus if and only if K is commutative.
(b) If K is commutative, any three pairwise skew lines are contained in exactly one
regulus.

Proof. (a) In P, there exists a regulus if and only if there exist three pairwise skew
lines g, go, g1 which are contained in a regulus. Let t, ¢y, #; be three transversals
of {g, go. &1}-
By Theorem 4.6, there exists a basis {vo, v, v2, v3} of V with the properties
described in Theorem 4.6. The following assertions are equivalent:
The lines g, go, g1 are contained in a regulus.

< For all elements a, b of K, the lines 7, and g, meet in a point 5.

< For all elements a, b of K, there exist A, u of K such that vo + b v, +
AW +bv3) =5 =vo+avi+ puva+avs).

< For all elements a, b of K, there exist A, p of K suchthat0 = (¢ —A) v +
(w=b)va+ (nwa—Ab)vs.

< For all elements a, b of K, there exist A, u of K suchthat A = a, u =
b, pa= Ab.8

< For all elements a, b of K, we have ab = ba.

< K is commutative.

(b) Since every three pairwise disjoint lines g, go, g1 and every three transversals ¢,
to, ty of {g, go, g1} can be transformed into the form described in Theorem 4.6,
the assertion follows from (a). O

4.8 Theorem. Let P = PG(3, K) be a 3-dimensional projective space over
a vector space V over a commutative field K, and let % be a regulus of P.
Furthermore, let R be the set of the points on the lines of Z. There exists a basis
{vo, vi, va, v3} of V such that the set R consists exactly of the following points:

R ={(0,0,01)} U{(0,0,1,a)' |a € K}U{(0,1,0,a) | a € K}
U {(l, a, b, ab)' |a, b € K}.

8Note that the vectors v|, v, v3 are linearly independent.
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Proof. We choose the notations and the basis {vy, vi, v2, v3} as in Theorem 4.6.
The points of R are exactly the points on the lines g, g, (b € K). The line g consists
of the point (0, 0, 0, 1)’ and the points (0, 0, 1, a)’, a € K.

For an element b of K, the line g consists of the point (0, 1, 0, b)" and the points
(1, a, b, ab)', a € K. The assertion follows. O

4.9 Theorem. Let P = PG (3, K) be a 3-dimensional projective space over
a vector space V over a commutative field K, and let # be a regulus of P.
Furthermore, let R be the set of the points on the lines of %.

(a) The set R is a quadric of P.
(b) There exists a basis {vy, vi, v2, v3} of V such that the quadric R is defined by
the equation

X0 X3 — X1 )CZZO.

Proof. We shall prove Parts (a) and (b) in common. By Theorem 4.8, there exists a
basis {vo, vi, V2, v3} such that

R = {(0, 0, 0, l)t}U{(O, 0, 1, a)t |la e K}yU{(, 1, 0, a)t |a € K}
u{(, a, b, ab)’ |a, b € K}.

Let Q be the quadric of P defined by the equation x¢ x3 — x; x, = 0. Since each
point of R fulfils the equation x¢ x3 —x; x, = 0, it follows that R is contained in Q.

Conversely, let z = (zo, 21, 22, z3) beapointof Q. If 70 =z =20 =0, z =
(0, 0, 0, 1)’ is an element of R. If zp = z; = O and z # 0, we have z =
(0, 0, 1, a)’ for an element a of K. Again, it follows that z is a point of R.

If zp = 0 and z; # 0, we have z = (0, 1, a, b)" for some elements a, b of K.
Since z is an element of Q, it fulfils the equation zg z3 — 71z = 0. Thus, we get
a = 0. Hence, we have z = (0, 1, 0, b)' € R.

Finally, let zg # 0. Then, we have z = (1, a, b, ¢)' for some a, b, ¢ of K. From
20 23 — 21 22 = 0, it follows that ¢ = ab, thatis, z = (1, a, b, ab)’ is contained in
R. Altogether, it follows that Q is contained in R. O

Definition. Let P = PG (3, K) be a 3-dimensional projective space, and let % be
a regulus of P. Furthermore, let R be the set of the points on the lines of Z. Then,
R is called a hyperbolic quadric.

4.10 Theorem. Let P be a 3-dimensional projective space, let Z be a regulus of P,
and let R be the hyperbolic quadric defined by the regulus %. Let E be a plane of
P. Then, E and R meet in one of the following sets:

(i) The set E N R isanovalin E.
(ii) The set E N R consists of a line of Z and a transversal of Z%.
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Proof. Since R is a quadratic set (Theorem 4.9), E N R is a quadratic set in E. By
Theorem 2.12, EN R is a subspace of E, the set of the points of two lines intersecting
in a point, or R is an oval.

Since E has at least one point in common with each line of %, we have
|[ENR|>3. It follows that E N R is an oval,or E N R contains a line.

We consider the case that £ N R contains a line g. Since the lines contained in
R are either lines of Z or transversals of %, we can assume w.l.o.g. that g is a line
of Z. Each of the other lines of Z intersect E in a point. It follows that £ N R
contains besides the line g at least one further point, that is, £ N R consists of
the set of the points of two lines, or we have £ N R = E. Since no planes are
contained in R, the assertion follows. O

Definition. Let P be a d-dimensional projective space, and let & be a non-empty set
of points of P. The set & is called an oveid if & satisfies the following conditions:

(i) No three points of & are collinear.
(i) For any point x of &, the tangent set O, is the point set of a hyperplane of P.

For d = 2, an ovoid is an oval.

4.11 Theorem. Let P be a d-dimensional projective space, and let O be an ovoid
of P. Then, 0 is a nondegenerate quadratic set.

Proof. The assertion follows from the definition of an ovoid. O

Definition. Let P be a 3-dimensional

projective space, and let £ be a plane of

P. Furthermore, let s be a point of P outside

of E. Finally, let & be an oval in E. The S
set of the points on the lines sx, where x

is contained in &, is called a cone with

vertex s.

4.12 Theorem. Let P be a 3-dimensional projective space, and let ¥ be a cone of
P with vertex s. Then, . is a degenerate quadratic set with Rad (%) = s.

Proof. Let O be an oval in a plane E of P such that /" consists of the points on the
lines sx where x is contained in ¢. Furthermore, let G be the set of the lines of P
through s which intersect the plane E in a point of &.

Step 1. By construction of a cone, all lines of P through s are either contained in
¢ or they intersect % in the point s. In other words, all lines through s are tangents
of X .

Step 2. Each line of P, which is not incident with s, has at most two points in
common with %
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Assume that there is a line g of P not
containing s such that g has at least three
points x1, X, x3 in common with J#". Then,
the lines sx;, sx, and sx; intersect the
plane E in three points y;, y, and y3 of O,
respectively. If % is the intersection line of
the two planes £ and (s, g), it follows that
Y1, Y2, y3 are incident with h. In particular,
the line / contains three points of &. This contradicts the definition of an oval.

Step 3. Let s # x be a point of %, and let y := sx N E be contained in . Let ¢
be the tangent of ¢ in E throughy. Then, F' := (s, t) is the tangent plane of ¢ at x:

Sincet N ¢ = y,wehave F N J# =
sy. It follows that all lines through x in F are
tangents of 7.

Conversely, if g is a line through x not
contained in E, (s, g) N E is a line /
through y distinct from ¢. Since ¢ is the only
tangent through y at & in E, on the line /,
there is exactly one further point z of &. It
follows that the line g is incident with the points x and sz N g of 0.

From Steps 1 and 2, it follows that every line of P has at most two points in
common with ¢ or is completely contained in .. From Steps 1 and 3, it follows
that the tangent space at % through a point x of . \ {s} is a plane and that the
tangent space at %" through s equals P. It follows that %" is a quadratic set with
Rad(2) = s. O

The following theorem classifies all quadratic sets of a 3-dimensional projective
space:

4.13 Theorem. Let P = PG(3, K) be a 3-dimensional projective space over a
skew field K, and let Q be a quadratic set in P. Then, one of the following cases
occurs:

(a) Q isasubspace U of P. We have U = Rad(Q).

(b) Q is the set of the points of two planes E| and E,. If g = E;NE,, g =Rad(Q).

(c) Q is a cone with vertex s. We have s = Rad(Q).

(d) Q is an ovoid. We have @ = Rad(Q).

(e) Q is a hyperbolic quadric. We have @ =Rad(Q). Furthermore, K is commu-
tative.

Proof. By Theorem 2.10, every subspace U of P is a quadratic set with U =
Rad(Q). From now on, let us assume that Q is not a subspace of P.

Step 1. We have dim Rad(Q) < 1: Assume that £ := Rad(Q) is a plane.
By assumption, we have £ # @, that is, there exists a point x of Q \ E. By
Theorem 2.8, it follows that P = (x, E) is contained in Q, hence, Q = P, a
contradiction.
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Step 2. Let g := Rad(Q) be a line. Then, Q consists of the set of the points of
two planes E; and E; intersecting in g: Since Q # Rad(Q), there exists a point x
of Q noton g. Let & be a line through x disjoint to g. Then, by Theorem 2.9, Q and
h meet in a nondegenerate quadratic set of &, thatis, 1 N Q consists of two points
x and y. By Theorem 2.9, we have Q = (x, g) U (y, g).

Step 3. Let s := Rad(Q) be a point. Then, Q is a cone with vertex s: Let E be
a plane of P which does not contain the point s and which is not contained in Q.
By Theorem 2.9, Q N E is a nondegenerate quadratic set of £. By Theorem 2.12, it
follows that &' := Q N E is an oval. It follows from Theorem 2.9 that Q is a cone
with vertex s.

Step 4. Let @ = Rad(Q). If Q does not contain any line of P, Q is an ovoid: By
definition, an ovoid is a nondegenerate quadratic set of a 3-dimensional projective
space which does not contain any lines.

Step 5. Let @ = Rad(Q). If Q contains a line of P, Q is a hyperbolic quadric:

(i) By Theorem 2.3, no plane of P is contained in Q.

(ii) Let g be a line in Q, and let x be a point of Q outside of g. Then, there
is exactly one line of Q through x intersecting the line g: By Theorem 2.2,
the subspaces contained in Q define a nondegenerate polar space S. Since S
does not contain any planes, by Theorem 2.20 of Chap.1V, S is a generalized
quadrangle. The assertion follows.

(iii) There are two disjoint lines in Q: Since the subspaces contained in Q define
a polar space (Theorem 2.2), the assertion follows from Theorem 2.15 of
Chap. IV.

(iv) Let g and & be two disjoint lines in Q. For any point x on g, by Part (ii), there
exists exactly one line [, in Q through x intersecting the line / in a point. For
two points x and y on g, the lines /, and /, are disjoint:

Assume that the lines /, and /, have a point z
in common. If z is not contained in h, the lines g
and / are contained in (/,, /,), in contradiction
to the assumption that g and / are disjoint. y

If z is incident with £, the point z of Q is incident
with two lines /, and [, of Q intersecting the line
g. This yields a contradiction to Part (ii).

(v) From Part (iv), it follows in particular that Q
contains at least three pairwise disjoint lines.

(vi) Q is a hyperbolic quadric: Let g;, g», g3 be three pairwise disjoint lines
in Q. Since every transversal of {g;, g», g3} contains three points of Q,
every transversal is contained in Q. Let .7 be the set of the transversals of

181, &2. 83}

First case. If P contains a regulus &% through {g;, g2, g3}, O is a hyperbolic
quadric: Let R be the set of the points on the lines of Z. Since % is a regulus, R
is the set of the points on the lines of .7. It follows that R is contained in Q. If
R = 0, Q is a hyperbolic quadric.
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Assume that there exists a point x of
O \ R. By Theorem 4.1, there exists a h X
line h through x meeting the lines g;
and g, in two different points y and z. g1 ﬁ y
It follows that /4 is contained in Q. Let ¢ 2
be the transversal of % through y. Since z
t is contained in R, we have t # h. It 83— ¢
follows that there are two lines / and ¢ of
O through y intersecting the line g», in contradiction to Part (ii). t

Second case. The case, that there does not exist a regulus through {g;, g2, g3},
yields a contradiction: For, let R be the set of the points on the lines of .7. Since .7
is not a regulus (otherwise, by Theorem 4.2, the opposite regulus of .7 would be a
regulus through {g;, g2, g3}), one of the following two cases occurs:

() There exists a line s which intersects three of the lines of .7 without being
contained in R.

(B) There exists a line / which intersects three of the lines of 7, which is
contained in R, but which misses at least one line of .7.

The case (o) cannot occur: Since such a line / contains three points of R € Q,
it follows that % is contained in Q. It follows that there exists a point x of Q \ R.
This fact yields, as in Case 1, a contradiction.

It remains to show that the Case () cannot occur.

For, let [ be a line intersecting three of the lines of .7 — 81
which is contained in R, but which misses at least one \ \ \ 125}
line t of 7.

&3
t
Since .7 consists of the transversals of {g;, g2, g3} and since | intersects at least
three of the lines of .7, it follows from Theorem 4.2 that either [ is one of the lines
of {g1, g2, g3} orl is disjoint to the lines g;, g» and g3. Since ¢ is a transversal of
{g1, &2, g3} and since [ is disjoint to ¢, it follows that [ is different from g;, g, and
g3. Hence, [ and g1, g, g3 are disjoint.
Obviously, ¢ is different from g;. Let £ be the plane generated by ¢ and g;. Since

P is of dimension 3, the line / and the plane £ meet in a point p. Since / is disjoint
to g1 and to ¢, the point p is neither on g; nor on z.

Since the line / is contained in R,
there is a transversal ¢’ of .7 through p.
The transversal ¢’ meets the line g; in
a point p’ # p. Hence, t' = pp’ is
contained in E.

E

It follows that the lines ¢ and ¢’ inter-
sect in a point, a contradiction.
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Let QO be a hyperbolic quadric of a 3-dimensional projective space P. In
Theorem 4.15, we shall see that for every point z of P\ Q, there exists a central
collineation o with centre z such that 6(Q) = Q. The following lemma prepares
the proof of this theorem.

4.14 Lemma. Let P = PG(3, K) be a 3-dimensional projective space, and let Q

be

a hyperbolic quadric of P.

(a) Let z be a point of P\ Q. There exists a plane E of P through z such that Q N E

(b)

(c)

consists of the set of the points of two lines.

Let a and b be two points of Q which are not
joined by a line of Q. There exist exactly two
points r and s such that r and s are joined with a
and b by some lines of Q. Furthermore, we have

0,NQp=rs.

Let E be a plane of P such that E N Q =
g U h for two lines g and h of E. Let e :=
g N h be the intersection point of g and h. a
Let a and c be two points on g distinct from
e, and let b and d be two points on h distinct
from e. Finally, let r (respectively s) be the, in
view of (b), uniquely determined points of P
different from e which are joined with a and
with b (respectively with ¢ and with d) by a

r b
a S
g
C S
h
e d

line of Q.

Then, H := (Q,N Qp, O.N Qq) = {e, r, s). In particular, H is a plane of P.°

Proof. (a) Let g be aline of Q. Since z is not contained in Q, the point z is not on
g. It follows that £ := (z, g) is a plane. Since E contains the line g of Q, by
Theorem 4.10, E N Q consists of the set of the points of two intersecting lines.

(b)

By Theorem 4.4, there are exactly two lines g and®
h of Q through the point a. Since the line ab is

not contained in Q, the point b is neither incidenth

with g nor with 4.

By Theorem 4.5, there exists exactly one line /
of Q through b intersecting the line g in a point r
and exactly one line m of Q through b intersecting
the line / in a point s.

°Note that the points 7 and s are not contained in the plane E = (g, h).

m

b

a
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(©)

Obviously, r and s are contained in Q, N Oy, hence, rs is containedin @, N Q.
Since b is not contained in Q,, we have Q, # Q. Fromdim Q, = dim Q) =
2, it follows that dim (Q, N Qp) = 1. Thus, rs = Q, N Q.

In view of (b), we have er = Q, N Qp and es = Q. N Q. It follows that

(QaN Qp, QN Qu) = (e, 1, 5).

Assume that/ := (e, r, s) is a line. Then, | intersects the lines ar, ¢s and bd,
and it follows that / is a transversal of {ar, c¢s, bd }. From the uniqueness of this
transversal (Theorem 4.1), it follows that [ = ac, in contradiction to the fact
that r, s are not incident with ac. O

4.15 Theorem. Let P = PG(3, K) be a 3-dimensional projective space over a
vector space V, and let Q be a hyperbolic quadric of P. Furthermore, let z be a
point of P outside of Q.

(a) There exists a central collineation o : P—P with centre 7 such that 6 (Q) = Q.

(b) Let E be a plane of P through z such that g h
O N E consists of the set of the points of \a
two lines g andh of E. '* Lete := g N h, lb

and let a and c be two points on the line g
distinct from e. Furthermore, let b := za N
hand d := zc N h. Finally, let H :=
(Qa N Qp, Or N Qu), and let o be the
central collineation of P with centre z, axis
Hando(a) = b."!

Then, 0(Q) = Q and o is an automorphism of order 2. In particular, we have

o(b) =a.

Proof. (a) Obviously, (a) follows from (b).

(b) By Theorem 4.14, there exist two

points r and s such that r is joined
with the points @ and b by some
lines of QO and such that s is joined
with the points ¢ and d by some
lines of Q. Furthermore, again by
Theorem 4.14, H := (e, r, s) is a
plane of P.

19Such a plane E exists by Theorem 4.14.
1By Theorem 4.14, H is a plane of P.
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By Theorem 4.6, there exists a basis B = {vg, v, vz, v3} of V such thata =
(vo), b= {(vi+v3), c =), d=(o+Vvi+va+vi), e= v+ w), r={(v)
and s = (v, + v3). Since z = ab N cd, one easily verifies that z = (vo + vi + v3).

Let A : V — V be the linear transformation with the following matrix with
respect to the basis B:

001-1
4= —111-1 ’

0010

—-101 0

and let o : P — P be the projective collineation defined by A. Since H = (e, r, s),
we have H = (vo + v2, v, v + v3). From A(vg + v2) = vo + v2, A(vy) = v; and
A(vy +v3) = vo + v, it follows that A|y = id, hence, 0|y = id. By Theorem 5.3
of Chap.IL, o is a central collineation with centre x.

From A(vg) = —vi —vz and A(v;) = vo + vi + v, + vs, it follows that o (a) = b

ando(c) =d.
From A(vi +v3) = —vp and A(vo + v + v2 + v3) = vy, it follows that o (b) = a
ando(d) = c.

It follows that o is a central collineation with axis H, centre x = abNcd = 2
and o (a) = b. Since o is also a central collineation with axis H and centre z and
since 02(a) = o(b) = a, it follows that 6> = id, that is, o is of order 2.

In order to verify the assertion 6(Q) = @, we shall consider a point x =
(x0, X1, X2, x3)" of Q with homogeneous coordinates with respect to the basis
B. By Theorem 4.9, Q is defined by the equation xox3 — x;x, = 0. We have

X0 001-1 X0 X2 — X3
o(x) = 4 x| _ —111-1 Xl _ —X0 + X1 + X2 — X3

Xo 0010 X2 X2

X3 —-101 0 X3 —X0 + X2

From (x; — x3) (—x0 4+ x2) — (—x0 + x1 + X2 — X3) X2 = X3 X0 — X1 X = 0, it
follows that o (x) is contained in Q. It follows that o (Q) is contained in Q.

It remains to show that Q is contained in o (Q): For, let y be an element of Q.
Then, x := o(y) is an element of 6(Q) < Q. It follows that 6 (x) = o%(y) = y.
Hence, y is an element of o (Q). O

5 Perspective Quadratic Sets

Definition. Let P = PG(d, K) be a d-dimensional projective space, and let Q be
a quadratic set of P. Q is called perspective if for every point z outside of Q, such

that z is not contained in (1) Q, there exists a central collineation o, with centre z
x€Q
such that 0,(Q) = Q.
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By Theorem 4.15, a hyperbolic quadric of a 3-dimensional projective space is
perspective. In the present section, we shall see that every nondegenerate quadratic
set Q of rank r > 2 is perspective (Theorem 5.4). In Theorem 5.5, we shall see that
the central collineation o, is uniquely determined.

5.1 Theorem. Let P = PG(d, K) be a d-dimensional projective space. Let Q be
a nondegenerate quadratic set of rank r > 2.

(a) We have d > 3.

(b) Let x and y be two points of Q such that the line xy is contained in Q. For any
point z incident with the line xy, the set Q, N Q, is contained in Q..

(c) For any two points x and y of Q, we have O, # Q,.

(d) For any two points x and y of Q, we havedim (Q, N Q,) =d —2.

Proof. (a) Since the subspaces contained in Q define a nondegenerate polar space
of rank r (Theorem 2.2), there exist two disjoint subspaces of dimension r — 1
in Q. It follows thatd > 2r — 1 > 3.

(b) Leta beapointof Oy N OQ,.

If a is a point of Q, ax and ay are lines of X

O through a intersecting the line xy € Q in the
two points x and y. By Theorem 2.2, all lines a
through a intersecting the line xy are contained z
in Q. In particular, the line az is contained in Q.
Therefore, the point a is contained in Q..

Next, we shall consider the case that ¢ is a point outside of Q. If za is a tangent
of Q,a is contained in Q.. If za is not a tangent, there exists a point b of za N Q
different from a and z. Since b is contained in Q, N Q,,!? the lines bx and by
are contained in Q. As above, it follows that bz is contained in Q. In particular,
the line za = bz is a tangent, in contradiction to the assumption.

(c) Assume that O = Q,. Then, x is contained in O, and y is contained in Q,
that is, the line xy is contained in Q.
Step 1. For any point z on xy, we have O, = (Q.: By assumption, we have
Q. = 0,. Hence, it follows from (b) that O, = O, N Q, is containedin Q..
From dim Q, = dim Q, = d — 1, it follows that O, = Q..

12Since the line xy is contained in Q and since the point z is incident with xy, z is contained in
Q. N Q,. Since the point a is also contained in @, N Q,, it follows that the line za is contained
in O, N Q,. Finally, it follows that b is contained in O, N Q, since b is a point on za incident
with Q.
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Step 2. The assumption O, = 0O,
yields a contradiction: Let r be a point of
Q outside of O, and lets := Q, N xy.
Since s is contained in Q@ N Q,, the line
sr is contained in Q. It follows that r is
contained in Q5. By Step 1, the point r is
contained in @y = Q,, in contradiction to
the choice of r.

(d) follows from (c). |

Definition. Let P = PG(d, K) be a projective space, and let Q be a nonde-
generate quadratic set. For two points x, y of Q, we denote by Q,, the subspace

Qxy =0 N Q,V-

5.2 Theorem. Let P = PG(d, K) be a projective space, and let Q be a
nondegenerate quadratic set of rank r > 2. Let x and y be two points of Q such
that the line xy is not contained in Q.

(a) We havedim Q,, =d — 2.

(b) We have Q N Q,, # 2.

(c) The set Q N Qyy is a nondegenerate quadratic set in Q yy.
(d) We have Qy = (Q N Qxy).

Proof. (a) follows from Theorem 5.1.

(b) Since Q is a quadratic set of rank » > 2, the point x is incident with a line g of
Q. In particular, g is contained in Q,. Letz := Q, N g. Then, z is contained in
OxN Qy = Qxy'

(¢) By Theorem 2.5, QO N Qy, is a quadratic set in Q,. Assume that Q N Q,,
admits a double point p. Then, all lines of Q,, through p are tangents of O,
and it follows that Q, is contained in Q ,. On the other hand, it follows from
the fact that p is contained in Qy, and that Q,, is contained in Q, that x is
contained in Q ,. Analogously, it follows that y is contained in Q .

Since the line xy is not contained in Q, the point x is not contained in
Q.. It follows that dim (x, Q) = d — 1, hence (x, Q) = Q. Similarly,
it follows that (y, Q,) = Q,. By Theorem 5.1, we have O # Q,. It follows
that (x, y, Qxy) = (O, Qy) =P

Altogether, we have P = (x, y, O.,) € O, thatis, Q, = P. It follows
that p is a double point of Q, in contradiction to the assumption that Q is
nondegenerate.

(d) follows from (b) and (c) in view of Theorem 2.11. O

5.3 Theorem. Let P = PG(d, K) be a d-dimensional projective space, and let Q
be a nondegenerate quadratic set of P of rank r > 2. Let 7 be a point of P outside

of Q and outside of [ Qx.
xX€Q
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(a) There exists a plane E of P through z such that Q N E = g U h for two lines g
and h.

(b) Let e := g N h be the intersection point of the lines g and h. Furthermore, let a
and c be two points on the line g distinct from e, and let b and d be two points
on the line h distinct from e. Then, the subspace (Qup, Qcaq) is a hyperplane
of P.

Proof. (a) By assumption, there exists a point a a b
in Q such that z is not contained in Q,. It s ’
follows that on the line az, there is exactly g h

one further point b of Q.

By Theorem 5.2, we have Q N Q. # D,
that is, there exists a point e of O N Qp. €
It follows that the lines g := ae and 1 := E
be are contained in Q. Let E := (e, a, b) be the plane generated by the points
e,a and b. Then, g U h is contained in E.

Since the line ab is not contained in Q, we have Q N E # E. From
Theorem 2.12, it follows that Q N E = g U h.

(b) By Theorem 5.1, the hyperplanes Q,, Qp, O, Qu, Q. are pairwise distinct.

Step 1. We have Q. # Q.4: By Theorem 5.1, we have dim Q,, =
dim Q.y = d — 2. Assume that Q,, = Q4. Then, U := Q4 = Qup N
O = 0.NQ0pNQ.N Qy and dimU = d — 2. In particular, we have
U = QN Qs = Qpa. Since the line bd is contained in Q, the point b is
contained in Q, N Q4 = U. It follows that b is contained in U = Q,p C Q,,
in contradiction to the assumption that the line ab is not a tangent of Q.

Step 2. The subspace (Qu», QO.q) is a hyperplane of P: By Theorem 5.1,
0, N Q. is contained in Q.. In particular, we have O, = @, N Q. € Q, N
Q. = Q. Fromdim Q,. = d —2 = dim Q,, (Theorem 5.1), it follows that
Quc = Que- Analogously, we have Qs = Q.. It follows that

Qub N ch = Qu N Qb N Qc N Qd
=0,NQ0:NOpNQy
=0,NQ0.NQPpN Q.
=0,N0pN Q..
Since Q,, Op, Q. are pairwise distinct hyperplanes of P, it follows that
dim(Qup N Qcy) =dim(Q, N Oy N Q,) €{d —2, d — 3}.
If dim (Qu N Qcy) = d —2, Qup = Qcu, in contradiction to Step 1. It

follows that dim(Q,,NQ.q) = d—3, implying that (Q 5, Q.4) is a hyperplane
of P. O
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5.4 Theorem (Buekenhout). Ler P = PG(d, K) be a d-dimensional projective
space, and let Q be a nondegenerate quadratic set of rank r > 2.

(a) The quadratic set Q is perspective.
(b) Let z be a point of P outside of Q and outside of (| Qx. Furthermore, let E
x€Q
be a plane of P through z such that Q N E = g U h for two lines g and h."> Let
e := g N h be the intersection point of the lines g and h, and let a and ¢ be two
points on the line g, both distinct from e. Let b := za N h and d := zc N h.
Finally, let o be the central collineation of P with centre z, axis {Qup, Qca)

and o(a) = b."* Then, 6(Q) = Q, o(b) = a, o(c) =d ando(d) = c. In
particular, o is of order 2.

Proof. (a) follows from (b).
(b) The proof of (b) is organized as follows: In Step 1, we shall show that o (g) = h.
In particular, o (x) is contained in Q for all points x on g.
In Steps 2 and 3, we shall see that the lines of Q through a (respectively
through ¢) are mapped under o on lines of Q through b (respectively through
d) and that we have 6(Q,) = Qp and 6(Q.) = Q4.

For a point x of Q\E, there exists at least one line / contained in Q such that
the lines / and g = ae meet in a point f.'> In Step 4, we shall see that o(x) is
contained in Q if f # e.

Step 5 is devoted to the proof of the equations o(h) = a and 0(Qp) = Q4. In
particular, we have o(h) = g, that is, o(x) is contained in Q for all x of Q N E
(Step 1).

In Step 6, we shall show that o(x) is contained in Q for all points x of Q\E
such that the line / := xe is contained in Q.

From Steps 1 to 6, it follows that o(Q) is contained in Q. It remains to show that
o(Q) = Q. This verification is the subject of the final Step 7.

In what follows, let H := (Qup, Qca)-

Step 1. We have o(e) = e, o(c) = d and
o(g) = h: Since the lines g and £ are tangents
of Q through a and b, respectively, it follows
that e is contained in Q,, € H. Since H is
the axis of o, it follows that o(¢) = e. From
o(a) = bando(e) = e, it follows that o (g) =
h. Since z is the centre of o, the point o (c) is on
the line zc. It follows that o (¢c) = o(zc N g) =
o(ze)No(g) =zcNh=d.

13Such a plane exists by Theorem 5.3.
4By Theorem 5.3, the subspace (Q.;. Q.q) is a hyperplane of P.

5The existence of the point f follows from the fact that the points and lines of Q form a polar
space.
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Step 2. o maps the lines of Q through a (respectively through ¢) onto the lines
of Q through b (respectively through d):

For, let / be a line of Q through a, and
let s := [ N Qp. Then, s is contained in
0.N Qp = Qs < H, and it follows that
o(s) =s.

Since o (a) = b, o(s) = s and since s is contained in Qy, it follows that o (/) =
bs is a line through b in Q,, that is, a tangent of Q. Since the points s, b are
contained in Q N o (!), it follows that ¢ (/) is contained in Q.

Step 3. We have 6(Q,) = Qp and 6(Q.) = Q4: By Theorem 5.2, we have
dim Qu =d —2,and Q4 = (Q N Qup). Since a is not contained in Q, it follows
that a is not contained in Q.. Hence, we have Q, = (a, Q). Analogously,
it follows that Q, = (b, Q). Finally, we have 0(Q.5) = Qup, since Qg is
contained in H. Altogether, we have

0(Qa) = 0({a. Quv)) = (0(a). 0(Qup)) = (b, Qup) = Qs.

Step 4. Let x be a point of Q\ E, and let / be a line of Q through x intersecting
the line g = ac in a point f. If f and e are distinct, o (x) is contained in Q:

If f =aor f = c, the assertion follows
from Step 2. Let f # a, c.LetU := (E, [)
be the 3-dimensional subspace of P generated
by E and /. Since a, b, e, x are contained in
OoNU,wehave (QNU) = U.Since QNU
contains the lines g = ac, h = bd and [, it
follows that Q N U is neither an ovoid nor a
cone. Since z is contained in U\ Q, we have
QO NU # U.By Theorem 4.13, either 0 NU
is the set of the points of two planes or Q NU
is a hyperbolic quadric.

First case. If Q N U is the set of the points of two planes, o (x) is contained in Q:

Let F; and F, be two planes of U such that
O NU = F; U F,. Since the plane E contains
the point z outside of O, we have E # F;, F>.
It follows that g is contained in F; and % is ’
contained in F, (or g is contained in F, and h
is contained in F}). Since / is contained in Q and F
since /| Ng = f # e, the line  is contained in ! F,
the plane Fj. It follows that the points a and x are contained in Fj, that is, the line



216 5 Quadrics and Quadratic Sets

ax is contained in F; and hence contained in Q. From Step 2, it follows that o (x)
is contained in Q.

Second case. If Q N U is a hyperbolic quadric, o(x) is contained in Q, and
we have 0(b) = a: Let H' := H N U. Then, H' is a plane of U not containing
the points ¢ and b. From o(H’) = H''® and o(a) = b, it follows that o(U) =
o({a, H)) = (b, H) = U.

Leto’ := o|y. Then, o’ : U — U is a central collineation with centre z and axis
H' := HNU.Let Q' := Q NU. By Theorem 2.5, the set Q' is a quadratic set
with the property that Q. NU = (Q NU), = Q' forallpointsx of Q NU = Q'.
Using Theorem 2.5, we obtain

H =HNU

(Qap. Qea) NU

(QunNU, Qea NU)

(QaNQpNU, QN QaNU)
((QanU)N(QpNU), (Qc.NU)N(Qa NV))
((QNnU), N@NU), (QNU).N(QNU)a)
=(0, N0}, 0:N0y).

[ | I (V|

By Lemma 4.14, we have dim (Q/, N Q}, Q. N Q) = 2. Since dim H' = 2, it
follows that H' = (0, N Q;. 0. N Q).

By Theorem 4.15, we have ¢'(Q’) = Q' and 0/(b) = a. From ¢/ = oy, it
follows that o (b) = a and that o (x) is contained in Q.

Step 5. We have o(b) = a and 6(Qp) = Q,. Furthermore, o is of order 2:
We first shall show that there is a 3-dimensional subspace U through the plane
E = (a, b, e) such that Q N U is a hyperbolic quadric:

By Theorem 52, O N Qg is a
nondegenerate quadratic setin Q. It follows a b
that there is a line [ contained in Qg
with |/ N Q| = 2 through the point e of
Qup- Let x be the point of Q on [/ distinct

from e. Since x is contained in Q N Q., —® *
. . . X 1 e
the lines ax and bx are contained in Q.
Since Q N E = g U h, x is not contained E

in E.

Let U := (x, E) be the 3-dimensional subspace of P generated by x and E.
Then, Q N U is a hyperbolic quadric: Since U = (x, a, b, ¢) and since Q N U

16 " is a subspace of H, and H is the axis of 0.
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contains the lines xa, xb, g = ae and h = be, by Theorem 4.13, Q N U is the set

of the points of two planes of P or a hyperbolic quadric.
F/

b

Assume that Q N U is the set of the
points of two planes F; and F, of P. Since
E is not contained in Q, we have E #
Fy, F,. It follows that w.l.o.g. the line g is m

F‘l\
contained in F| and the line / is contained a
in F,. For the line m := F; N F,, we get \\ h
& e

Since x is contained in Q N U = F; U F,, the line [ = xe is contained in Q, a
contradiction. It follows that Q N U is a hyperbolic quadric. From Step 4 (Case 2),
it follows that o (b) = a. Thus, o is a central collineation with centre z, axis H and
0%(a) = o(0(a)) = o(b) = a.It follows that 6> = id.

It remains to show that 0(Qp) = Q. Since O, = (b, Qu), 0(b) =
a and 0(Qup) = OQu (since Qg is contained in H), we have o(Q,) =
(0(b), 0(Qup)) = (a, Qup) = Q.

Step 6. Let x be a point of Q such that the line [ := xe is contained in Q.
Then, o (x) is contained in Q: If x is contained in H = (Qup, Qcq), 0(x) = x is
contained in Q. W.l.o.g., we shall suppose that x is not contained in H.

(i) Thereis a pointe’ of Q@ N (Qup U Q.q) such that the line e’x is not contained
in Q: Otherwise, for any point y of (Q N Qu) U (Q N Qca), the line yx
is contained in Q. It follows that Q N Q,, is contained in Q, and hence,
Ouw = (Q N Qup) is contained in Q. Analogously, we can see that Q.4
is contained in Q. Thus, @, = (Qu, Qcq) = H, in contradiction to the
assumption that x is not contained in H .

(ii) W.l.o.g., we shall assume that e’
is contained in Q. Let m be a
line of QO through x intersecting
the line e’a in a point ¢’. Since
the line ¢’x is not contained in
O,wehavec # e . If ¢’ =a,it
follows from Step 2 that o (x) is
contained in Q. Hence, we may
assume that ¢/ # a. Letd’ = x
' Ne'b.V

If ¢ := ac’ and i/ := bd’, the lines g’ and &’ are lines of Q since ¢’ is
contained in Q N Q.
Let £/ := (z, a, ¢’). Then, QN E' =g U

7Note that the plane (¢’, ¢’, b) contains the point ¢ and therefore the line ab. Hence, the point z
is also contained in this plane. It follows that the lines z¢” and e’b meet in a point.
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(iii) Let o’ be the central collineation of P with centre z and axis H' :=
(Qup, Ocrar) such that o'(a) = b. Then, o/(b) = a. Furthermore, o’ (x) is
contained in Q: Steps 1 to 5 can be applied to the central collineation ¢’ with
the following replacements:

7>z a—>a,b—-b,c—c,d—>d,e—e, E>E,H—>H.

From Step 3, it follows that o’ (b) = a. Since the point x is on the line x¢’ of
0, it follows from Step 2 that ¢/ (x) is contained in Q.

(iv) We have 0 = ¢’. In particular, o (x) is contained in Q: Since the point z is the
centre of o and of ¢/, the transformation 7 := ¢ ¢’ admits also the point z as
centre. By Theorem 5.6 of Chap.Il, t is a central collineation with centre z.
Let L be the axis of 7.

Since Qg is contained in H N H', Q,p is contained in L. From t(a) =
o(0’(a)) = 0(b) = a and 7(b) = o(0’(b)) = o(a) = b, it follows that the
points a, b are contained in L. It follows that L contains (Q., a, b) = P.
Hence, we have t = id. Since o is a collineation of order 2 (Step 5), we have
o=0"!=0"

Step 7. We have o(Q) = Q: It follows from Steps 1 to 6 that o(Q) is
contained in Q. Let y be a point of Q, and let x := o(y). Then, x is an
element of Q, and it follows that o'(x) = 0%(y) = y. Hence,0(Q) = Q. O

5.5 Theorem. Let P = PG(d, K) be a d-dimensional projective space, and let Q
be a nondegenerate quadratic set of rank r > 2. Let z be a point of P outside of Q

and outside of () Ox.
X€Q
There exists exactly one central collineation id # o with centre 7 and

0(Q)=0.

Proof. By Theorem 5.4, there exists a central collineation ¢ with centre z and
o(Q) = Q. Let H be the axis of 0.

By Theorem 5.3, there exists a plane E of P through zsuchthat QN E = gUh
for two lines g and & of Q. Let e := g N h be the intersection point of g and %, and
let a be a point on g distinct from e.

Step 1. If b := za N h is the intersection point
of the lines za and h, Q. is contained in H: Let
x be a point of O N Q. Then, the lines xa and
xb are contained in Q. Let E := (a, b, x) be the
plane generated by the points a, b and x.

Since E contains the lines ax and bx of Q, wehave ONE = axUbxor QNE = E
(Theorem 2.12). Since the point z is contained in E, it follows that Q N E # E,
hence, Q N E = ax U bx. In particular, we have zx N Q = x. Since z is the centre
of o and since a(Q) = 0, it follows that
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ox)=0(@zxNQ)=o0(x)No(Q)=zxN QO = x.

Thus, x is contained in H. By Theorem 5.2, Q. = (Q N Q) is contained in H.

Step 2. Let ¢ be a point on the line g distinct from e and a, and let d := zc N h.
Then, Q.4 is contained in H: The assertion follows as in Step 1.

Step 3. The transformation o is uniquely determined: It follows from Steps 1 and
2 that H contains (Qup, Qca). By Theorem 5.3, (Qu», Q.q) is a hyperplane of P,
it follows that H = (Q.p, Q.q). Thus, for every central collineation id # o with
centre z, axis H and the property that 6(Q) = Q, we have H = (Qup, Q.q) and
o(a) = b. It follows that ¢ is uniquely determined. O

6 Classification of the Quadratic Sets

In this section we shall present the main result of the present chapter, namely the
classification of the quadratic sets. The main results are as follows:

* An oval of the projective plane P = PG(2, K), which is perspective, is a
quadric. In particular, the field K is commutative (Corollary 6.1).

e If O is a nondegenerate quadratic set of rank r > 2 of the projective space
P = PG(d, K), Q is perspective, Q is a quadric, and K is commutative
(Theorem 6.4).

e If Q is a nondegenerate quadratic set of the projective space P = PG(d, K), O
is either an ovoid or a quadric, and K is commutative (Corollary 6.5).

6.1 Theorem. Let P = P(V) be a projective plane over a right vector space over
a skew field K, and let Q be an oval of P. If Q is perspective, we have:

(a) Q is a quadric.
(b) The field K is commutative.

Proof. (a) Step 1. Let a, b and ¢ be three points on Q. W.lo.g., let a =
0, 1, 0), b = (1, 0, 0)' and ¢ = (1, 1, 1)". Let ¢, and 7, be the tangents of
Q through a and b, respectively, and let s := ¢, N 1, be the intersection point of the
tangents ¢, and f,. Since the points a, b, ¢, s form a frame, we can choose w.l.0.g.
the point s as s = (0, 0, 1)".

Step 2. Let g := ab be the line joining the
two points a and b. Then, for every point z on
g different from a and b, it follows that z is not
contained in Q and that z is not contained in
MOy | x € O

Since Q is an oval and since a, b are contained
in Q, it follows that QNg = {a, b}. In particular,
7 is not contained in Q. Since Q, = t, and Q; = 1, it follows from z # t, N 1,

that z is not contained in () Qx.
x€Q
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Step 3. The points on g different from a and » are exactly the points z =
(1, m, 0)) with 0 # m € K. Since Q is perspective, for every point z,, =
(1, m, 0) with 0 # m € K, there exists a central collineation id # o, with
centre z,,, such that 6,,(Q) = Q.

Step 4. We have o0, (s) = s: Since the line g = ab is incident with the centre
Zm of o,,, we have 0,,(g) = g. It follows from 6,,(Q) = Q that 0,,(a) = a and
om(b) = b oroy(a) = b and 0,,(a) = b. It follows that for the tangents ¢, and
tp, we obtain: 6,,(¢,) = t, and 0,,(ty) = t; or 0,,(t,) = t, and 0,,(¢,) = 1. Since
s =ty N1y, it follows that 6,,(s) = s.

Step 5. Let & be a line through z,, intersecting the oval Q in two points x and y.
Then, 0,,(x) = y and 0,,(y) = x:

Since the line 4 is incident with the centre z,, of o,,, we have 6,,(h) = h. From
om(Q) = Q, it follows that 0,,(x) = x and 0,(y) = y or o,(x) = y and
om(¥) = x. Assume that 0,,,(x) = x and 0,,,(¥) = y. Then, the line % is incident
with the three fixed points x, y and z,,, and it follows that / is the axis of g,,. Since
the centre z,, of 0, is incident with £, & is the only fixed line of g,, through x. Since
om(x) = x and 0,,(Q) = Q, the collineation g, fixes the tangent ¢, through x at
Q. It follows that ¢, = h, in contradictionto 2 N Q = {x, y}.

Step 6. We have 0,,(a) = b and 0,,(b) = a: The line g meets the oval Q in
the points a and b. Furthermore, z,, is incident with g, and s is not incident with g.
From Step 5, it follows that 0,,(a) = b and 0,,(b) = a.

Step 7. Let A,, be the matrix representation of a,,. Then, we have

0
0 0
0 -1

Froma = (0, 1, 0)', b = (1, 0, 0)', s = (0, 0, 1) and 0,,(a¢) = b, 0,,(b) =
a, o, (s) = s, it follows that there exist non-zero elements «, § and y of K such that

0Oa0
An =100
00y

Since z,, = (1, m, 0)" and A,,(z) = Zm, it follows that there exists an element
0 # A of K such that

1 1 Oa 0 1 am
mlA=A,|m| =00 |m]|=| B
0 0 00y 0 0

It follows that A = am and mA = B. Hence, @ = m~'fm~".
The lines g through the point z,, = (1, m, 0)" are of the form
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—kmxy +kxi+x2=0

for some element k of K. In other words, the lines through the point z,, are exactly
the lines g = [—km, k, 1]. Since the point z,, is the centre of 0,,, it follows that
om(gr) = gk for all k of K. On the other hand, we have

Oa O
om(gr) =[—km, k, 11| B0 0 | = [kB, —kma, y].
00y

Hence, there exists an element 0 #* u € K such that u [-km, k, 1] =
[kB, —kma, y]. It follows that £ = y and that

kB = —y k m forall k of K. (1)
If we consider the case k = 1, it follows from (1) that
p=—-ym. @)
From (1) and (2), it follows that
ky =y k forall k of K. 3)
Hence, y is an element of the centre Z(K) of K. W.L.o.g. we may suppose that
y = —1 (otherwise, by Theorem 4.4 of Chap.IlI, we may replace the matrix A4,

by —y~'4,,). It follows from (2) that 8 = m. Hence, « = m~'fm™! = m~!.
Altogether, we have

0om= 0
Ay,=|m 0 0
0 0 -1

Step 8. We have Q = {(m~', m, —1)"' |0 # m € K} U{(1, 0, 0), (0, 1, 0)'}:
Let M = {(m™", m, —=1)' |0 £ m € K}U{(1, 0, 0), (0, 1, 0)'}.

(1) M is contained in Q: Let 0 # m be an element of K. By Step 1, the point
¢ = (1, 1, 1)" is contained in Q. Let 0, be the central collineation with centre
zm = (1, m, 0)' and 0,,(Q) = Q (see Step 3). By Step 7, it follows that

om0 1 m~!
om(c)=An|1]=|m 0 0 l)l=| m
0 0 -1 1 -1

Since 0,,(Q) = Q, (m™', m, —1)" = 0,,(c) is contained in Q.
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(ii) Q is contained in M : Obviously, the points a X
and b are contained in M. Let x be a point on
Q distinct from a and b. If x = ¢, the point x
is contained in M . Hence, we may assume that
x # c. Letz := ab N xc be the intersection
point of the lines ab and xc.

By Step 3, there exists an element 0 # m of K such that z = z,, = (1, m, 0)".
Let 0, be the central collineation with centre z,, such that 0,,,(Q) = Q. By Step 7,
we have 0,,(c) = (m~', m, —1)". From Step 5, it follows that 0,,(c) = x.
Altogether, the point x = (m~"', m, —1)" is contained in M.

Step 9. The field K is commutative: For, let m and n be two elements of K \ {0}.
By Step 8, the point x := (n7', n, —1)" is contained in Q. Let o, be the central
collineation defined in Step 3. By Step 7, o,, has the matrix representation

om™to
Apn=|m 0 0
0 0 -1
It follows that
nl om0 nl m~n
om(X)=An| n |=|m 0 0 n | =|mn!
—1 0 0 -1 —1 1

is contained in Q. Since m, n # 0, it follows from Step 8 that 0, (x) is of the form
(A7, A, =1) for some 0 # A of K. Hence, 0,,(x) = (—m~'n, —mn~"', —1)! with
1= (=m'n)(=mn Yy =m'nmn".

It follows that mn = nm, hence, K is commutative.

Step 10. Let Q' be the quadric of P with the equation xox; — x> = 0. Then,
Q = Q’.In particular, Q is a quadric:

Let M := {(m~', m, —1)" |0# m e K}U{(1, 0, 0), (0, 1, 0)'}. By Step
8, wehave M = Q.

(i) M is contained in Q’: Obviously, the points (1, 0, 0)" and (0, 1, 0)" are
contained in Q’. Since m~'m — 1 = 0, every point (m~!, m, —1)" with
0 # m € K is contained in Q.

(ii) Q' is contained in M: Let x = (xg, x1, x2)" be a point of Q. If x, = 0, it
follows that xox; = 0, thatis, x = (1, 0, 0)" or x = (0, 1, 0)". It follows
that x is contained in M. If x, # 0, we may assume w.l.o.g. that x, = —1. It
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follows that xox; — 1 = 0, that is, xox; = 1. Hence, x¢, x; # 0 and x; = xo_l.
Thus, the point x = (xo, x; ', —1)" is contained in M.

(b) The commutativity of K has been shown in Step 9 of the proof of Part (a). O

6.2 Theorem. Let P = PG(2, K) be a projective plane over a commutative field
K, and let O and O, be two conics with the following properties:

(i) We have 0y, O, # P.
(ii) The set O N O, contains three mutually non-collinear points x, y and z.
(iii) The tangents of O\ at the points x and y equal the tangents of O at the points
x andy.

Then, ﬁl = ﬁz.

Proof. Let t, and t, be the tangents of &) at the points x and y, respectively, and
let s := 1, N t, be the intersection point of the tangents 7, and #,. Then, the points
s, x and y are not collinear. Since, by Theorem 4.6 of Chap. III, the automorphism
group of P operates transitively on the frames of P, we can assume w.l.o.g. that
x=(1,0, 07 = (0, 1, 0) and s = (0, 0, 1)". It follows that the lines 7, = xs
and 7, = ys are defined by the equations

tyi1x1=0

ty 1 xo = 0.

Since the points x, y and z are mutually
non-collinear, the point z is neither incident
with the tangent 7, nor with the tangent 7.

Since the points x, y, and z are non-
collinear and since z is neither incident with
t; nor with ¢, the points x, y, z and s form a
frame. Hence, we may assume w.l.o.g. that
z=(1, 1, ).

The conic 0 is defined by an equation of
the form

axé + bx% + cx% + dxox; +exoxa+ fx;x2=0

for some a, b, ¢, d, e, f of K. Since x is contained in ¢, it follows that a = 0.
Since y is contained in &7, it follows that b = 0.
By Theorem 3.6, the tangents 7, and 7, are defined by the equations

ty tdxy +ex; =0
ty dxo+ fx, =0.
From ¢, : x; = 0,itand ¢, : xo = 0, it follows that e = f = 0. Finally, since z

is contained in &, it follows that ¢ + d = 0. Altogether the conic & satisfies the
equation
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cx% —cxox; = 0.

Since 0 # P, we have ¢ # 0. Hence, 0 is defined by the equation x% —xox; = 0.
Similarly, it follows that &, is defined by the equation x% — xox; = 0. Hence,
O = 0,. O

6.3 Theorem. Let P = PG(d, K) be a d-dimensional projective space over a
commutative field K. Furthermore, let Q be a quadratic set of P which is not a
subspace of P. Assume that E N Q is a conic for all planes E such that E N Q is
an oval. Then, Q is a quadric.

Proof. We shall prove the assertion by induction on d. For d = 2, the assertion is
obvious. Hence, we may assume that d > 3.

Step 1. Since Q is not a subspace of P, there exist two points a and b of Q such
that the line g := ab is not contained in Q. In particular, g is not a tangent of Q.
Let H be a hyperplane of P through a and b. Then, H N Q is not a subspace of P.
By induction, Qy := H N Q is a quadric of H.

Step 2. There is a point x of Q \ (Q N H) which is not a double point of Q:
Since Q is not a subspace of P, by Theorem 2.11, we have (Q) = P. It follows that
there exists a point x of Q which is not containedin Q N H.

Assume that each point of
0 \ (Q N H) is a double point.
In particular, the point x is a
double point of Q. It follows that
the lines xa and xb are tangents
of Q. Hence, they are contained
in Q. Let z be a point on the line
xa distinct from x and a. Since
xa is contained in Q, z is a point
of 0\ (Q N H).

By assumption, z is a double point of Q, that is, all lines of P through z are
tangents of Q. Let & be a line through z intersecting the line g = ab in a point
¢ # a, b. Since the line 4 is contained in the plane generated by the points x, a and
b, the lines & and xb intersect in a point. It follows that there are two points (z and
h N xb) of Q on h. Since h is a tangent of Q, it follows that / is contained in Q.
Hence, c is contained in Q, in contradiction to Step 1.

Step 3. Let p be a point of Q \ (Q N H) which is not a double point. In P, there
exist coordinates such that p = (1, 0, ..., 0) and such that the hyperplanes H and
0 p are defined by the equations H : xo = 0and Q, : x4 = 0.

Step 4. There is a point ¢ of O N H such that the line pq is not contained in Q:
Since the point p is not a double point, the tangent space Q , is a hyperplane of P.
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Since p is not contained in H, the sub- H
space 0, N H is a (d — 2)-dimensional
subspace of H.

Since (Q N H) = H (Theorem 2.11),
there exists a point ¢ of O N H such that g is
not contained in Q ,. Since ¢ is not contained Qp ‘
in 0, the line pg is not contained in Q.

Step 5. Since, by Step 1, Oy = Q N H is a quadric in H and since the subspace
H is defined by the equation xo = 0, there exist elements a;; of K for i, j =
1, ..., d such that the quadric Q y is defined by the equation

d
QHI Z aijxixj:O.

ij=1

Step 6. For every element 0 # A of K, let O, be the quadric of P defined by the

equation p

Q) Axoxg + Z ajj x; x; = 0.
ij=1
Then:

(i) Wehave Q)N H =Q0NH = Qpy.
(i) The point p is contained in Q.
(iii) The tangent space O, of Q at p is the tangent space (Q,), of O, at p.

The statements (i) and (ii) are obvious.
By Theorem 3.6, the tangent space (Q1), of Q; at p = (po. pi, .... pa)' =
(1, 0, ..., 0) is defined by the equation

d
0= A (poxa + paxo) + Z aij (pixj + pjxi) = Axq.

ij=1

Since A # 0, the tangent space (Q}), is defined by the equation x; = 0. From
Step 3, it follows that (Q1), = Q.

Step 7. There is an element 0 # A of K with (Q3), = Q4 (see Step 4; in the
following, this quadric Q; is denoted by Q’):

Since the point ¢ is contained in H, ¢ is of the form ¢ = (0, w1, ..., pa)'.
Since ¢ is not contained in Q ,, it follows that u, # 0. By Theorem 3.6, the tangent
space (Q))q of O, at g is given by the equation

d d

0 = A (KoXa + HaXo) + Z aij (ixj 4 pjxi) = Apax, + Z aij (mixj + ju;x;)
i.j=1 i.j=1
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(note that ;1o = 0). By Step 5 and Theorem 3.6, the tangent space (Q i), of Oy at
q in H is given by the equation

d
(QH)q . Z aijj (,LL,'X]' + ,LL]'X,') =0.

ij=1

Since, by Theorem 2.5, we have O, N H = (Q N H),; = (Q )y, there exists an
element o of K such that Q, is defined in P by the equation

d
Qg4 axo + Z aij (uixj +,ij,’) =0.

ij=1
Since p = (po. p1, .... pa)' = (1, 0, ..., 0)" is not contained in Q,, we have
d
0#apo+ Y ay (wi pj + 1y pi) =
ij=1

It follows that there exists (exactly) one element 0 # A of K, namely A := oy~ !,

such that (Q)), = Q. Set Q' := Q; for A := apy ™",

In what follows, we shall show that Q = Q’. In particular, this implies that Q is
a quadric. The purpose of Steps 8 to 10 is to verify that Q is contained in Q’.

Step 8. Let x be a point of O N H. Then, by Step 6, the point x is contained in
Q' as well.

Step 9. Let x be a point of Q such that x is not contained in H and such that x is
not contained in (p, (Q N H),). Then, x is contained in O’

By construction, the points p, ¢ and x are non-collinear. We consider the plane

E :=(x, p, q).

The line /| := E N H is not
contained in the subspace (p, (Q N
H),): Otherwise, E = (p, ) would
be contained in {(p, (Q N H),), in
contradiction to the fact that x is not
apointof (p, (Q N H),).

It follows that / is not a tangent of
0. Hence, there is a point y of QO on
[ different from q.

Since the line pgq is not a tangent of Q, by Theorem 2.4, the plane E contains
exactly one tangent 7, of Q through p. Since O, = Q; (Step 6), 1, is a tangent of
Q’ at p. Analogously, it follows that there is exactly one tangent z, of Q at ¢ in E.
The tangent 7, is a tangent of Q” at ¢ as well. Since pq is not a tangent of O, we
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have 7, # t,. Finally, the plane E is neither contained in Q nor in Q’, since the line
pq is neither contained in Q norin Q’.'3

Since the points p, ¢ and x are non-collinear, £ N Q is either the set of the points
of two intersecting lines or it is an oval.

If E N Q is the set of the points of two

intersecting lines g and 7 with s := g N Y
h, each of the points p and ¢ is incident &
with exactly one of the two lines g and h,

and we have p, ¢ # s. We may assume 8 q h
w.l.o.g. that p is incident with g and that E
q is incident with h. Hence, ¢ = 7, and
h=t,.

It follows that E N Q = 1, Ut, = E N Q’. Hence, x is contained in Q’.
Analogously, it follows that x is contained in Q” if E N Q” is the point set of two
intersecting lines.

Hence, we may assume that & := E N Q and ¢’ := E N Q' are ovals of E.
By assumption, & is a conic. Since Q' is a quadric, &” is a conic as well. Since the
conics & and &” have the points p, ¢ and y and the tangents ¢, and 7, in common,
it follows from Theorem 6.2 that & = ¢”. In particular, x is a point of Q’.

Step 10. Let x be a point of Q such that x is not contained in H and such that x
is contained in (p, (Q N H),). Then, x is contained in Q":

If the line px is contained in Q, it follows from Q, = Q; that the line px is
contained in Q’. Hence, x is contained in Q’. Thus, we may assume w.l.0.g. that the
line px is not contained in Q.

Let E be a plane through the
points p and x which is not contained
in (p, (O N H),). Since the line px
is not a tangent of Q, there exists
exactly one tangent 7, of Q in E
at p. It follows that there exists a
point z of Q in E which is not on the
line px and hence not contained in
(p.(Q N H),).

Since the points p, x and z are
non-collinear, £ N Q is either the set of the points of two intersecting lines or
of an oval. In the latter case, the oval is by assumption a conic. Since Q, = ;,
there is a point of Q distinct from p on the line px. Hence, E N Q' is the set of
the points of two intersecting lines or of a conic (note that Q" is a quadric). By Step
9, all points of £ N Q, which are not incident with the line px, are contained in
E N Q' Tt follows that E N Q = E N Q’. In particular, the point x is contained

in Q.

H

QN H),

181, # t, is bothin Q and in Q’ the only tangent in E through p.
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Step 11. From Steps 8 to 10, it follows that Q is contained in Q’. Analogously,
it follows that Q” is contained in Q. Altogether, Q = Q' is a quadric. O

The following two theorems of Buekenhout [11] are the main results about
quadratic sets.

6.4 Theorem (Buekenhout). Ler P = PG(d, K) be a d-dimensional projective
space over a skew field K, and let Q be a nondegenerate quadratic set of rank
r>2.

(a) The quadratic set Q is perspective.
(b) The field K is commutative.
(c) Q is a quadric.

Proof. (a) follows from Theorem 5.4.

(b) Let p be an arbitrary point of Q, and let ¢ be a point of Q not contained in the
tangent space Q ,. There is a point r of Q which is neither contained in Q , nor
in Qg: Since Q defines a polar space of rank r > 2, there exists a line g of Q
through p. There is a line of Q through ¢ intersecting the line g in a point a. By
construction, the point a belongs to the set p~Ng+ = Q »NO,NQO. Itfollows
from Theorem 2.7 of Chap.IV that p~ N ¢+ is a nondegenerate polar space. In
particular, there exists a point b of p N ¢ which is not collinear with a.

Let ¢ be a point on the line pa differ-
ent from p and a, and let d be a point
on the line bg collinear with ¢. We have
d # q and d # b (otherwise, the point
d would be collinear with all points on
the line pa implying that g (resp. b)
would be collinear with p (resp. a)).

Hence, the point ¢ is not collinear with ¢, and the point d is not collinear
with p. Let r be a point on the line c¢d different from ¢ and d. Then, r is neither
collinear with p nor with g.

Let £ := (p, ¢q, r) be the plane generated by the points p, ¢, and r. Since
the points p, ¢ and r are non-collinear, £ N Q is either the point set of two
intersecting lines or the point set of an oval.

Assume that £ N Q is the point set of two intersecting lines g and &. Then, at
least two of the points p, ¢, r would be incident with one of the lines g or . We
may assume w.l.o.g. that the points p and ¢ are incident with g. It follows that
pq = g is contained in @, in contradiction to the fact that ¢ is not contained
in Q,.

It follows that EN Q is an oval. Since Q is perspective, EN Q is a perspective
quadratic set in E. By Theorem 6.1, it follows that K is commutative and that
E N Q is a conic.



7 The Kleinian Quadric 229

(c) Let E be a plane of Q such that E N Q is an oval. Since Q is perspective, by
Theorem 6.1, E N Q is a conic. In view of Theorem 6.3, Q is a quadric. O

6.5 Corollary (Buekenhout). Let P = PG (d, K) be a d-dimensional projective
space over a skew field K, and let Q be a nondegenerate quadratic set in P. Then,
one of the following cases occurs:

(i) Q isan ovoid.
(ii) Q is a quadric, and K is commutative.

Proof. A quadratic set Q is of rank r > 2 if and only if Q contains at least one line.
Hence, the assertion follows from Theorem 6.4. O

7 The Kleinian Quadric

In Sect. 7 of Chap.1V, the Kleinian polar space S has been introduced whose points
are the lines of a 3-dimensional projective space P = PG(3, K). In the present
section, we shall see that if the field K is commutative, there exists a quadric Q (the
so-called Kleinian quadric) in PG(5, K) such that the Kleinian polar space S and the
polar space S defined by Q are isomorphic.

In other words, if K is commutative, the Kleinian polar space S stems from a
quadric. If K is not commutative, the Kleinian polar space S forms its proper class
of polar spaces which is not related to quadrics.

7.1 Theorem. Let P3; = PG(3, K)and Ps = PG(5, K) be two projective spaces
over the vector spaces V4 and Vg over the same commutative field K of dimension
3 and 5, respectively.' Let Lj be the set of the lines of P;.

(a) Fortwo points x = ((xo, X1, X2, x3)') andy = {((yo, Y1, y2, ¥3)') of P3, let

7w Lz — Ps

w:g=xy—a={(ao, aon, ap, as, as, 6212)[)

where a,'j = X,‘yj — )iji.
7 : Ly — Ps is a well-defined transformation of the set L3 of the lines of P3
into the set of the points of Ps.
(b) The image of 7 is the quadric of Ps with the equation

pop3 + pips+ paps = 0.

Proof. (a) Let g = xy be a line of P; with x = ((xo, x1, X2, x3)") and y =

((yo, ¥1, ¥2, ¥3)"). Obviously, m(xy) = a = ((ao1. a2, ao3, a2, az1, ai2)")
is a point of Ps.

9The vector spaces V, and Vi are of dimension 4 and 6, respectively.
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In order to show that the transformation 7 is well-defined, we will consider
two points ¥ := Ax + puy and s := ax + By on g with A, u, o, B € K such
that A B — puwa # 0.

Letbh = ((b()l, b2, bys, bz, bz, blz)t) = JT(FS). Then, we have for
ij =01,02,03, 23,31, 12:
bij = (A xi + py)ax; + B y;)— A x; + py;)ax; + Byi)
=Adaxix;+ABxiy;+pax;yi+puByiyi—Aaxix;—ABx;y
—paxiy; —pupByiy;
=AB—pa)xiy; —x;y)
= (A B —pnwaij.

Since AB — puo # 0, it follows that b = a. Hence, n : L3 — Pjs is well-
defined.

(b) Let Q be the quadric of P5 with the equation pop3 + p1ps + paps = 0.

Step 1. The image of m is contained in Q: Let g = xy be a line of P3
with x = ((xo, x1, x2, x3)") and y = ((bo, Y1, Y2, »3)"), and let w(xy) =
((ao1. aoa, aos. a»s.as, aiz)'). Then,
aor az3 + dpz azr +aos a2

= (x0 y1 — X1 Yo) (X2 y3 — X3 ¥2)
+(x0 y2 = x290)(x3 y1 — X1 ¥3) + (X0 3 — X3 Y0) (X1 Y2 — X2 y1)
=XoX2 Y1 Y3 —XoX3)Y1Y2—X1X2)0)3
+X1 X3 Yo Y2 + Xo X3 Y1 Y2 — Xo X1 Y2 Y3 — X2 X3 Yo V1
+X1 X2 Yo ¥3 + Xo X1 Y2 Y3 — Xo X2 Y1YV3 — X1X3)0)Y2 + X2X3)0)1
= 0.
It follows that 7 (xy) is a point of Q.

Step 2. Q is contained in the image of x:

(1) Letc = (co, c1, €2, €3, €4, c5) be a pointof Q with ¢y # 0. Then, ¢ = w(xy)
with x = ((0, co, c1, ¢2)") and y = ((—cp, 0, ¢c5, —c4)"): For, let 7(xy) =
((aor, a2, aos, azs, asi, az)'). Then,

apr = XoY1 — X1Yo = CoCo
apy = XoYy2 — X2)0 = CoC|

aop3 = Xo)Y3 — X3Y0 = CoC2
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a3 = Xpy3 — X3y2 = —C|C4 — C2C5 = Coc3 (since ¢ € Q)
aszy = X3y1 — X1)Y3 = CoC4
ap = X1)Y2 — X2)1 = CoCs.
Since ¢g # 0, we have w(xy) = (co - (co. €1, €2, €3, ¢4, €5)') =

((co, c1, c2, €3, c4, c5)') =c.
(i1) Analogously, one easily verifies the relation w(xy) = ¢; with¢; # 0 (i = 1

’

2, ..., 5) asindicated in the following table.
G #0 X y
ca#0 (0, co, c1, 2)') (—c1,—c¢s5, 0, ¢3))

( (
2 #0  ((0,—co,—c1,—2)")  ((c2,—c4, 3, 0))
a3 #0 ((Cl, ¢s, 0 —Cs)t) ((c2, —c4, €3, 0))
cs 0 {(co, 0,—c5, cg)") ((—c2, ¢4, —c3, 0))
Cs 7é 0 ((Co, ,—Cs, C4) ) ((Cl, Cs, O, —C3)t>

O

Definition. Let P3; = PG(3, K) and Ps = PG(5, K) be two projective spaces
over the same commutative field K of dimension 3 and 5, respectively, and let L3
be the set of the lines of Ps.

(a) The transformation 7 : L3 — Ps5 defined in Theorem 7.1 is called a Pliicker
transformation.

(b) The quadric Q of Ps with the equation pops + p1ps + p2ps = 0 and every
quadric which is projectively equivalent to Q, is called a Kleinian quadric
of P 5.

In Theorem 7.2, the properties of a Kleinian quadric and of a Pliicker transformation
will be investigated. First, we recall the following fact: Let V¢ be a 6-dimensional
vector space over a commutative field K, and let g : V¢ — K be the transformation
defined by

q(po, p1, P2, P3» P4 P5) = pop3 + p1ps + paps.

Then, ¢q is the quadratic form belonging to the Kleinian quadric Q. For two elements
a = (a(), ay, dap, as, dg, as)[ and b := (bo, bl, bz, b3, b4, bs)t of V6, let
fla, b):=q(a+b)—q(a)—q(b)
= (ao + bo)(az + b3) + (a1 + bi)(as + bs) + (a2 + b2)(as + bs)
—daopd3 —di1d4g — drds — b0b3 — b1b4 — b2b5

= aopbs + boaz + ai1bs + asby + arbs + asb,.
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Then, f is the symmetric bilinear form belonging to ¢, and for any two points a and
bof Q,theline g := ab is contained in Q if and only if f(a, b) = 0(Theorem 3.4).

7.2 Theorem. Let P3; = PG(3, K)and Ps = PG(5, K) be two projective spaces
over the same commutative field K of dimension 3 and 5, respectively, and let
L3 be the set of the lines of P3. Furthermore, let m : L3 — Ps5 be the Pliicker
transformation, and let Q := Im 1 be the Kleinian quadric defined by .

(a) For two lines g = xy and h = rs of P3 with x = {((xo, X1, X2, x3)'), y =

(Yo, Y1, Y2, ¥3)'), r = {(ro, 11, r2, 13)") and s = {((s0, 1, $2, 83)"), let
a:=n(g) and b := 7 (h). Then,

Xp X1 X2 X3
oY1 Y23
f(a.b) = det| 20172
Fo ri 2 13
S0 S1 852 83

(b) For two lines g and h of P, the line of Ps through w(g) and 7 (h) is contained
in QifandonlyifgNh # @.

(c) The Pliicker transformation & : L3 — Ps is injective.
(d) Letl := rs be a line of P3, and let x

r
be a point of P3 not on l. Furthermore,
lett := Ar+ s be an arbitrary point g _
onl and let g := xr, h := xs and 0 t=Ar+ps
m = xt be the lines joining x with r,
s and t, respectively. Then, X h S
n(m) = Am(g)+ pm(h). L

(e) Foraplane E of P and a point x of P3 such that x is contained in E, let E, be
the set of the lines of E through x. Then, the set

w(Ey) :={n(g)| g € E\}

is the set of the points of a line of Q.
(f) Conversely, there exists for every line l of Q a plane E and a point x of E such
thatl = w(Ey).
(g) Let x be a point of P3, and let G be the set of the lines of P53 through x. Then,
the set
m(Gy) ={m(g)] g € Gy}

is the set of the points of a plane of Q.
(h) Let E be a plane of Ps, and let Gg be the set of the lines of P3 in E. Then,
the set

n(Gg) =1{n(g)l g € Gk}
is the set of the points of a plane of Q.
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(i) Conversely, to every plane X of Q, there exists a point x or a plane E of P3 such
that X = n(Gy) or X = n(Gg).

(j) Let R =: {n(Gy) | x € P3} andlet S =: {n(Gg) | E plane of Ps}. Then, every
line of Q is incident with exactly one plane of R and with exactly one plane
of S.

(k) Let x and y be two points, and let E and F be two planes of P3. Then, we have:

(@) Ifx #y, n(Gy) Nw(Gy) = w(xy) is a point of Q.

(B) If x is a point of E, n(Gy) N w(Gg) = nw(Ey) is a line of Q.
(y) If x is not contained in E, n(G,) Nn(Gg) = .

BO)VIfE # F, n(Gg) Nn(Gr) = n(E N F) is a point of Q.

Proof. (a) The assertion follows by computing the determinant.
(b) Let g = xy and h = rs with x = ((xo, x1, x2, x3)'), y =

(o, y1, y2, ¥3)'), r = ((ro, 71, r2, 13)") and s = ((s0, s1, 52, $3)").
Fora := m(g) and b := 7w (h), by (a), we have:

gNh #3 & (x, y, r,5) #P;

Xo X1 X2 X3
<:>f(a,b)=det Yo Y1 Y23 = 0.
ro ry 2 13
So S1 S2 83
(¢c) We consider two different lines g and & of L3, and we set a := x(g) and

b :=m(h).1f gNh = &, by (a) and (b), we have

0# fla, b) = f(a. a) =0,

hence, a # b.
Suppose that x := g N/ is a point. Let m be a line of P5 intersecting the line
g in a point and being skew to the line /2, and let ¢ := 7 (h). It follows from Part
(b) and Theorem 3.4 that f(a, ¢) = 0and f(b, ¢) # 0. Hence, a # b.
(d) Let m(g) = ((ao1, @02, @03, az3, asi, ap)'), w(h)=((bor, bo2, bos. bz, b3,
b12)") and 7 (m) = ((co1, o2, €03, €23, €31, C12)"). Then, for ij = 01, 02, 03,
23,31, 12, we get

cij =xi(Arj+usj)—x; (Ari+usi) = AQxirj—x;ri)+p(xis;—x;s;) = Aaij+pbi;.

(e) follows from (d).

(f) Leta and b be two points on /. Since 7 is injective, there exist two lines g and
h of P3 such that a = 7 (g) and b = m(h). Since [/ is contained in Q, by (b), g
and & meet in a point x. Let E be plane generated by g and /. Then, by (e), we
have l = n(E,).

(g) Let x be a point of P3, and let g and / be two lines of G,. If E is the plane
generated by g and 1, w(E,) is contained in 7(G,). It follows that 7(G,) is a
subspace of Ps contained in Q. Since 7 (E}) is a line and since 7 is injective,
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we have dimnr(G,) > 2. By Theorem 2.3, we have dimz(G,) < 2. It follows
that w(Gy) is a plane of Q.

(h) follows analogously to (g).

(i) Let X be a plane of Q, and let a, b and c be three points of P5 generating
X. Since 7 is injective, there exist three lines g, & and 1 of P53 such that a =
7(g), b = w(h) and ¢ = 7 (l). By (b), the lines g, h and [ meet pairwise. It
follows that there exists a point x of P3 such that g N A N[ = x or there is a
plane E of P; such that £ = (g, h, I). In the first case we have X = 7(Gy),
in the second case we have X = 7(Gg).

(j) Let [ be a line of Q. Then, by (f), there exists a plane E and a point x of E
such that [ = w(E,). It follows that 7(G,) and 7 (GE) are the only planes of
R, respectively of S through /.

(k) The assertions () to (§) result from the fact that

G:NGy, =xyifx #y
GeNGr=ENFIiftE#F
G,NGg =0 ifx ¢ E
G, NG =E,ifxe€E.

O

7.3 Theorem. Let P3; = PG(3, K) and Ps = PG(5, K) be two projective
spaces over the same commutative field K, and let Q be the Kleinian quadric of
Ps. Furthermore, let S be the Kleinian polar space defined by P3, and let S be the
polar space defined by the Kleinian quadric Q.

(a) S and S’ are isomorphic.
(b) With the notations of Theorem 7.2, the following correspondences are valid:

P Ps S
Lines of P; points of Q points of S
E, (lines of E through x) line of Q line of S
G, (lines through x) planes of & in Q  planes of & in S
Gg (lines in E) planesof &in Q  planesof & in §
Proof. The proof follows from Theorem 7.2. O

8 The Theorem of Segre

The Theorem of Segre [43] is a remarkable result about conics in finite projective
planes. It says that every oval of a finite Desarguesian projective plane of odd order is
aconic. The Theorem of Segre has initiated intensive research about finite projective
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spaces and finite geometries, in general. For the basic notions of finite geometries,
we refer to Sect. 8 of Chap. L.

Definition. Let P be a projective plane, and let & be an oval of P. A line g of P is
called a secant of & if g is incident with exactly two points of &.

8.1 Theorem. Let P be a finite projective plane of order q, and let O be an oval of
P. The oval O has exactly q + 1 points.

Proof. Let x be a point of 0.

Then, the point x is incident with exactly X
one tangent. All other lines through x are
incident with exactly two points of &' where
the point x is one of these points. Since x is
incident with exactly ¢ + 1 lines, it follows
that |0 =q + 1.

O

8.2 Theorem. Let P be a finite projective plane of order q, and let € be an oval of
P. Furthermore, let x be a point outside of 0.

(a) If q is odd, x is either incident with no or with exactly two tangents of P.
(b) If q is even, there exists a point z such that all tangents of O intersect in z.

Proof. (a) Let x be a point outside of &’ which is incident with at least one tangent
t. Let a be the number of lines disjoint to &, let b be the number of tangents
and let ¢ be the number of secants through x. Then,

g+1=10]=b+2c.

Since x is incident with the tangent ¢, we have b > 1. Since ¢ is odd, ¢ + 1
is even, it follows that b + 2¢ is an even number. Since b > 1, it follows that
b > 2. Hence, x is incident with at least one further tangent.

Since x is an arbitrary point outside of & on ¢, it follows that for any point
y of t outside of &, the point y is incident with ¢ and with at least one further
tangent of 0.

Any point of & is incident with exactly one tangent. By Theorem 8.1, there
are exactly ¢ + 1 points on &. Hence, there are exactly ¢ tangents of ¢ different
from z. It follows that every point on ¢ \ & is incident with exactly one tangent
different from 7. In particular, the point x is incident with exactly two tangents.

(b) Step 1. Any point of P is incident with at least one tangent: Since & is an oval,
any point of & is incident with exactly one tangent.

Let x be a point outside of &, and let a be the number of lines disjoint to &,
let b be the number of tangents and let ¢ be the number of the secants through
x. Then,

q+1=|0]=>b+2c.
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Since ¢ is even, g + 1 is odd, hence, b > 1. Thus, x is incident with at least one
tangent.

Step 2. All tangents of & meet in a common point: Let #; and #, be two
tangents, and let z be the intersection point of #; and #,. Obviously, z is not
contained in 0.

Assume that there is a tangent ¢ intersecting the tangents #; and 7, in two
points different from z. Hence, there are exactly ¢ — 1 points on ¢ which are
neither incident with ¢; nor with #,. For each further tangent ¢/, it holds: There
are at most ¢ points on ¢’ outside of ¢, and 1,. Altogether, the ¢ + 1 tangents of
O cover at most

q + 1 (points on the tangent 7))
+¢ (points on the tangent ¢, which are not on #;)

+¢ — 1 (points on the tangent ¢ which are neither on ¢; nor on ;)

(maximal number of points on the remaining q — 2 tangents
+(q —2)q : )

which are neither on #; nor on #,)
— a4 (maximal number of points of P which are incident with at
T4 T4 Jeast one tangent)

Since P has ¢*> + ¢ + 1 points, there is a point of P which is not incident with
any tangent of &, in contradiction to Step 1. O

For the investigation of ovals in Desarguesian projective planes of finite order, we
need the following Theorem of Wedderburn about finite fields.

8.3 Theorem (Wedderburn). Let K be a finite (skew) field. Then, K is commuta-
tive.
For a proof, the interested reader is referred to [33].

Definition. Let P be a projective plane, and let a, b and ¢ be three non-collinear
points. The triangle Aabc is the set of the points on the lines ab, bc and ac.
In what follows, we will have to compute the coordinates of the lines joining two
points and the coordinates of the intersection points of two lines in the projective
plane P = PG(2, K). Therefore, we recall the following obvious property:

84Lemma. Let P = PG(2, K) be a projective plane over a commutative
field K.

(a) If g : My xi+ A x2+ A3 x3=0and h : uy x1 + 2 x2 + 3 x3 = 0 are two
lines of P, the point s = (s1, s3, $3)' is the intersection point of g and h if and
onlyif Ay s1 + Ay sp + A3 s3 =0and g 51+ pp 52 + uz s3 =0.

(b) The line g : Ay x1 + Ay x2 + A3 x3 = 0 is the line joining the two points
a = (ay, az, a3)' andb = (by, by, b3)' ifand only if Ay ay+Ay ar+Az a3 =0
and Ay by + Ay by + A3 b3 = 0.
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8.5Lemma. Let P = PG(2, K) be a projective plane over a commutative field

K. Leta, := (1, 0, 0), a; := (0, 1, 0)' and a3 := (0, 0, 1)".

(a) The lines aja,, ajas and ayas satisfy the equations x3 = 0, x, = 0 and
x1 = 0, respectively.

(b) Let ¢ = (c1, ¢z, ¢3)' be a point of P which is not contained in the triangle
Aajazas. Then, ¢y # 0, ¢; # 0and c3 # 0.

(¢c) Let ¢ = (c1, ¢a, ¢3)' be a point of P which is not contained in the triangle
Aajayas. Then, the lines g1 := ajc, g» := axc and g3 := asc are given by the
equations

g1:X2 = Ay x3 withd; = cre37 ! #0
gy X3 = Ay x1 with A, = C3C1_1 75 0

g3 X = Az xo with A3 = C1C2_1 75 0.

Furthermore, we have Ay Ay A3 = 1.

Proof. (a) follows from Lemma 8.4.

(b) follows from Part (a).

(c) The equations of the three lines is a consequence of Lemma 8.4 and Part (b).
Furthermore, we have A; Ax A3 = coc3 L ezer L ejea™ = 1. O

8.6 Theorem. Let K = GF(q) be a finite field with q elements, and let q be odd.

We have
[ r=-1
AEK AFO

Proof. 1t is well known that the multiplicative group K* of K is a cyclic group of
order ¢ — 1.0 Since ¢ is odd, K* is a cyclic group of even order, that is, there is
exactly one element T of K* of order 2. Since A # A~! for all A of K* \{z}, it

follows that
l_[ A =1, thatis, l—[ A=r1.
AEK* A#T AEK™*

Since K is a field, we have T = —1. O
In the following, we will only consider Desarguesian projective planes of odd order.

8.7 Theorem. Let P = PG(2, q) be a finite Desarguesian projective plane of odd
order, and leta; := (1, 0, 0)', ap := (0, 1, 0)' and a3 := (0, 0, 1)'. Furthermore,
let O be an oval of P through the points a,, a, and as.

(a) Let t|, t, and t; be the tangents of O at the points a,, a; and as, respectively.
Then, there exist elements 0 # (L1, (2, W3 of K such that the lines t|, t;, and t;
satisfy the following equations:

20See Jungnickel [33], Theorem 1.2.4.
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It X2 = 1 X3
Iy 1 X3 = W2 Xi

13:X] = U3 X3.

(b) We have 1 iy ps = —1.

(c) Let z1 := tph N 3, 20 ;= t1 N tzandzz = t; N t. Then, z1 =
(3, 1, o pu3)'s 22 = (U3 iy pr, 1) andz3 = (1, o pa, p2)'

(d) The lines g1 = ai1z1, & =
a7y and g3 = aszz satisfy the
equations

81 X3 = M2 U3 X2

82 X1 = U3 H1 X3

g3 1 X2 = U1 U2 Xq.

(e) The lines g\, g» and g3 meet in
the point p = (1, w1 2, —p2).
The point p is not contained in
the triangle Aaasas.

Proof. (a) Let A} x; + A2 x2 + A3 x3 = 0 be the equation defining #;. Since a;
is incident with ¢#;, it follows that A; = 0. Since ¢, is a tangent of &, we have
1) # aja,. By Lemma 8.5 (a), it follows that 13 # 0.

Similarly, it follows from #; # ajas that A, # 0. Thus, ¢, satisfies the equation
Xo = (1 x3 with py = —A3 Az_l 7é 0.

The statements about the tangents #, and #3 follow analogously.

(b) Step 1. Let ¢ # aj, a», as be apointon &. Then, the lines g; := a;c, g :=
ayc and g3 := asc satisfy the equations

g1:X2=A1 X3 with 0 # Ay # g

821 X3 = Az X with 0 # 4> # 1o

g3:x1=k3x2 withO;é)t37éu3.
Furthermore, we have A1 A, A3 = 1:

Since c is a point of &, the point c is not contained in the triangle Aaa,as. If
¢ = (c1, ¢z, ¢3)', by Theorem 8.5 (c), the lines g1, g» and g3 satisfy the equations
g1 X2 =1 x3 with A4 =C2C3_1 750
g2 X3 = Ay x1 With12:C3cl_l 750

g3 X1 = Az Xo with A3 = Clcz_l 7é 0.
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Furthermore, we have A; A, A3 = 1. Since the lines g, g and g3 are not
tangents of &, it follows that Ay # wy, Ay # (a2, A3 # Us.

Step 2. Conversely, let i1, h; and h3 be three lines of P with the equations

hi:xo = A1 x3 withO;é)kl;é,ul
hy i x3 = Ay X1 Witho#kz#,u,z
hy i x1 = Az xo withO;é)kg;éu3.

Then, fori = 1, 2, 3, the line A; is a secant of & through the point ¢; intersecting
0 in a second point different from a;, az, as:

Obviously, a; is a point on /. Furthermore, the lines through a; are exactly
the lines

Xo = A X3 with A € K and
X3 = 0.

The line defined by the equation x3 = 0 is the line a;a;. The line defined by the
equation x, = 0 (that is, A = 0) is the line @ a3. The line defined by the equation
Xy = 1 X3 is the tangent of & through a,. All other lines are secants of &’ through
a; intersecting & in a second point different from a, and a3. For the lines 4, and
h3, the assertion can be seen analogously.

Step 3. We have u; py 3 = —1: For a point ¢ of & with ¢ # ay, as, as, let
A1(c), Az(c), As(c) be three elements of K such that the lines g1 := a;c, g2 := aszc
and g3 := ajc satisfy the following equations as indicated in Step 1:

g1:x2=2A(c) x3
g2 x3 = Az(¢c) X1
g3 x1 = Asz(c) xs.

By Step 2, we have 0 # A;(c) # p; fori = 1, 2, 3. Furthermore, we have
Ai(c) Aa(c) Az(c) = 1.1t follows from Step 2 and Theorem 8.6 that

1=]](@Xa()As(e) | ¢ € O.c # ar.az.a3)
= [TiAaAs [ A1 A2 A5 € KO # X # pii = 1,2.3))
=([Tw1reko#r#m)([TA)12eK0#2#pu)
(TTA 12 e K0# 2 # )



240 5 Quadrics and Quadratic Sets

= IT A)w'{ T A" T1 A

AEK AFO AEK AF#0 AEK AFO
=D u Dyt =D st
=—uy 'yt st

The second equation follows from the fact that we compute the cardinality of the
following set:

{l secantof O |a; €1, lF#aia,, ajas} x {l secantof O | a; € l, lF#a a,, azas}

x{l secantof O |asz €l, | # aja;, aras}.

Hence, 1 po pu3 = —1.

(c) and (d) follow from Lemma 8.4.

(e) From —py = 1 (o 3 o = o U3 11 M2, it follows that p is a point on g;.

From 1 = —pu; puy 3 = p3 p1 (—p2), it follows that p is a point on g».

From p; po = p1 (o, it follows that p is a point on g3.

It follows that p = (1, 1 2, —u2)" is the intersection point of the lines g1, g2
and g3. By Lemma 8.5 (a), it follows that the point p is not contained in the triangle
Aaazas. O

8.8 Theorem. Let P = PG(2, q) be a finite Desarguesian projective plane of odd
order q, and let O be an oval of P. Let a|, a,, as be three points on O, and let
t1, to, t3 be the tangents of O at a,, ay and as, respectively. Finally, let 7; =
Hh N, i= Nt zzi=HNh g :=a, g := a2 and g3 := Asz3.

(a) The lines g\, g» and gz meet in a
point p.

(b) The point p is not contained in
the triangle Aaasas.

Proof. Since P is Desarguesian, we Z3
can assume w.l.o.g. that a; =

(1, 0, 0)', a, = (0, 1, 0) and a; =
(0, 0, 1)". Hence, the assertion
follows from Theorem 8.7.

O

8.9 Theorem (Segre). Let P = PG(2, q) be a finite Desarguesian projective
plane of odd order q. Then, every oval of P is a conic.

Proof. Let € be an oval of P, and let a;, a,, az be three points on . W.l.o.g., let
a; = (1,0, 0)', a, = (0, 1, 0) and a3 = (0, 0, 1)’.

Let 1, tp, t3 be the tangents of & at a;, a, and as, respectively. Then, by
Theorem 8.7, there exist elements w1, iz, u3 € K \ {0} with
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I P X2 = U1 X3
Iyt X3 = W2 X1

13 1 X] = U3 X3.

Furthermore, by Theorem 8.7, for the points z; := , N3, 2o := #; N #3 and
3 =t N, we have z; = (u3, 1, o w3)', 22 = (U3 w1, 1, 1) and z3 =
(1, w1 pa, p2)'

Finally, again by Theorem 8.7, the lines a1z;, a2z, and aszz meet in the point
p = (1, 1 2, —u2)". Since the point p is not contained in the triangle Aaasas,
we can assume w.l.o.g. that p = (1, 1, 1)’

It follows that p = (1, 1, 1) = (1, puy na, —p2)’, hence, u, = —1 and
n1 = —1. Since, by Theorem 8.7, the relation ; s (3 = —1 holds, it follows that
M3 = —1.

Let ¢ = (c1, ¢2, ¢3)' be an arbitrary point on & different from a;, a,, as. By
Lemma 8.5, we have ¢; # 0, ¢; # 0 and ¢3 # 0. Let b be the tangent of & at ¢
with the equation

b:by x1+byx,+b3x3=0.

Step 1. We have b; ¢; + by ¢c2 + b3 ¢3 = 0: This assertion follows from the fact
that the point c¢ is incident with the line b.

Step 2. We have b, # 0, b, # 0 and b3 # 0: Assume on the contrary that
by = 0. Then, the point a; = (1, 0, 0)" would be on the line b, in contradiction
to the fact that b is a tangent of & at ¢ # a,. Similarly, it follows that b, # 0 and
bs # 0.

Step 3. We have —b; + by + b3 # 0, by —by + b3 # 0 and by + by —b3 # 0: The
point z; is incident with the two tangents ¢, and #3. By Theorem 8.2, any point of P
is incident with at most two tangents of & It follows that z; is not incident with b.
Analogously, it follows that z, is not on b and that z3 is not on b. Since ;| = ©, =
u3 = —l,wehavez; = (-1, 1, 1), z = (1, —1, 1)’ and zz = (1, 1, —1)". Since
z1 is not on b, it follows that

—by + by + b3 #0.
The two other equations follow from the fact the z, and z3 are not on b.

Step 4. We have b, (¢; + ¢2) = b3 (c1 + ¢3):
(i) Letr; :=z1 = tbNt3, 1, := bNt3 and r3 := bNt,. Then, by Theorem 8.4, we
have ry = (—1, 1, 1)t, Iy = (—b3, b3, bl—bz)t and r3 = (bz, b3—b1, —bz)t.
(i) Let hy := ric, hy 1= rpa; and hs := r3as. Then, again by Lemma 8.4, the
lines 1y, h; and hj satisfy the following equations:
hy:(cz3—c2)xi + (1 +c3) xa—(c1 +¢2)x3 =0
hy i (b1 —by) x1 +b3x3 =0
hy: (b1 —b3)x1 + by x, = 0.
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(iii) By Theorem 8.8, it follows that the three lines hy, h, and hj intersect in a

point, that is, the system of equations defined by the lines &y, hy, h3 has a
non-trivial solution. It follows that

Cc3—CyC+C3—C—C
O=det|by—bs by 0
bi—b, 0 b3

= (c3—¢2) by b3 + (c1 + ¢2) by (b1 — b2) + (c1 + ¢3) (b3 — b1)bs
= (b1 — by — b3)(ba(c1 + ¢2) — b3 (c1 + ¢3)).

By Step 3, we have by — b, — b3 # 0, hence, we have b, (¢; +¢3) = b3 (¢1 +¢3).
Step 5. By considering the points a;, ¢, asz and a;, a;, ¢, we get as in Step 4 the
equations

b3 (c2 +¢3) = by (c1 + ¢2)
by (c1 +¢3) = by (2 + ¢3).

Step 6. We have ¢; ¢, +c¢; ¢3+c¢; ¢3 = 0: By Step 2, we have by, by, by # 0. We
have ¢; + ¢3 # 0: Otherwise, it follows from by (¢ +¢3) = by (¢2 +¢3) and b, # 0
that ¢; + ¢3 = 0. In the same way, it follows that ¢; + ¢, = Oand ¢; + ¢3 = 0.
Hence, ¢; = —c3 and ¢; = —c; implying that ¢; = ¢3. It follows that ¢; + ¢, = 0.
Since ¢ is odd, we have ¢, = 0. Hence, ¢; = ¢, = ¢3 = 0, a contradiction.

From Steps 4 and 5, it follows that

by 43 bs c1+o
— = and — = ——.
b, c| +¢3 b, c1+¢3

By Step 1, we have by ¢; + by ¢3 + b3 ¢z = 0. Thus, it follows that

0Dl poe
= —C C —C
b2 1 2 b2 3

C) +C3 c1+
= c1+ e+
c1+c3 ¢ +¢3

¢3, hence,

0=2(ci 2+ c1c3+cac3).

Since ¢ is odd, the field K is of odd order,?! thus, we have Char K # 2. Hence

cico+ciez+cre3 =0.

Atis |K| = q.
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Step 7. O is a conic: Let Q be the conic with the quadratic equation
X1 X2 + X1 x3 + x2 x3 =0.

By Step 6, any point ¢ = (c1, ¢z, ¢3)' of & with ¢ # ay, a», as satisfies the
equation ¢; ¢; + ¢ c3 + ¢2 ¢3 = 0, that is, ¢ is a point of Q. Furthermore, the points
ai, a,, az are contained in Q. It follows that & is contained in Q.

Since every conic is an oval, it follows from Theorem 8.1 that | Q| = g + 1. Since
0 is contained in Q and since |0 = g + 1 = |Q], it follows that & = Q. O

8.10 Corollary (Barlotti, Panella). Ler Q be an ovoid in P = PG (3, q), q odd.
Then, Q is a quadric.

Proof. From the Theorem of Segre (Theorem 8.9), it follows that £ N Q is a conic
for all planes E such that £ N Q is an oval. By Theorem 6.3, Q is a quadric. O

Corollary 8.10 was proven by Barlotti [5] and Panella [36] without using
Theorem 6.3.

9 Further Reading

An introduction into the foundations of projective and polar spaces can only present
a limited selection of results. As a consequence, a wide range of important and
interesting results had to be omitted. Therefore, at the end of this book, I want to
give some hints about further literature. These hints are by no means complete.

There are two encyclopaedic works about incidence geometry, namely the
Handbook of Incidence Geometry [18] and the forthcoming book of Buekenhout
and Cohen [20]. In both works, the interested reader will find a lot of information
about projective and polar geometries and related topics.

The textbooks dedicated to projective and affine spaces are divided into books
about projective and affine planes and about projective and affine spaces in general.
For projective and affine planes see for example Hughes and Piper [31] and Pickert
[41]. The interested reader will find in both books a lot of results about non-
Desarguesian projective planes.

For projective and affine spaces in general see Artin [2], Baer [3], Beutelspacher
and Rosenbaum [6], Cameron [22], Hilbert [27], Segre [44] and Veblen and Young
[55]. All these books deal with the structure of projective spaces in detail, but
with different priorities. In Beutelspacher and Rosenbaum [6], the reader will find
applications of projective geometry for example to cryptography.

I only know about two textbooks concentrating on polar spaces, namely Bueken-
hout and Cohen [20] and Cameron [22]. Whereas Cameron [22] is an introduction
into polar spaces, Buekenhout and Cohen [20] provides a detailed analysis of
polar spaces including the Classification Theorem of Polar Spaces (Theorem 7.3
of Chap.IV). A detailed study of polar spaces is also included in Tits [50] where the



244 5 Quadrics and Quadratic Sets

Classification Theorem of Polar Spaces is proved using the theory of buildings. In
fact, Tits [50] also provides a classification of polar spaces of rank 3 whose planes
are Moufang.

Since polarities stem from sesquilinear forms (see Theorem 5.11 of Chap.IV),
the study of polarities is strongly related to the study of the classical groups. The
interested reader is referred to Artin [2], Borel [8], Dieudonné [24], Garrett [26],
Suzuki [45] and Taylor [46].

Projective and polar spaces are important classes of buildings. Further informa-
tion about buildings can be found in Abramenko and Brown [1], Bourbaki [9],
Brown [10], Garrett [26], Ronan [42], Tits [50], Tits [51] and Weiss [57, 58]. In
Bourbaki [9], buildings are called systemes de Tits. There are two main definitions
for buildings, both introduced by Tits in [50, 51].

Generalized polygons have been introduced by Tits [49]. Two classes of gen-
eralized polygons are the projective planes and the generalized quadrangles. For
the theory of generalized polygons see Payne and Thas [39], Thas [47], Tits
and Weiss [52] and van Maldeghem [54]. Payne and Thas [39] and Thas [47]
deal with finite generalized quadrangles, whereas Tits and Weiss [52] and van
Maldeghem [54] deal with arbitrary generalized polygons.

Although diagram geometries are an important part of modern incidence geome-
try, I only know the textbook of Pasini [38], which is totally devoted to this subject.
Buekenhout is one of the pioneers in diagram geometry. The interested reader is
referred to [13, 15, 19].

Last but not least, there is a rich literature about finite geometries. The interested
reader is referred to Batten [5], Dembowski [23], Hirschfeld [28], Hirschfeld [29],
Hirschfeld and Thas [30]. Some contributions of the author to finite geometries can
be found in [53].

Further interesting topics related to incidence geometry like topological
geometry or geometry over rings can be found in the Handbook of Incidence
Geometry [18].
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Non-singular, 168
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Parallel axiom, 7

Parallel class, 7, 23
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Partial linear space, 124
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Pliicker transformation, 231
Polar geometry, 144

Polar hyperplane, 179
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Polarity, 59, 154
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Projective closure, 9, 29, 65

Projective collineation, 92

Projective geometry, 21

Projective hyperplane, 126

Projective plane, 6

Projective space, 10
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Pseudo-quadric, 170

Quadratic form, 168
Quadratic set, 186
Quadric, 170

Radical, 168, 186
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Reflexive, 161

Regulus, 198

Residually connected, 45
Residue, 39

Secant, 235
Semilinear, 90
Sesquilinear form, 158
Set geometry, 3

Set pregeometry, 3
Singular subspace, 125
Skew, 198
Subgeometry, 4
Subspace, 5
Symmetric, 158, 164

Tangent, 186
Tangent set, 186
Tangent space, 186
Thick, 4

Thin, 4
Translation, 72
Transversal, 198
Type, 1,2

Type function, 1

Veblen—Young, 10
Vector representation, 102

Vector space associated to an affine space, 102
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